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The PREFACE. 

T° ty any ,hin £ in Rra ’fe of the Method of Fluxions, 
°r of its Dignity and Rank among the Mathematical 
ciences * ™ ou ld be as needlefs as to defcribe the Excellency 
J right Sunfhine above the twinkling Light of the Stars ; 
Jtnce any one who is acquainted with the Sciences will 
r.° W - lt t0 b. e a Method of Calculation incomparably 
fupenor to all other Methods that ever were known or 


f j —usut ever u/ct c Kri 

jound out ; and beyond which nothing further is to be 

,Z d Jl CX {fi' h Unis U ' s Aid a ” d to all 

° Mathematical Sciences, and that in their 
f and Dijlrejfes: It opens and difeovers to 

llu/ ret i andRec $‘ Of Nature, which have al- 
bee * ^ked up in Obfcurity and Darkncfs. To 
ZJ. h J nohU and valuaile Difcoveries of. the lafi and 
Sir \L\ ^ mtir , ely A « d b ‘bis Method 

fettled lb, i e '5' ton > wort k) Inventor, determined and 

Jfff application of Fluxions are exceedingly 

Comiu „ i • ° r ’» Trigonometry, it teaches the 

metf hTc f l S T' Md Saants ' in Ar,th - 

j ’• cr Gacu l atwn of Logarithms •, in Geometry , 

d theirLen ^ entS a n °T 0e ^ findin S their Curvatures, 
tie, n fPj S * and Quadratures, the Surfaces and Soli di- 
odte f\ in Mechanics and Philofophy, the In- 
the^Vihrat t r e S Sn j ers °f Gravity and Ofcillation, 
Forrp c * or fff Pendulums, the Laws of Centripetal 
Rod !" *J? e / mes ' Velocities, and Spaces deferibed by 
Bod^ aSed mon by any Forces, the Motion and Re- 

Ihe ? Medium5 ' &c - The fe a re fime of 

with rurU^ J^fuces, wherein Fluxions are applied 
thefe mav T 01 J der / ul Su “efs. And though feme few of 
went J u md a Anally ^ ave been) hammer*d out with 

ProcefsofT “"I Methods ; yet the 

that Beau tv iy °f them can 1H *be leaf be compared with 
y* im pltcity, and c harming Elegance, with which 
A 2 _ the 
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the Method of Fluxions performs all thefe Minus. In 
Qftbod of Fluxions is capable of refolvint 
fuch Difficult,os as raife the TVonder and Surprife of all 
Mankind, and which would in vain be attempted by am 
other Method whatfoever. So that it is juftly efleemed 
the greateft TVork of Genius , and the noblejl Thought that 
ever entered the human Mind. 6 

The Method of Fluxions is founded upon this moll 
fimple and obvious Principle , viz. that any Quantity may 
be Juppofed to be generated by continual Increafe, after 
the fame Manner that Space is defcribed by local Motion. 
The great and noble Inventor tells us, that in this Me¬ 
thod he considers Things as generated by continual 
Increafe, after the Manner of a Space which a Thine 
°i L° mt 111 M° t5on defcribes. Now the Conception 
of this is exceeding eafy and natural ; for we every Day 
fiefwith our own Eyes all kinds of Lines and Figures 
defcribed by the Motion of Bodies: This Principle then 
will be eaftly admitted. And further, fince we alfb fee 
by Experience, that thefe very Lines and Figures are de- 
fcnbedjome with greater Degrees of Velocity, fime with 
lefs, fome with Motions continually accelerated or retarded 
and fome with uniform Motions : We fhall eafily under- 
ftand that any one of thefe Lines or Spaces has in every 
Point of it's Defcription a certain Degree of Increafe 
determinate in it felfi and peculiar to that Point and 
which is the fame with the Velocity of the Thing that 
deferibes it. And to determine this Velocity, or this De¬ 
gree of Increafe, in any given Point of the generated 
Quantity, is the fame Thing as finding the Fluxion of a 
propofid variable Quantity, and is the Foundation of all 
the Anthmetick of Fluxions. And to determine this truly 
is of the greateft; Conference for eftabliftjing the Theory . 

Many Difputes and Objections have been advanced 
Crruih °f the Me thcd of Fluxions ; andamongji 
thefe Difputants, as it commonly happens, thofi have been 
the mojt inveterate , who understood the lead of the Matter 
To unfiver all the Cavils that have been offered will be 
of little Conference m any thing, and. of none at all for 

fettling 
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fettling the true Notion of Fluxions. Therefore , infiead 
of that , I fhall, by following Nature as clcfely as 1 can , 
endeavour to give the unprejudiced Reader a clear and 
true Idea thereof ; and then perhaps he will be able to 
judge for himfelf ‘ whether the Principles of this noble Art 
be capable of Demonjlration or not. In order to this , 
e us ajfume what has been before laid down , that any 
S en£ rated, flowing Quantity is analogous to a Line de- 
jcribed by a moving Point , and that the Velocity of this 

rom ^ an y p ia ce re p re f ents the pi uxion 0 f that G)„ ani j_ 

y in the correfpondent Place of the Fluent *, now 1 Jhall 
conjider the Generation of this Line , infiead of the Fluent . 
as being mere eafily underfiood. 

ibe & enera l Practice in Mechanics , to meafure 
e . e 0Cl Jy °f a B°dy by the Space uniformly deferibed in 
a given Time. For Velocity being that by which a Body 
; • r<W< ^ a &* ven Space in a given Time , there- 
Cn, r eo f lt f mu fi be looked upon as the proper efficient 
t f3^ ace defer ibed *, and the Space defer ibed the 
iSJpM f Now fuppofe a right 

mardlrdliTr f °S\ * Vehcit -* tolerated, or 
f L jr ; * Pleafur.e , and that we would enquire what is 

? y r °fi*. m an y p ven Place. If we take a fmaU 
r f °J t e Line, which the moving Point deferibes juft 
al7i l L a 7 lVeS f ** Place ’ call it an Increment, 

thJT fe r U t0 be de f crtbe d in a very fmall given Time ; 
f? z ts Cerement will nearly meafure the Velocity of the 
J ri ing Point at the place propofed , and is fuffleient to 
Nfltion of the Degree of Velocity required, 
ii ™ lS n &l°t Line was deferibed uniformly , this 
would accurately meafure the Velocity. But fince that 
cn ZZ men fi * s deferibed with a Velocity , by fuppofition , 
c ontinually variable , therefore this Notion we have here 
ZvTt " *° be ^retied', thefirft Notions we get of 
J ebl are generally incorrect, and demand a nicer 
befnrp ^ a m ° re accurate and philosophical Examination , 
SnL* We 2* ac( l uire Notions that are perfett and 
(till * f 'rr iben lt be ver y evident, if we take 

J a and * lefler Increment , by which the Velocity 
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is meaftired, as the Point Jlill draws nearer the propofed 
Place *, we approach nearer and nearer to a uniform 
Velocity, till the Difference be lefs than any affignable: 
And this Increment will differ from the true Meafure of 
the Velocity, by lefs than any given Difference: And as 
this Increment continually diminifhes, HU at lajl it vanifh, 
it approaches continually to that Meafure, till the Differ - 
ence vanijhes with it. 

Now although by diminijhing the Increment at Pleafure 
we can approach within any Degree of Exattnefs to the 
Velocity required, yet fince no Increment can be taken 
fo fmall, but it is Jlill further divijible ad infinitum 5 
and fince the Velocity is by Suppofition continually variable , 
it is plain , there can be no two Points of this Increment 
in both which the Velocity is accurately the fame. It is 
therefore mojl manifefl, that the Velocity here enquired 
after is peculiar to one only indivijible Point ; and that 
Point is the Place where the Increment ends , or vanijhes 
into nothing. Here then we fee plainly, that the Velocity 
in any given Point of the Line defcribed (or, which is 
the fame thing , that the Fluxion in any given Point of 
a generated Quantity) has a certain, fixed, determinate 
Value, proper to that Point of it alone : And this fur- 
nifhes the Mind with that accurate abjlraft Idea, which 
we ought to form of this Velocity or Fluxion. And here 
we may obferve, that this Degree of Velocity (or Fluxion) 
we have been here confidering, and which continues but a 
Moment , differs from the fame Degree of Velocity (or 
Fluxion) which continues for any given Time, and by 
which a given Space is ablually defcribed \ thefe , I Jay , 
differ no otherwife than as a Caufe in Power differs 
from a Caufe in Act. 

Here a metaphyfical difputant may demand , how it 
comes to-pafs , that any Velocity which continues for no 
Time at all , can pojftbly defcribe any Space at all ; or 
whether its Effeft be abfolutely nothing , or an infinitely 
fmall Quantity , or what it is. Here then it is,- that 
cur Reafon is at a Stand , and the human Faculties are 
qitife confounded, Jofi; and bewildered. We are puzzled 
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and perplexedly endeavouring to examine into the Nature 
we do not know what, nor whether it is fomething 
°r nothing: And at heft is feme fuch fubtile, fleeting 
Mind can lay no Hold on, nor form any 
j C . a D f y ow whether fuch fubtile Qucflions will be ever 

% T ed ' 0r r n °*' yet tbere is one Re fm for us, viz. 
yj J, 15 nothing at all to our Purpofe what they are: 

to thnr re t 6 T may f a f‘b leave thefe deep Speculations 
thr,J r ^ haVe , more Bu f lne f s with them. The Me - 
r>tfrr lUMO fJ a \ no Dependence on thefe myflerious 
l Mifi.ions. What I apprehend the Method of Fluxions 

citv rffTf ed t 1S ' not what an yfngle abftratt Velo -, 
F nCrate f f * but what a contu 

whole y r T'f‘ V /° C,,y can t rodu “ '* th ‘ 

7 varl Ar h r nd m Rea f on can he a ffi&»ed, ™b 
,,Z? bU Caufejhould not produce a variable Effebl, as 

Vff.fV a t er ™ ani »t Caufe a permanent and conjlant 
E ff“* has a co-inftantaneous 
r*d, w,lh ,u ?ffi™nt Caufe, and is always ter 

{if C Zf t f Wi V‘% a l the merence cZonffie 

, that the continual Variation of the Effect mud 

VariatfFfthPcZklhT^ 0 ^ ,0 ’ t J cmti ”« al 

always 2 luff ft u*"**“ f/ - And this 

ZZZh »'J h Z r h We have n ° Idcas at M of the 
their nafeent ol^ increments, or their magnitude in 
and to folit! T nefc r ent State ' that ha ™ fo much, 

mathematical Wbrld^ ? n f° Un * ed and P uzzled the 
conceive th? fn whether we can or we cannot 

thin? iufl nr^f rmal N f ure or Manner of exifling of a 
, f/ ft art fing out of nothing, or beginning to be • or 
whether a nafeent or evanefeent Quantify H f' l 

/ ,h z h h ° d °f nS&s 

h ^ % as lt dtd ' But thtfe fort of Difoutes hav* 
vohfjtf bntrodueedfor no other Purpofibut to in - 
Judment Suij f l” ° i f euri ?’ to darken the Reader's 
purfuinz \bfj hereiy , t° ffi'ffiod a »d divert him from 
co&tth f eZT‘ B f n f inHmi ' is from 

Doflrine^is Rvidence ° n which alone this 

funded-, by mfmuating that the Knowledge 

c f 
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of thefe things is efjential to the very Nature and Founda¬ 
tion of Fluxions: JVhen, it is evident, all that the 
Method of Fluxions does or ever did propofe, being either 
to determine the Velocity (or Fluxion) wherewith a gene¬ 
rated Quantity increases in any given point j or elfe to 
fum up all that has been defcribed or generated by fucb 
continually variable Fluxion, during any given Time, of 
to any given Point of the Fluent or generated Quantity. 
Thefe two things alone are the two Bafes on which this 
noble Structure (the Method of Fluxions) is to be eretted. 
All metaphyjical Speculations, of what Nature fiever , 
having no Bufmefs here. 

Ifhall now bring an Infiance or two out of the Pheno¬ 
mena of Nature, which will help the Reader's Notions a 
little ; and will fhew, thut what has been faid before, con¬ 
cerning ttit Nature and Idea of Fluxions, is really true, 
and agreeable to the Nature and Confiitution of Things. 
Let a heavy Body defcend through a perpendicular height 
ef 1 6 ^ Feet in one Second of Time, according to the 
Gallilean Hypo thefts of Gravity ', then at the end of this 
Second cf Time, the Body has acquired a Velocity of 
32 % Feet in a Second', which therefore is accurately 
known. Now take any Point A in the right Line, at 
any given Diftance from the Place the Body fell from, 
and the Velocity which the falling Body has in the Point 
Amoy be mofi accurately computed. But take any Point 
above A, though at ever fo fmall a Diftance, if it bl 
diftant at all from A, and the Velocity in that Point 
will always be fomelhing lefts than in the Point A. And 
in like manner the Velocity at any Point below A, though 
indefinitely mar it, will be fomething greater than in A: 
and therefore it is plain, that to the Point A, there be¬ 
longs a certain determined Degree of Velocity, which be¬ 
longs to no other Point in the whole Une , and this is ac¬ 
curately the Fluxion of that right Line in the point 4\ 
and is the Velocity with which the Body would proceed 
if the Force of Gravity Jhould be fuppofed immediately to 
ceafe when the Body arrives at A, and to alt no longer . 

Let 
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„£? *" a &“f s Tube, open at both Ends, and 
pij e Concavity is of different diameters in different 
TVatrr !:* I* mmerfed in a running Stream of clear 
alwovf Water ma y flow freely through it , and 

plac 7 s 0 f ,i h ‘J'? e - P“ n ‘‘ " midmt » that « Afferent 

CiproJufa, ffo *** ZZ ° f the Water W ' U be r ‘~ 
in thpr^ 7 S ^ uares °f the Diameters of the Tube 
if ltf ef a f‘ s ' andwitl therefore be different. Therefore 
Sr. K* ** Pl r ? the Side of *• Tube, andZ. 
M Axhor Z th ‘ 7uh P^pendicukrto 
ter null* j 1 ^e Motion of the Water , then the Wa~ 

determinate Velocity R°fr **1 SeSlim wHh a certain 
draZ tin h 3 ' r Bu ‘f u PP°fi «™ther Section to be 

77e lk2L 7j 0ne V hef0rmer ' tben O’!) reafon 
tbrZht2 f d J , $Z e ? tT,mmeters 'i the Wafer flows 
the ff rmer ■ An/thfT' 1 d ff erent f rom th *‘ it did at 
city belongs onh t f Cn tbat . determinate Velo- 
Seflion of the Tuhl J , indivi ' ,bk P ™<’ »r 

which he Fhid hZ u ‘ 5 ,s ! he Flu *i°» ff the Space 

uniform ’ ?/ " *« 

to move , if the Binmptav ,• 6 wou ^ continue 

fucceeding part of the ZbTZ d the J am ‘‘ hrou S b ‘ h ‘ 
be obferved in a RiZ t, Smeth ’ n S ltke Ms may 

where the Dimenfions flZlelfl^Zd kr^h ***??*' 
greater. and le f s wh ere thefe are 

sstaisBeapsitt^ 

tUlit wiUc ”“y ^reafe] 

no two Moment of £ here f° r re there can be 

nearly , wherein tltv I *** 9 ^ ceedin S eac h other ever fo 

nfib the f ame And'll! ° f f ** "S*™* Water is * re ‘ 
effluent Water 'hal J there f ore * he Velocity that the 
only to that one Ur *?&?** Point of Time , belongs 
particular , mdivifible Moment of Time , 

a and 
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mi no other: And this is accurately the Fluxion of the 
Fluid flowing out at that Moment of ‘Time. Now if 
frecmat that Moment you begin and continue to pour 
mere IVater into the Cylinder , Jo that the Surface of the 
IViter may defeend no lower , but keep it's Place ; then 
the effluent Water will alfo retain it's Velocity, and con¬ 
tinue to be the Fluxion of the Fluid as before Now 
thefeare the genuine Effetts and Operations of Nature 
[tjelfj m a manner fifthly, confirm the Truth 

of what has been Jaid of the Nature of Fluxion. 

From thefeExamples and many more that might be 
producedit is clear to me , that it is an ejfential Pro¬ 
perty of the Fluxion of a generated Quantity, that it 
does not retain any one determined Value for the leaf 
Space of Time whatever ; but at the Moment it arrives 
at that Value, the Jame Moment it leaves it again \ fo 
that it only pajjes gradually and fucceffively through all 
the indefinite Degrees contained between the two extreme 
Values which are the Limits thereof,\ during the Gene¬ 
ration of the Fluent: That is, in cafe the Fluxion be 
variable at all ; but if it is invariable , the extreme 
Values, and all the intermediate Degrees, are but one 
end the fame Value. And therefore, although any deter¬ 
minate Degree of Fluxion do not continue at all, yet every 
Fluent has ( inlrinfically) in itfelf feme determinate De¬ 
gree of Fluxion , at every determinate , indiviftble Moment 
of Time. 

It being' now, I fuppefe , made evident, that every 
generated Quantity has every where a certain Rate of 
in crewing {called its Fluxion) whofe alfirali Value is 
determinate in itfelf \ at any determinate Point of that 
Quantity: Therefore to find out its Value, or its Ratio 
to any other Fluxion, is a Problem JlriRly geometrical. 
It remains to enquire in general how we mufi compute 
this Value. . And here the only , or at leaf the mefi na¬ 
tural Way is, to get the Proportion of the Increments 
generated by the Fluxions in all Suppofitions of Magni¬ 
tude of thefe Increments, and from thence colic It the 
Ratio they firft begin with * When the Fluxions ad 

Moments 
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Moments of the ftmple literal Quantities are dejigned 
by proper Symbols ; it will be eafy by the binomial 'theo¬ 
rem to find the contemporary Increment of any compound 
Quantity j for that will be expreffed in the Form of a 
Series. Now although it is evident, that this Incre¬ 
ment of the compound Quantity is not accurately the 
uxion of it in any determinate Pointy becaufe that 
very Increment is generated by a Fluxion continually va- 
na e ; yet it is as evident that it continually approaches 
° lt ? h y continually diminijhing the Increments of tty 
Jimp e Quantities. Here then will be bad in general, the 
Katio of the Fluxion of a ftmple Quantity to the 
TLuxion of that compound Quantity, and in the lowejl 
terms, and that as near the truth as we pleafe , whiljt 
feme, though very fmall, Increment actually 
derived. But finee the Patio of thefe Fluxions is re- 
gwn? for, and belongs only to, fame one indivifible Point 
% e Fluent, that is, in the very beginning of the 
Increment or when there is no Increment at all gene- 
v!/,; ’ ^ er ff ore r in this particular Cafe making the 
°f Simple Increments nothing , which before 
y 7 e9e P re S e if general, and then all the Terms wherein 
l fey are found will vanifh, and what is left will accu- 

ilfi'ru™ n* Relation °f Me Fluxions , for that fingle 
t ‘ v fibl e Point where the Increment is fuppofed firfl 

ofT'll"' ° r , Was re t uirel F ° r this abftrls Value 
J e bluxion belongs to no more Points than one of the 
7 len J a™ therefore of Conference the Moments mufi 
made to vanifh, after we have feen by the continual 
Diminution thereof , whither the Ratio tends, and what 
* C0ntl fually converges to •, which will be as vifble to 
very Body as the very Char afters it is written in. And 
J «fy oneJhouU doubt of the Truth of this, IJhould for 
Tnrv d6 pair °J convincitl S him of ary thing at all. The 
d£tcJZl tS J? e * e nece Jf aril y he made ufe of, not to 
„: n j i 6 leir Magnitude as fome have abfurdly ima- 
Quant hv a * n our Peaftming, to dfcover the 

the miff' ^ au f e thu* produces them, they being 

mial Ejfefts of the Fluxions \ and how can we 
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Jfiderinl^the Ffoa 'tZt E ^ acy °f a Cau f e -> without con - 
Jdering the Lffett that it does or could produce: For that 

like Caufes are proportional to their Effects can never be 
drned, except by tboje that can deny any thing. 

°L exceedhi^N “dt Meth ? d °f. De ^nJlration then mujl 
be exceedingly clear and convincing to all that are dulv 

qualified to examine and confider it and do not- w 

mofi unaccountable Obftinacy, and "invincible Prejudice 

Jd */ " °/ 1 r f rcment °f the compound Quantity, 
did plainly arififrcm, and was generated by the Va- 
rntion of the hluxion of that compound Quantity , and 

the ^Z n ftfif amheS alm ‘ are lh °fi grated by 

The Eafinefs and Simplicity of this Method of rv 
mnjiratim i s no ftmall Argument for it’ s Truth mid 
Per feat on. The Simplicity of Truth is it' s great Beauty 
And by this Mark ,t here proves itfelf to be the genuine 
Off-fpnngof Nature and Truth. But if any Per Cons 
n °‘ a ff r ‘° ‘ he , *>«* of tbefi Principles! I Zj 
pZthffhff their l U i meMs < W tbvmakeit ap.■ 

tamed by the Method of Fluxions, with the Itkficfndu- 
fions obtained by other mdifputed Principles or Methods 

Ibn ftT ' — >f l heJC r ReJUltS cmi ««olly aoree, 

tb?Pr lble?T C,,,S d°° f C" ** d Priori fthat 
the Principles from whence they are deduced mull be 

a X true - B “‘‘f a »y Perfin that plainly dif/overs 
himfclf unacquainted with mathematical Principles lhall 

m ' tt dj ler f m 10 t^efe Sciences, cavil and "difpute 
agamfi the Principles here laid doim, and which L 
underfiands nothing of , and endeavour to pu7the ICue 
on fuch a footing, as neither himfelf nor any Body elfe 
can underfund any Thing about if by runZgtheZ 
count of ,t mo the dark : I think it can be !f no Con- 

fequem 
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a// to^ trouble a Man's felf with this Sort of 
nti-Mathematicians. Ignorance, Malice , or Preju¬ 
dice can deferve no Notice. 

And thus much 1 cboos'd to fay here by way of Pre - 

m 'elAr th y m Book 'W- (chich i would 
lure njj ‘d HUdlefs Dijpates) concerning the Na- 
t ir* ^maples Of Fluxions ; a Thing ink enough 

McauTtitj.' Tf r f ndered di ff cult > mre b the fn- 
■p . ^Jputes that have been dragged into it by the 

fm eS X S 1 mce ’ £ an f r ° m th ‘ °f * 

lonL, it u's ? ewton ( nb> fi Works will left as. 

did not at aiT ^ M ° m l clearl yf aw that Mt Matter 
ma not at all require to be built upon am m-tatfofical 

Madrid 

ries the \y a£lers ’> did thence derive , by infinite Se- 
beies thfp mS ° f com P° md Amities ; from whence 
mined ValPVTr ° f ,he Fluxims & "9 
?™^heV% J f omil g,.from which genera l 
particular r r \ ^ f s their Proportion for that 

SStfsJfi" ***• ~ •• * 
^,£,^zz;L;"Zam dr ’v J ‘- ni 7 

If this Art bp In ^ j- ^ er f e ^ l0n on a fudden. 
certainly deferve! S*“ e * i nh cind valuable ,, it 
Mathemat rl? "*/*** a ** Attention of the learned 

Beauty of this.MetbZd that the 
4mu J mS , etloo d will excite them to lend all their 

cfiTarnin^t f Adv ? ncemmt °f f° noble a Branch 
faciilZS)l, W i eth Z U be ™ im P r °ving the Theory, or 

^Tafkap f"- n T fm l h °* S d ^ Jl b * 
tribZaltfJ' T*R ^ 1 endeavour t0 cm ' 

The V tm L ards thls great End. 

the fir ftfuilfl ki r f V ' d ‘ d tbr “ Se3i ° ns: In 
the Foundation of *f / n / ucB J‘ ,uve ff a l Propofitiems, as are 
applies thebe Pr ° Doctrine. The fecond Seblian 
IP thefe Principles to the Solution of the moft gene- 
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ral Problems, or thofe of mojt frequent Ufe in the Ma- 
thematicks: And here many of the Problems fo often 
done by others are refolved by Methods entirely new, 
and, I think, more Jimple ; and therefore will by many 
Perfons be more eafily apprehended in this Form. And 
becaufe the Refolution of phyfical Problems has been lit¬ 
tle touched on by others , I have added the third Section, 
where you have the Invefligation of feme of the chief 
phyfical Problems in the Phenomena of Nature. And 
in this Section , it may perhaps pleafe a Reader of the 
Principia (the greatefi human Production that ever ap¬ 
peared in the IVorld) to fee many of the Author's fubtle 
Problems refolved by his own Analyfis. 

It is not in the leaji pretended that all Things here 
treated of are new ; for I have collected many Things 
which 1 thought material for forming this Dodtrine into 
a regular Syfeem ; and what was wanting I endeavoured 
to fupply as well as I could ; not that I take it to be 
perfect : For there are many Defiderata Jlill wanting to 
compleat the Science. Becaufe the Method of finding Flu¬ 
ents by the Tables is exceeding compendious and ufiful, and 
has yet been but very Jlightlypaffed over by the IVriters on 
this Subject: I have been at the Pains (which was not 
a little ) to compofe a new Table, whofie Ufe will appear 
upon trial to be far mere eafy and intelligible than any 
extant ; and no lefs extenfive. And for the Explana¬ 
tion and Ufe of it, I have given a vafi Variety of Ex¬ 
amples throughout the whole Book. Tet I have not 
omitted the moji general known Rules for finding the 
Fiuents by infinite Series ; and have infierted the general 
Forms of them in the Ttile. In the Ufe of which Table 

there is not the leap; Difficulty , there being nothing re¬ 
quired but a bare Subfiitution of Quantities. But as to 
the Reflation of Problems by infinite Series, I have 
been more fparing of that, becaufe it has been well pro- 
ficcuted by others. 1 am not ignorant , that {by the Me¬ 
thod of Tranfmutation cf Fluxions) this Table might 
have been further extended, and other more compounded 
Forms might have been inferted . But, confidering hew 

feldom 
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feldom thefe come in UJe , I thought it needlefs to carry 
r^Tjn^ rt ^ er ' I bave a l° n g-> ™ m y Calculations, 
ujea difiinCl Characters for the Fluxions and Moments, 
J ™ C A ^ ought not to be confounded together. And in 
1)1. ■ r °b- ms {except fuch where the Reafoning is fo 
obvious as not to need it) I have ufed both of them ; 
^gtmngfirji with the Moments , and fubftituting at lafi 

Z J >r Sf0r tbe evane f cent Moments which are pro¬ 
portional thereto. r 

p L"f ,befe Vt S l 1 have de M n ‘ d b been very Jhort. 
iL th , egeneral Rules and Methods of Operation bein' 
■/. dow " m , as as poffibie, the Examples 

ti ll StiltT ‘,7 Me T”S and Ufi- In the mathLa- 

j Sctence * 1 have taken general Methods to be bed • 
Z/Z that dea l in f det f c f Things, ™d {pi* them 
TJ, % T e f ary , Le ? gth ' makin i‘hereby a pompous 

thl K 7 * Z nly ' d ° CmaMy mi Jf md the Time of 

th 3 d : Smce °ne great End to be aimed at in 
the Sciences, is to abridge and reduce them to the mod 
general and concife Rules. J 

in VsTrZr^r? any , Faul,s Iha ™ 

ful l IT/'- { e It they are but fi* Sot in 

tire tifu T y fJ h ! ngS °f the tnofi intricate Na- 

fnZ’r “ h rm Me lut fi m wUl 'Ml'- There- 

fore Imufl beg of the courteous audgood natuPd Reader 

k ldlZn? ° nS l Wl> r wr ‘‘ttn) that he will rather 
rlr/Zfj m! ° f my Errors a « d ty‘0s, than cen- 

f Zk Tthll Z 7 r° Tk - Fer as Truth is what I 
1 l [ - h f lea f ure retrain or correct any Fhinz 

nr ZZ}ZTmngl aPPettrS ***** ™‘ h ^ 

rabif ly Ut 7 f ? T W/ the Reader > that it it indifpen- 
fMy required, that he perfeBly mderjland Arithmetic 

ZZli Z d ff r t ’l “ U *»> Par! * ondlmZll 

Natur,etff° f ZZl Lc£lri neof Proportions, 

tiol If jf S T‘l mS ' M^’ics, and Laws of Mo- 

ScienZtfZZ V tob f Med from thefe particular 

taZd that Z t hey b ‘ lmg - For 1 am ‘My per- 
Juaaed that „ „ the befi Method , 0 (rm mfy 

2 diftina 
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diJlinEl and entire by itfelf, without the Mixture or In- 
terpojition of any Thing foreign to the Subietl. And 
therefore in this 'Treatife 1 have delivered nothing but 
the pure Doarme of Fluxions alone . It would be but 
lojt Labour for any Perfon unacquainted with thefe Pre- 
cogrnta, to fpend any Time in reading this Book : or 
indeed, to attempt to read any fuch like Treatife with any 
tolerable Judgment . The Confequence would be, that 
Mberthe Author or the Difficulty of the Subject muft be 
blamed as is always the Cafe ; but never the Reader. 
But then if he comes thus prepared , this will make 
Thing eafy and pleafant, and he will then find 
few Difficulties here, but what he will eafily furmount. 
AU which 1 fubmit to the Perufal of the candid and 
judicious Reader . 


W. Emerfon. 
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POSTULATUM. 

That any Quantity may be fuppofed to be ge¬ 
nerated, by continual Increaje . 



r ERE Quantities arc confider’d, not as 
compofed of an infinite Number of con- 
uituent Parts, but as defcribed by a con- 
. tlnued Motion. Thus a Line Is defcribed 
rnnrpi ?f 0Cl ? n °* a P°i nt i and,a Redangle may be 
I u t0 S enerate d by the Motion of one Side 

Flnv S th A ? h u J ? nd Time P roceeds b Y a regular 
• And all other Quantities may (by Analogy} 
e conceived to be generated after the fame Manner. 


Definitions. 

Definition I. 

cai$r a wl tie ! senerated by a continual Increafe are 
ties that 71 0r Fl ? wi,, S Quantities. Thofe Quanti- 
con(lant Cr retain tllc lame VaJ ue are called given y 

conjtant, ft ending, or invariable Qtt.entities; and thofe 

B that 
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that are continually changing their Value are called 
variable or mdeter min'd Quantities. 

Thus in a Circle the Diameter is a conftant Quan¬ 
tity ; and the verfed Sine and correfpondent Sine' arc 
variable Quantities: Alfo in a Parabola, the La?uS 
Redlum is a conftant Quantity, and the Abfcifa and 
correfpondent Ordinate are variable Quantities. 

Def. IT. 

The Velocity of the Increafe of any generated rw 
uty or the Degree of Quicknefs 

Z J*' " eW artS ° f k cowinual, y arife, is called its 

Thus when a Line is generated by the Motion of a 
'"t* the Lme itfelf is the Fluent, and the Velocity 
of the moving Point is ftriflly its Fluxion. But Ve- 
ocity is never properly aferibed to any Thine but 
local Motion and is ufed in this Definition, rather to 
definbe what is meant by the Word Fluxion, than o 
define it. Velocity ,s the lame in a -particular Senfe 
m Relation to the Space deferibed, as Fluxion is in 

i e Z l en . k .' n to the Fluent generated 

thereby Velocity is allow’d by all to be a fimple 
Idea, and fo is Fluxion too. When a Man confiders 

t' li n fi r d r" ° ff£Vera ' Q - uamities > ffterthis Manner, 
he will find fome to increafe llifter, others flower; ant 

confequently that there are comparative Velocities for 
Fluxions) o Increafe during their Generation: And 
thus he will by Degrees get the Idea of a Fluxion ; 
but without luch attentive Confideration, he will never 
be the wifer for all the Words in the World. 

Def. III. 

, Ai' e mdefinite, y jfmall Portions of the Fluent which 
are generated m any indefinitely fmall Portions of Time 
are called Moments or Increments. Or if the Fluent 

D«: heP ° rti0m ^oy’d 
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Thefe Moments are the immediate Effefls of the 
Arr'Jn- nS ’ , are Quantities by the continual 

„ er \°P. 0 wh, S f ' the Fluent increafes and grows big- 
is the nT^ at ' s> an X Moment confider’d alone 

offense fingle determinate Fluxion 
fere the Mn £r d a j } S ene ™ in g Caufe. There- 

Def. IV. 

there muft be Desrees of v • - ma J be . une 9 ual *» *o 
tinually changing that ic ■® riatl ® n i b y w hich it is con- 
on. And "r? it M ’ K ? uft have a *cond FJuxi - 

alfo be continuaMy JS* 'and W F ' UXio " ma F 
a certain Decrr^^fv • ’ d theref ore muft have 

Fluxion C L :r° n “ every Point ’ 0r a third 

Def. V. 

to be genSeZf /Wf K /J are thofe which are fuppofed 

^ur;Kr,5zr' T| “‘ ■°> 

Def. VI. 

Or*rT,h^ UX L 0n t r l Eq ^ tion ' a Quantity of the firft 

^*4 of the'r j n'*j °"f Srft F,Uxi011 in its a 
Fluxion or t wo - er has eith cr one fecond 

Order , are ZdP? F "“° nS ! ^ amilies o{ <he third 
on§, prodnA F i u ^ ons ’ ptotlua of three firft Fluxi- 
5 Pr ° dUft of a and fecond Fluxion, & fm 

B 2 
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i* The firft Letters of the Alphabet, a, b c &c> 
are generally put for (landing Quantities-, and the laft, 
*’ & c ' for variable or flowing Quantities 

2 . If x or y be put for any fluent or variable Quan¬ 
tity, then the fame Letter with a Point over it * i 
denotes the Fluxion of * or y refpeflively ; and ’the 
fame Letters twice pointed * and y, are the Fluxions 
of * and y, or the fecond Fluxions of * and y: thus 
a; and y are the third Fluxions of * and y : Likewife 
x and ^ denote the fourth Fluxions of * and y, £*. a lfo 
the riuxion of a or b is o. 

3* Again, x denotes the Moment or Increment of 

*’ and ->' t L he Moment or Increment of y ; fikewife* and j 
denote the Moments of the Moments, or the fecond 
XYloments of x and y, &c. 

4- To the common Algebraic Chara&ers already 
recciv d 1 add this CC, which fignifies a general Pro- 

portion i thus, A CC fignifies that A is in a cofl- 
ftant Ratio to 22 ; that is (if a , b, c, d be other Values 

of thefe Quantities) A : :: « >, and thus every 

general Proportion is to be underflood. 

Axiom. 

Quantities, which in any finite Time continual!* 
converge to Equality, and before the End of that Time, 
approach nearer to one another than by anv given Dif¬ 
ference, do at laft become equal. Y 8 

If any fhould think this not clear enough to pafs for 
an Ax-iom, he may confider it thus ; let D beZfr uld- 

to FmalW ,h’ ^ ere . foredle y«nnot approach nearer 
to Equality, than by that given Difference D, contrary 

otheHypothefis ; which is abfurd in all Cafi-s except 
when D is nothing, SECT. 
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SECT. I. 

The fundamental Principles and Opera- 
i tions of Flux ions. 



Prop. I. 


The Fluxion of any Fluent or generated Quantity 
is equal to the Sum of the Fluxions of all the 
Roots or Sides , each multiply’d continually by 
the Index of its Power , and by the given Fluent 
divided by the faid Root or Side. 


’’ IKS?- , be b f/’ now its Fluxion muft 
mentsproportional tothemfelves whilft they retainer 

T'nowk T th D ereforebe by T 

ircreafrXn the . Poftulat “>". thefe Moments will 
increale the Quanta,es *, ,, which therefore willbe 
come x -J~ ox , and y -J- oy. 

3- Thereforethe Fluent b x m y n will now become 

,, °*. 2 xy+<c/ = i *-- x ’ n +’»x n ~ l o;+ 

Sc where l ^ \ ny “ l °y J rqy n ~ 1 o 1 y 1 ’ 
4 The , ? A^ areglVen Quantities. V 7 

4- ^ laft Quantity being aaually multiply’d, and 

* y fubftraa ed from it ; we fhall have bmx m ~'y n ox 

vnx y oy 


Demonstration. 
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4-Zrar'y I y+bpx m y 0 2 * 2 +V V-2 2-2J. 

T -T «—.T O .. 2 ^ V J ■ 


lmnx m 1 y n 


-pi *f r V*+’ ^ for the Moment of JxV- 
. 5 ;. Th , c tbe Moment '“ft found being divided 
by the indefinite Quantity e, will give the Fluxion of 

tx y equal to bmx m ~ '/* + lm m n - 1 • 

Moments ox and oy will alfo be juft arifing and there¬ 
fore nothing, and conlequently o will be nothin* and 
nolwng' C e ™ S Wherc!n h is r »und will be 

7. Therefore the Fluxion of bst m n 


T a t that Moment 

l y n x 4* bnx m y n ~'y. 


of Time is accurately bmx 
Q±E. D. 

Otherwife thus. 

'• Le ‘ y nd y be . ver y hnall Increments uniformly 
generated by * and_y, m a very fmall Time. 

a. The Quantities x, y , h y then a£ ^ ^ of 

ttetTime are become x-j-x, y +y, and x 

y+y' ■, and the Increments generated in that 
Time are x, y and bm X m ~'y n i + /—■ . 

jKL V** + h* m y”~y 1 ■: 

fen QuTntes y Subfti ‘ U ‘ i0n ’ where note A i « 

3- Now fine c X :y : ..x:y = y j, becaufe the Ef- 
fetfs of like Caufes are proportional; therefore ex- 

punge 
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P n ge y out of the Value of M, and we (hall have 
the Increment of * t0 the Increment of bx m y n as i to 
M or as i to — that ; S) as x t0 y mx n 1 y x 


bnx 


m n —i. 


■ . 7 i »/- i 

y ~ybpx y xx 4. bmnx 


m —i n —i 


i / * 


, n n—ix'f- 
?v 3 x' +’ &'■ = P + Q*. ISc. by Subfti. 

for'the reft) 1 .'" 8 P ^ the tW0 firftT <*nis, and Qi, £*. 

4 - But * is the Fluxion of *, therefore P -f Ox ; 3 

is not^thar° o/V” Butrince this laft Fluxion P-LQ* 
ncrated which we' C f ^ , , ncremcnc be S ins to be^. 

y e Axiom when x is nothing, and confequently Q* 

f ,*■" x >” 'a«. m™. «„ 

Cor T 4 Cl y other Quantity. Q. E. D 
the Fluxiontf i U c M “ n , ha r tUt ° neF!uxion : Thus 
Cor. 2 When the°FI ^ * r ° f2ax *' & c - 
fame with a pronnfol w *'° n °, f any Q~ uantit y * the 
its Fluent. P P f riuxion > then that Quantity is 

Scholium. 

has been cenfu^das^folf/ 8 ^ Pro P° rition is » yet it 

^rfons that object aifnft^ T°T US 5 thou S h thc 
J a S air »lt its Truth were never able 
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to tell us what the Error is, nor whether the FJuxioH 
of any Quantity is greater or letter than is affign’d by 
this Propofition. 

For a further Uluftration, let us fuppofe that x and 
y are uniformly diminifh’d by the very fmall Incre¬ 
ments x and y. Then by reafoning as before, we fhall 
get the Fluxion (or Velocity) of the contemporary 

Moment of bx m y n — bmx m ~~ 1 y n x -j- bnx m y n '~ ml y 

bps y xx — bmnx y xy—bqx y x 

] x x 

&c. =r P— Qx , &c. Now by continually diminifh- 

ing x , it is manifeft that P— Qx, will differ frofl 1 

the Fluxion the Moment firft ariles with, by a Quan- 

tity lefs than any aflignable, before x be reduced to 
nothing. 

Now when we fee that whilft x x converges to 

x, that at the fame time P-[_Qx, &c. converges to that 
Fluxion the Moment arifes with, and differs in Exceft 
from it by lefs than any given Difference, and ftill drf' 

fers the lefs, the lefs x is taken ; and when x is infi' 
nitely fmall, that Difference is infinitely fmall in EX' 

cefs : And feeing alfo that whilft x — x converges to¬ 
wards x , likewife P— Qx, &c. approaches to the 
Fluxion the Moment vanifhes with, (or the fucceeding 
Moment begins with, being the fame the other con¬ 
verg’d to) and differs in Defeat from it, by lefs than 

any given Difference, and ftill differs the lefs as x lS 

lefs, and when x is infinitely diminifh’d, that Diffc' 
rence is infinitely fmall in Defett. If any one aftf f 

all this fhould contend, that when x is quite vanifh’d 
2 and 


J 
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2nd become nothing, that the Fluxion of bx*y is 
not accurately P or bntli—y' x -J_ bnx-f—y ; I think 
no Man ought to give himfelf any Concern at all for 
C ^ Adverfar y’ or 'ake any further Pains for his 


Prop. If. 

if too Fluents or •variable Quantities be equal to each 
er ? or } n f given Ratio their Fluxions will be 
qual , or in the fame given Ratio, 
and if two fluxionary Quantities are equal or in a given 

in rtv contemporary Fluents ■will be equal or 
^n the Jame given Ratio. 3 


For fince the Quantities always continue equal, of 
and 1 ; g e continua % arifing Increments, 

neceffarTv he the f^ns proportionates, will 
2e lZ e r K qU t ?, 1 ° r ,n the f* me S'™ Ratio. And 
a ] w ' 1 th - F uxl . ons or generating Caufes being 
ays equal or in a given Ratio ; their Kffedls or ran 

temporary Fluents will therefore be equal or hi the 
fame given Ratio. Q. £. D. S " 

an^their I fiiwl #0 w UX10nary Quantities may be equal, 
ana their fimple Fluents unequal. For (by this ProD 1 

therefore '«" be e'quak And 

r^?, R 2 ' A Fluxion may have an infinite Number 

c _L x ”* 8 = ' huS the F luent of * is *> a + x, b 4. x, 
t*’ x ~“? X ~K x—c, &c. 1 

f 1 ’ 3* ** any Pluxion be equal (or nearly equah 

to lorne other Fluxion, in fome particular Cale Xn 

nar^F ***? be lubfbtuted for lh ^ other in any Auxin. 

Panic^r 0 "/ ? d their 1 Fluencs wil1 be equal in that 
Funicular Cafe, (or nearly fo.) 

tween* tli’ tv/t there b{ V any Kelat i° n whatfoever be- 
feent or c° f feveral Q^ ntitits in their na- 

alfo between 1 rh State ’ tbe fame Rclation there is 
Between the Fluxions of thefe Quantities. 


Cor, 
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Cor. 5. And therefore in any Equation between tW 
Moments confider’d as arifing, the Fluxions may N 
fubftituted in their Room : and the contrary. 

PROP. III. 

Given an Equation containing the Relation of the fiowii 
Quantities \ to determine the Relation*/their Fluxions• 

Solution. 

1. If any Term contains only one variable Quan¬ 
tity ; multiply its Index, the Fluxion of the Root, i fi 
Power whofe Index is leflen’d by 1, and the Coeffr 
cient of the Term continually, for the Fluxion of tha 1 
Term. 

2. If any Term involves feveral flowing Quantities! 
multiply feparately the Fluxion of every variable Quan¬ 
tity (or its Power) by all the other Quantities in tb c 
Term •, the Sum of all thefe Products is the Fluxion 
of that Term. 

3. Repeat the fame Operation for all the Terms 
the Equation ; and the Sum of all gives an Equation 
containing the Fluxions required. 

4. In exponential Equations, or thofe whofe E*' 
ponents are variable •, let X, Y, Z, fcf*. be the hyp^' 
bolic Logarithms of y, z , &c. then multiply V 
Index of any Quantity into the Logarithm of th* { 
Quantity, and you’ll have a logarithmic Equation* 
whofe Fluxion is to be found by the foregoing Rules 1 
Then expunge the logarithmic Fluxions X, Y,or$* 

by fubftituting their Equals , or ~ ; the Re*' 

°f which will appear hereafter by Prob. 

5. Sometimes it may be convenient to divide $ 
Equation given, <by Tome of the indetermin'd Qua^ 
titles contain’d in moft of the Terms •, or to fubftit^ 
Angle Letters for compound Quantities. 

3 
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Example i. 

. a y — a -\-x — z — b — dx ; then the Fluxion 

Ky = x-. z —d x . 

Ex. 2. 

* ^ et: x T ’ t ^ ien Fluxion of this Equation is 

x = 3 a fy. 

Ex ^ 

■ ax » t ^ ie Fluxion is = 2 <jxx. Or in par- 

cular Numbers, let « = I0 , ; = ,, then y = 20x . 

N°";f* = t, then i = ao . If* = 2 , 3 f 4> y,. 

Illen J = 40, 6o, 8o. «*. 3 4 

Ex, 4. 

et 2 120 ^ Fluxion is z = iionbx n —' l x. 

_ E x. 5. 

et y/aa — =^, that is = y ; its 

Fluxion is * x — 2*** _ 

_ • T >t 5 *\faa—xx 

~ y _l n Numbers 'hus, let « = ,0, i = ,, then; 

V100 — xx’ anc * *F# = O, then y — — 0 , 

lf *= 3. i = ^. If x = 6, then j = 

IfiVmio, y— 10 _ • c • jr t 

* ' ~ o ~ — infinity ; and fo of others. 

= h ' f ' ,hC F ' Uxi0n is * = 3 *V» + 

Ex. 7. 

Let 3=^,that is x'jrj i=*» the Fluxion i. 

T"* — 1 x x'y-*y '-Z « or * xv 

J — v > ov y — — v, that is 

yx — xy . J J 

V V ' C2 Ex 
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Ex. 8. 

Let x % —• ax' -j- axy — y} — o. Its Fluxion will 
be 3**x — iaxx -j- *xy+ ~ 3 fy = °- 

E x. 9. _ 

Let this Equation be given y 1 — a*— xV ** — ** ’■ 

its Fluxion is zyy — x\/aa — xx — w 77 * or 2^ 


\/<W— xx 


a ax — 2x x 
xx 


Ex. 10. 

Let 2/ + x z y — 292 = z 3 — V* be given •, then 
its Fluxion is 6 fy -f 2 .yxx + x'y — 2 cyz — 2czy & 

3 2 *z — 32$ — 6 y z *‘ . T-. . 1 . tl i 

Or thus, divide the given Equation by y, and you n 
z J 

have 2/ - 1 - — 2 cz — - — 3 *% whofe Fluxion J» 

32 4 z * ^ - • , 

4VJ -f 2xx — 2fz — — — y — 622 •, or 4.fy + 

2 x/x — 2 <r/z == — z J J — 6y a zz. 

Ex. 11. 

by 1 .- 

—. ay' + - xxy ay-\-xx~ Ot the Fluxion 

is 3*’* — zayy + —2xx\/ay 

= o. Or 3*** 

2V^ + ** 


2^y -P 


-]- 2&/jy 4qyxx 4 - 6x 3 x 4- ***.? _ 

0 Jj-y\ a vSjay-^xx 

Ex. 12. 

Let \fax \/aa — Icx — Vy then will ax A 

*s]ax —» xx— w, whofe Fluxion is ax— ^ Ya~— x x ^ 

%<tfh 


J 
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2 W, whence v — —- _=«= 

2v zvyaa 


Vjm=nz • 

2 *\fax -|~*\f aa—xx 

Ex. 13. 

Let zy — ax = o •, its Fluxion will be zy zy — 
ax == o. Or thus, let s — y t t = x, then j =/y, and 
* = * *» a °d the Equation zy — ax = zs — at = o *, 
whofe Fluxion zs -f- sz — at — o, that is (reftoring 

the Values of 5, i, /) zy +yz—ax = o, the fame 
as before. 


Ex. 14. 

Suppofe 2xxz = ayy^ and let x be a given or con- 
ftant Quantity, then its Fluxion is 2 x z z2xxz = 

a yy 4 * ayy. 

Or thus, let x = &, z T =./j y = v *, then the given 
Equation becomes = ayv, whofe Fluxion is 2 btx 
■-j- 2bxt — avy -{- ayv. And reftoring z, z, x, jy, 
y for t, t , «y, v ; you’ll have 2zx a -J- axxz = <zjji 
+ ayy* the Fluxion required. 


Ex. 15. 

t pr 252! , yy • 

x* + I and fuppole J conftant ; 

then its Fluxion is 5 * , «** _ , > _ n 

x 1 ^ x 1 X J a - 0 ' 


Ex. 16. 

Suppofe wtf _ = 4 ,j. _ •£?, 

and 2 invariable, its Fluxion will be 2a l yy -p ad’j'y— 

2XXZ 1 
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2x#z* — 2 *x a 2 — x r zx = 2 a'yy — ft?* a *jjL 

Z* Z* 

Ex. 17. 

Let Y J = *, where Y is the hyperbolic Log. of;* 

then its Fluxion is 3 Y 1 Y = ^ ; but Y therefor* 

• &'y ’ 

y 

Ex. 18. 

Suppofe y" — 2, then will *Y = Z (where & 
Y are the hyp. Log. of 2, y) the Fluxion of this Equ*' 

tion is *Y 4- Y x — Z ; but Y — and Z — 

whence 2 4. Yx = - ; therefore 2 = 4. Yz* 

=) ^ Ar_I y + Y y*x. 

Ex. 19. 

Let y* = 2; then x*Y = Z, in Fluxions 
Y x Fluxion of x" = Z ; but (by Ex. 18.) Fluxfo 11 

of + Xx*v •, and Y = - , a lfo Z s* 

2 r x v y . ' *, 

2 * therefore —■ + Yt««# + YXx-v = - - 

* z y* 

Whence i = _|_ jrYX/’tt 


I. 

If. 


PROP. IV. 


Let the Fluent of e -f- fz^zfz = A. 

Fluent of T^fz™ zP+» z b. 

Fluent of e -j-* yz* = P 

Then I fay, 


A+ i.P + i.»/B = 

P = *A + /B. 7 


♦H. 

D*' 
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Demonstration. 


Fori. p+,.p +m+ ,B = p +,.zfz.f+/z"" + ' 

bjeo,.,. *+ 7 ^^'+^' 
TT i,n f^ — z^+ i ^4-/z ,,m *^ r * 

* +/z ” 2/z ~ + y z « x y z » m z ^ z -- 

V*"^ 2 "" +f zP+ ”z • That is 

q, E ^ ~ * A +/ B > the Fluent is P = e A + /B. 

be fii > ven I \h?^K C lf any OU u ° f the Fluents A > B > P * 
given, the other two will be found. Therefore, 

Cor. 2. R — z/>+1 ^-h/^ n + — p+i.eA 
P + * + mn -f n ./ 

Cor. 3. A ,/B 

.P + 1 • e 

Cor. 4. P _ m 4-1 ■ »gA + zf+*r+ ;^ W+I 


V +1 + mn -}- n 


+* 


Cor. 5. A ~. ^+ 1 +»»«+« . P— 

= +t^T 

I Ut / S + vf" +te '' =v..=»*»*■ 

Ai the Fluent ofV” Z p z = A 

Fluent ofV n zf+»z — B. 

Fluent ofY^P+^z = C 

* %«*£** * /v ” 2f+3 ” 2 = D - 
? jff a “ W * V "+’^ = P. Then wilt, 

+ m/; +«. /B -|_ -) 

11. p 


The Doctrine 

II. P = eA +/B +£C 4. hV> 4- £A. to t Tern* 
Demonst rat ion. 

Let p-\~ i = r, m -j- i = s. And putting the fi'f 
Equation into Fluxions, there is re A -f- r -f- s n .y 
4 - r 4- 2 sn .gC + r + %sn . £D, &c. = rzf’zV m + 1 j 
szP+ iV«V • that is (reftoring the Values of V, V, A> 
B, &c. and dividing by z f V m z) re 4- r 4- sn .fz n + 
& c - — rxg +/2: ,, 4-jg-z 2,, 4- 

&c. + jz x nfz n ~ l 4- 2 'ngz ™— 1 -p znbzi”-' &c. wh^ 
both Sides ol the Equation being manifeftly equ^ 
’tis evident the Quantities from whence they vvefj 
derived, that is, the Fluents in Equation the ift, 
alfo be equal. After the fame Manner is the feco^ 
Equation very eafily demonftrated. Q. E. D. 

Cor. Hence if/— i of the Fluents P, A, B, ^ 
■&c. be given ; the reft will be found. 

PROP. VI. 

Put e 4- fz n r=z V, k 4- lz n = Y, and 
the Fluent ofz p zV m Yi = A. 

Fluent of zP+ n zV m Yi — B. 

Fluent of z p + 7 -”zY m Y* — C. 
dlfo Fluent of z p zV m +' Y ? — P. 

Fluent of zP+ n zV m + 1 Y q = Q. 

Then it will be 

I. p 4 - i . ekA 

+ /»+!+;««+ n.fk} ? ( ^ + ,y„ +lY?+ ., 

4 P + !+?«+ « • 5 r 

+ V -\‘i+um-\-qn-\-2n . flCj 

II. P=/A4/B. 

III. Q== <?B 4 -/C. 

Dem on st rat ion. 

Let /i 4 I=f,ffl+I = j, ! +I = (, and /. 
ting the firft Equation into Fluxions, we !'•*'! 

rA 


Se<a - 1 _ »£ FLUXIONS. 

rekA "Ji—ti„ --.- . 

. + r + tn.el | B + r + m + tn.fi C ii 

Thp^ + ‘ Y?+ '+ J2f+> Y?+'V”V+ / 2 f+i VH-> Y?Y. 

dividing °h A ’ S * C ’ V ’ Y ,and 

a y z v i?, and then expunging V, Y *, 

we have rek + - ± s " • /*?_. , —;---’ „ 

__ _ + r ±Jn__el p + r + >H + ln ■ M" 

ffj£ + a f" * * + * + "J* * *+ 7 ? + ,»&. x 

being manifeft? v the'fe^ 0 ** tW ° SKles ( when reduced) 
whence itwasd^fe ?£*** ?***»> frj 

ti-g ■»<■% ^ 

>* sS~ fEfcytfsr- a,B ' c - p -«- 

F R O P. vil. 

kit"t gZ “ + hz - =V. 

, La? f r *” + rzJ” £* _ y 
^-Number of Ter ms in v> t ~ ^ f ^ 

^ the Fluent ofz f zV m Y ? — A 

^zH-»zV*Y? — b. 

Fluent of z^+^gV^Y?_C 

»>+.-riss v ' Y, =°- a --»-.v 

zilfo Fluent of z^zV w + i Y? — p 
Fluent of zH-"zV*+»Y ? = 

fe/ 0/zH-**iV*+> Yf_ 1? o 

,M * d 'v r Quantities. ~ R ' **• fOT ‘ 

Then I 

^ + 1 • + F+ 1 -f~^r~p 7 ; . ei 1 

+ P + 1 + m* 4. n . fk $ * 


I) 
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+ P+ iJ r :( l n + n ' er 1 i ~ \~3V l + 3 « • es 'l 

+/ 4 - 1-\- jnn-\-qn+2n.fl >C + P+J+ 2 qn-\- 3 n . fr( p 

-\-p-\-i-\-imn-\-in.gk J -\-p-\-i-] r 2mn-\- qn-E^n 

+P+i+3 w »+3» • bk -> 
+ £2 c. ( continu d to t 4 - t — i Terms ) ^ 

II. P = e A -f-/B -j- MD £s?c. to / Term 5 * 

III. Q== rB+yC+ j-D -|- hE &c. 

IV. K = tfC+/D4-^E + bF tfc. 

V. S ==*D-|-/E-f£F ±bG &c. 
c >c. continued to T Equations. 

This is demonstrated like the foregoing. 

Cor. Hence if / -f- r— 2 of the Fluents P, Q, ft 
A, B, C, &V are given, the reft will be found. 


PROP. VIII. 

Let V - e + fz\ Y = k + lz\ X = * + /*. 

^ the Fluent of &zV m Y*X r = A. 

Fluent of zH-*zV m Y?X'' = B. 

Fluent of zV"YtX r — C. 

FW 0/ zM- 3 "zV w Y ? X' = D. 
y///o Fluent of zPzV m +'Y?X r — P. 

Fluent of zP-E r zV m + 1 Y ? X r — 

Fluent of z f + 2 r! z~V m + l Y*X r — R. 

Then it will be 

-f A~f i+mn-fn .fks 

I. p+i . eksA -j-/>+1 +qn +n . eh 

_+/>+i-fr/i -\-n . ekl 

-\-p+i-\-tnn-\-qn-\- in.fls 
~f -p -\-1 + mn+rn- f- 2 n.fkt 
-frn+zn.elt 

x JfrD = zM-*V*+ | YH- , X r + l . 

II. P = eA J-/B. 

III. Qj= eB +/C. 

iv. k = *c + /d. 

1 J p 





Sea. I. ^FLUXIONS. 

X^ e Truth of this is (hewn as the reft. 

<~oa Hence if (any) three of the Fluents A, B, C, 

J . I< hp -II n ... . 


^5 Pj Qj R be g 


liven, all the reft will be found. 


Sc H 


OLIUM. 


br^ny of thefe Probations! “ m be f ° Und 

found o n ut° n Tl«Anf af1< ’- H ? W thefe Pro P°Mons are 
For fakincr p Anfwer “• by the common Analyfis 

fumin. anv F " th ' fe Pro P"ntions, or af- 

ummg any Equation among the Fluents A, B, C, P 

Sefficients P ei th' e ’ ag j a ' n S them with unknown 

Cubftituting’the Va?*A T^'TT' 


To transform 


1 9 


p ROP. IX. 

a & ve r n fluxion into another more 
Jimple one. 


Rule. 

put a n!w n I.«re r P ^ U r nd ^ u *" tit ^ in the S ' ven Fluxion 
which expuno-e the or h‘ r,ab c - < ?^ antK y’ ,0 y help of 

"■•-SiS""'S “4 “J i. 

CSsgr " 5 “ S®KSBr aS! 

tity inftead , enOU S ’> affume another variable Quan- 
this lalf, and f e ' y C ° mpound Quantity contain’d in 
and «S Fluxion PUI p ge 1 former aftum’d Quantity 
Fluxion be & til1 the transform’d 

2 Someti mp e as pofiibfe. 
into Te veral * other C r 0m P ound Fluxion may be diflolved 
impler ones, thus; affume two or 
F> 2 more 
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more fuch fluxionary Quantities, as you conceive will* 
when duly reduc’d, make up the given Fluxion, and 
let them be affirdted with indetermin’d Coefficients< 
then reducing them to the Form of the given Fluxion 
' efe Coefficients will be eafily determin’d by compaf' 
iug the homologous Terms. 


Ex. i. 

Let e+fz " 1 x g -f bz?\ 5 z rn — J z be propofed. 

v — e 

fume v=ze + fz 9 , then z n — —y ■, and z rn — —yg' 

v — e \ , . fg-he-{-P 

and z rn —’z =- py r —, and g + loz* == *-- j - 

= ^ putting p — fg — tb. Therefore th* 


given Fluxion + bx'z™-'z 

Y p -p kvv m v. 

Ex. 2. 



There is given - : ■■■ - . nr - — ; afifume v 

k + lz*. e + fz'+gz _ 

V — k v — 

r=:k-\- /z\ then = —-—, and z rn z =- 


%r*~'z = - 

i 


’j — k' 


-V ; put /> = V/— 4 eg, and th el1 
£ £ ^ 


e+jz*+gz*> 


p-L^+x* 


as will be evident by reducing the two Terms to j 
common Denominator. Therefore, putting a ? 

— gk> and bz=J~^l — gk, the given Fi^ 


ion becomes £ 


v — k r 


nl r —\a-\*gv 




Sea. I. 
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Lpr e fa n z Xn ~ J z 

— F ^ S'^en. Put v = g + 


; whence 


ting^_ <i)a „ d2 _. = i^ } whence 
f i= 5 F=\*- 

--\ wM+W ;^»+a- * 

r^-"-,. Iet f~P v ~' ~y\ then _ 

gy — eb 

r~* ’ and 1 ~ = ^y- i whence F 

=:&SfEH\r -.. 

x f~~ r y y y. 

Otherwife. 

q* i — gv — ,X 1 - 

e is (by firft 

2^?gg8 and th « dividing, by __^v-*j = 

wli^-R * /- pzr~^ m ^—r —1^, 1 1 

---- , m ’' nh” 3 -*-* ~ ‘ • 

^ 1 ^ x ~ r ~~ 2 ?; therefore expunging <y and it 

becomes f 

xf-rH andj, =/~^ = J$g*. 

Ex. 4. 

Suppofc rqr/F+^v-i = f, put f +/z . 

^ =z Vi iff —^ the.n 2” ^ r~/+V/>+^ > 
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and z r *— J z — — '/ +V/ ? +^^ f 1 £ v _^ 

_g r _ * 2 n'\/p~-f ’g‘V 

therefore F = 


if±Vp±gv\ v”v j f th j, 


2 tlg r 1 ^/p_l_p-<y 

be not thought fimple enough, f U pp„fe a g a j n * * 


Vj> + S v > then v — — ? , and u"+i = XX ^P . 

£ 2 mJ r l 


. XX—p . . 

and v m v — ——- x 2 xx : therefore F= - 


~£*+ l ' 
x *’—/#. Here * = VFT^— if+gz\ 
Ex. 5. 

Z \»~T Z 


To transform the Fluxion ^ 


gz'”-'z Az»—*z Cz»‘-*z 

—. T-. = A.-. -- , fi 


£ e + &f z ” + ££ zln - '%+&” + b+J 


ducing to a common Denominator) 

+ 4 P Z ''>->i + 4 ?*u 4 ~- >2 


(by i 


+ BC 


+cr 


- j then compariogthe h 0 ' 


bd !$*•+«**■ 
moIogousTerms, Aj+C£=o, AD-LBC-cn BDrsaf! 
B^+D^=/^ ; whence is had C= — A, 6 + Bap/ 


^ ^ — Vjf 4^ — P * and thence A : 


B = V* C = D = f±4 And therefo* 


Z^—'Z 


c+jz" + gz*' 


£ z yn —'z 

-x 


__ _ £ z y ”—'z 


Ex. 6 . 


T 2^— j 

_ ~ ct r+/z» + ^ be 8 iv e". where A is half an 
Number, and \eg greater than ff. 

Affi^ 


J 
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A flume - & z> n 


Az yn —l*~'z 




Z \n~. i«— 


2DX V¥-^m^ 


k + lzn -^+J^ r +gz^ e 4/2* + 
+ A/2* 


^k+iz* 


2 3 


R . A +^' 1 +^2 M C — D 2 i" 4- gz.« 

P2 x ”-j»—Ty * 

E~+ L^t” 4. o- z n = ( by Recluflion ) 
+AC2 x »-i«~i' , ATA 
Br 2 +AD2 >n —12: 

—_+BD 1-4 

CC 4. 2 Cf ~-. Now 

r . — DD af + « 2! “ 

■ BcTlTo i.*A? h ° m R 1 '° g ° US Tcrms ’ we have AC — 
5 & _ D D fr B C’ AD + BD = f. CC = *, 
_ A- brom whence we have C = VJ 

D = f S , A = X = B Whence 

«? 


£ 

2D 


+ Dz£» 4 gz ■* : botl1 w bich Terms may be 
Manner^f th^fourt^ExampJe^ 01 ^ 6 ** ^ 

Ex. 7. 

Let ===== _ 2Xn “:I i 

• , u k + ^"-e~+Jz’ > 4 -J^zn be P ro pofed, where \ 
IS half an odd Number, &j ^ than A , 

fume for it — - B2 X "—'2 D2 X ”—-'2 

for Brevity’s fake ( div.Uing by * . 

■3===t— - ’ A. 4 . B2* D 


+ A& 4 B& 4 B/ 2 '-” 

(by Reduction'! + D(? + fy 4- Do- 

^ *4 — o, whence (putting t = ell 
—fk{ 
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—•/& + gtt) we have D = A B = ^ 

2 X«~I 2 _ »— 


Whence 




k-] r lz n .e-^fz ^ -{^gz ^, 


~ tk+l ~ n > and the firftPart may be transform’ 1 
again into others more fimple by the fixth Example* 


PROP. x. 

An Equation being given containing the Fluxions 1 
Quantities ; to find the Fluents ^ either in fimple Ter^ 
or in a Series thereof proceeding ad infinitum. 


Rules. 

When the Fluxions are not of the fame Order in ^ 
the Terms, fupply the Defeft by the Powers of fotf 
given Fluxion fuppofed to be Unity: Fractional I* 
compound Quantities muft be reduc'd by Multiplicatio' 11 
Divifion, &c. Radical Quantities (except fuch wbe f( 
the fluxionary Part is in a given Ratio to the FluX^ 
of the Root) muft be reduced to fimple Terms by P 
volution ; and the Roots of adjected Equations muft ^ 
extracted. This Preparation being made, 

I. 

1. If the Equation then can be fo order’d, tb j! 
every Term has only one variable Quantity and jj 
Fluxion: multiply fcparately each Term by its vari<r 
Quantity , and then divide it by the Fluxion and its 
Index. 

2. If any Term be fuch a radical Quantity that $ 
fluxionary Part may be divided by the Fluxion of^ 
Root (or Part under the Vinculum) and that by (rf 
Divifion the Quotient may be a given Quantity. 0 
tiply that Term by the laid Root , and then divide bj 
the Fluxion of the Root and the new Index , for # 
Fluent of that radical Quantity. 

3 - 


Of FLUXIONS. 

the 3 ; a rLy e y (Ju e , r n r ?> be W by the M Power of 
Diuft be found' bv Vif th u en lle Fluxion of that Term 
Of dent and the Number * ^ U “ ply ,he *«"» C °" 
of that variable r>„ ^ 2 -3° 2 5$5 Inco the Logarithm 

Or thus by S He?- fnb!/-; ,0r f the FluM of 'hat Term. 
th« Sum or Difference of Z ‘ V n >alU 

"rtf* §y "" 

Fluent of ehher Term tn r 5 p*"" *7 Art -'' fi " d ?he 
friable, and this will h PP ° fin g, onl y °ne Quantity 
Terms. And ffc L t*'] 1 "® of b °* thefe 

‘ P’y’d into the hodud j l u of cach 18 mul- 
,be Fluent of any one of thefcTe'^" 0 , 5 then fincl 
fidering the other •- e e -^ erms (by Art. i.) C on 

be the Fluent of all^feef 1 ” 33 S ‘ Ven ; and will 

refponding s'ides'of?h^F^ 1 bcing colle ^on the cor- 

E x A M P L E I. 

Let y — , 

*> then the Fluent y — dx — x. 


A. 2. 

Let * = ay% the Fluent is * ~ ?J 


VaaLZ^' or y^=~aaZZ ~£r \ x _ ■ 

mU, tir'ybytheR 00 t andfh _1 

x-w; divide this by J Lftl hn l\ aa ~ xx ' 
or y7 ~ * * and th ' re atifc* 


26 


* J!be Doctrine 


Ex. 


Suppofe y — ~, then y — 2 . 302 5850 x Log. *• 

Or thus, let b 2 = x, and z — x, then will jy ^ 
az az azz az x z az*z 

b+Tz “ T IF ^ "> w +’ ^ c - andtb 

—. az az 1 , rfz* 02+ ,, 

Fluent y—~r -y r + ~- rtl ^c. 


3 b \ 

Ex. 5. 


4 *. 


Let 2 = 2 ay*xx ~[- %ax 2 y‘ l y, where there are tb* 
Quantities y J and and one multiply’d into tW 
other’s Fluxion *, the Fluent of 2 ay*xx (fuppofing H 
invariable) is ay l x * 9 therefore 2 = ay l x x . 


v — then v — 


Ex. 6. 

**»+* 


m -J-i 
Ex. 7. 


Suppofe y = ax xx \f 2ax -j- then y * 


ax -J- xx x 2ax __ 2ax - j- 

4- X 2tf* 4“ 2XX 

Ex. 8. 


x xy . J 

Let v = - —jjj, that is v = y~ l x — xy~*y 9 w 

x 

the Fluent v = xy 1 =y 

Ex. 9. 

Let v z=.y r z'x 4- 2x2^ -f ^y 2 z 2 z then Q * 
xy'zK 

[ 9 
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Suppofe y—~ _ * , ox 4 • ,. 

x* x z r" #1 — x * -f x x, multi- 

P'y the firft Side by ? and the lad by ?, and there 

_ y x 

^ ill be v = _ 1 » A 3 s 

. , xx x~t~ ax * — x' + x* ; then divide 

by the Index of the Power in each Term, and the 
Fluent will be « — , 1 . a j. 5 

3 ~~ 2XX + # + 

Ex. n. 

Let the given Equation be i = ^2 . , 

Mb + cy, that is x-=^jZ xy~iy I. 3 , 

+ c •, the Fluent is * = r^f Jr - i . ^ 

+ t>V^+ 7. v'a a+b 

Ex. 12. 

Let y — v-i ‘ x ■ . x 

, ** + *'» ^e Fluent will be y 

= 2Afi ^ 

T r 2.302585 Log. x. Or thus put a __ 

z — x, and — z ~ x, then 2 = —2-- 2 * 

__z*i * a - 2 ~ 

~ ^ whence j> = __ x \ x _ 2 _ zz 

2*2 a 

~m? &c. and then y~2x z *#£ __ z? 

■— &c. 2^a 

L EX ' 13 ‘ 

that radical ^o 13 ' 10 " ** ^ — “ + f iz " z 'z; involve 
' Ca ‘ Q- uantlt y. and then > _ a ^ 2 4. 

E 2 [ax ^— 1 (oz v +*z 
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3z"+’ r z -f [x— -— of*— w ^ enCfi 
ol f*z v + I ( juoif x ~ 1 (3Z >, + 7r + 1 


the Fluent is y ■ 


-&c. 


+ 


fx —i «/“—■* 3 l z 2l, + ff + I 
2 2 v}~' r 7 r- r I 

Ex. 14. 

Suppofe y = 0 rz 9— 'z 4 “ 0 /zH-"—*z into c-L.fz ***"'» 

4 - wf t 

that is j =r 0 z 9—T z x * 4 "/ z " * 4 " 4 «j^ 9 'dH , ~ I z x c-\-fz^ * 

here are the two Quantities z 9 and <? 4*Z 2 ”^ eac ^ roU ^ 
tiply’d into the other’s Fluxion ; therefore y —z** 

7 TF*. v 

Ex. 15. 

Let j =■ Gez 9 —^ 4 G/isM-*’— T z - 4 - ^zH- 2 "— J z into 

+ fif + 2 ^£ _ ^ 

e-L-fz* 4 igz^ \ that is y — 6 z 9 —*z x *4*/ z " 4 _ «§ r ?^ 
4 - ju/»jz 9 4 *—*z 4- 2jw»^zfl+*»—*z x (? 4^/^M- ^T 2 *** ' 
Here are two Quantities z 9 and t? 4 /z M -^gz 7 -'** 1 ^ 
multiplyM into the Fluxion of the other, therefore 

y = z e x e 4 / 2 " 4 - the Fluent, 

Ex. 16. 


Suppofe y — kgz 4 0 4 ^ x /g-z 9 4 , »-’ , z 4 

4 6 + rq x he 

e_|_u^ 4 / ; >j X fhz*+ 2 *-'z into * 4 /z^~ X x^ 4 hz» 
that is ^ — 6 a 4 - ! z x <?4/z" x £ 4 ^ 2 " 4 f*»/z 9 +"- :I Z * 

*4 hz ?x (?4/z'^~ l 4 ;V^z 9 + M— *zx e-\-fz“x^+bz* * 

Now here are the 3 Quantities z 9 , e+fz** and g+hz* L 
and the Fluxion of each is multiply’d into the Prod^ 

of the reft *, therefore the Fluent is y = z fl x 
x£+hz\ 


1 
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Ex. 17. 

tr Jv C ^ uat,on be given f — xy 4 - #V • bv ex- 

traa.ng the Root, y - ' T Y * 

lution) ^ , A • l 7. ** ± *V ^ + xx = (by Invo- 
_ X ' x 7 , * * — ** x + 2 * 6 * &c - or y=~x 

x> 1 *s * 2 * + * 4 * — 2* 6 * &c. Whence y~x + 

l~-i+T^°'y = ~ + x i-fv, 

__ t ” * 121^’^’ 

4 1 H a a " * 5 *2« a ' ^ C ' then the Eluent will be y 
~ ax — — 4_ _ ** 131 x* 

a J 9 2 « 20^8^ + 

Ex. 19. 

Suppofe this Equation , . • 

p ; ■ z —2* z —r’z-f. 

ss^^tsssse 

-L xx _ ?_X X'>x ~~ 7 

4 C 32^ Or z z= cx — 4. 

' AtT 


15 X 7 

32^ Or laftly z^z-r- cx __ X J^ 

x*x Zc ICC 

^ ^ WhaK * the Fluent will either \»z- Cx 

1 xx —. x J 

, 5X * Uf+ t28«^ Or 2= r*_ -;- w + — 

nss**- 0r 2= _ w _^ * *« M 

& 8 rr+q 7 *^. 
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Ex. 20. 


m 


<ry • tfrfxx- ■. l 

Let —-4<* r / + 4^/ + —^ = 4 a *y * 

~j -4X 1 jyy 1 ; tranfpofe 4^ 2 jy a — 4*^/% and $1 

multiply byjy, and you have a Ar y ' L — 4a 3 yy*+ 4 ay*) 
4- aax' L y' t •— 4 ax*yy* + 47 1; 0 2 = x’x* ; divide f 
4- xx, and there arifbs aay z — 4&yy z 4- ty^y* ^ 

37 + 7 ? cxlrafl the Root and 9 —*» = 

whence the Fluent is tfy —jjy == Hh \Jaa 4- xx. 

Ex. 21. 

^ Let zy4- zy = rfx, then its Fluent is zy — ax- ' 
Ex. 22. 

Suppofe ayx x — byx z ±= &xxy 4 “ or j 
Fyx 1 — bxxy = £x 3 , fuppofmg x invariable. The 11 
Fluent will be ayx z — bxxy = £xx\ 

Ex. 23. 

Let the Equation be azz x 4- aazy — abzx •= ^ 

dz^z . ' t 

— a£cx *, then the Fluent is -y- 4- flijyz — a#**' 

kzz — rzkx; fuppofmg z invariable. 


II. 

J 

If the Quantities cannot be fo feparated, but 
or both of the Fluxions contain’d in the Equation J 
be affedted with both the variable Quantities •, then| 
duce the Equation fo that one of the Fluxions 
may poffefs one Side of the Equation, and the 
Fluxion affefted with both the variable Quandt^ 5 
on the other Side, in fimple Terms. Then, j 

1 . ^ 


Se<a.I. cf FLUX IONS. 

SyV3 a "S e » n 'he Quantities that are on the fecond 
tities off a ^ ua ^ on all the fluxional Quan- 

^i C t t ™ ith its own f luen U may ftand 

\ cording to the lnf P, -, Pr °^ eed ' n 8 re S ularl y ac ’ 
ine aernr r Indlc f s either ^creating or decreaf- 

, o ng der S 3 ^ uent is to be had in an 

aitefted S w m. 3 ccndl I! g Serles ? and all the Terms 

I perpendicularly on the % m??? 8 Q T tity ftan . d 
b! Indices. J 16 Hand according to their 

* the 2 >5 8 Term 3 « and ’ and find the Fluent of 

* TermofthfFluent r lirMo fl/ R ° w ’ for ** 

t other variable Quantity in a ll b die’ t'^ u ° f the 

Denticular Rn r r^ y , al1 the Terms of the per - 

them nndrr^ ’ wm,ng thelr new Values over agfinft 

etn proc"d m r fi P n dTh r YY™ ,he h ° riz ° ntal 

the Fluent k r d ** fecond ' third, £*. Term of 
tities of the' fame Inde Up a11 the fluxionar y Own¬ 
ing its Flue' m a . whiH n %° neTe r m ’ and th “ bnd- 

begraduZto£, Tt ? ° f Fluent are to 
; Quantity as "you b goaSong!° r ** P ° WCrS ° f the 

Ways, by afunibYmY^ perform’d various 
Term, or perhansdnr r glVen i Quantity for the firft 
a nd oftentimes i t P wi n ii° me odler Term of the Fluent, 

i ^ Terms be divided bv th ‘ffl L° d ° 3. If any of 
Quantity it w ,n r • y fi r fi Power of its flowing 
, this Qua y nd t ; 1 ' h ( :" 1 u t; ; n ’“3neeeirary to fubllitute for 
My and another variable o° ( 3 given QS an - 
the Terms to the prefcriberiTtn Uty ’ 3 then re duce 
Ionian me \"* iS ‘ hc 

* - 

f Ex. 24 . 

Let » + *} + & + &-- + a 2lhj2± 

~7 > to find y. Divide by a + * and re- 

ducc 


3* 


* I'he Doctrine 



• X X 

In this Example I write x — -—horizontally^ 

T ^ + $ perpendicuiarly , * 

I bring down x into the Value ofjy, and get its Fl^, 
a: and put it into the Value of y. Then 1 fubftitutfj 
fory in each Term of the perpendicular Row, placid 

their refpedlive Values 4 . and ^ 

x 

—T againft each, under the proper Powers of *. 
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of FLUXIONS. 

1 * ^ring down the Term in the fecond Place 
and write its Fluent ~ in theValue of y •, then 

Ta for y in the Terms + — — & c . and 


■ P ut over againft them as be- 

um of the Terms in the third 
x r x 

aa » ar ^ ^ et this Sum — 


~ 2 ~ Which I 
proceed as far 


f- x x x + yxx, to find^y. 
ing found and written for 
1 -Fluent — xx for the fe- 
aTo written for y , you’ll 

~5 f °r the third Term •, 


1 The Doctrine 

being again written for y, I get the third Term 
— x *, and fo on ; fee the Work. 



-f- x — 3 *x + 

+ y* 

-\-yxx 

ax + a xx+ V* + f (Sc. 
T 1 - 1 +3 

4* dxx °x z 'x + a , • 

1 + I * _I# 3 * CfK. 

y - -f- CL . -4"2 d . -\-2Cl . —E -La 

+ 1*3*2 XX +1 XX *~\ x ' x & c ‘ 

y —a^ a x a x z vV^f, 

J + I — I +J — 6 


Ex. 26 . 

Suppofe this Equation y ■=. — %xx + %yxx y l X‘ / ‘ 
y t xx -f- y i x — y % xx ‘See. -f 6yx z x — 6x z x -J- Syx^x y 
Sx l x -f- i oyx^x — i ox 4 * &c. To find the Value oW 
as far as 7 Dimenfions of x. 

I place the Terms in Order according to the follo^ 
jng Table, and then I work as before ; and moreoV^ 
I fubjoin the Square and Cube of the Value of jy g fi !' 
dually produc’d, to be fubftituted by Degrees into 
proper Places towards the right Hand, in the Va^ 
of the Marginals on the left, as follows. 




-H.F* 

-4 -6yx z x 

"4“ i oyx^x 

tic, 

+yyx 
•— y L xx 
&c. 

+y l x 


:* 4 4-6* s -f 


t ( defcending Scries, 

j. Kow muft be pl a 

dices to the leller • 


gc gc gc gs egggg; 

^ f 1 f' f' f 1 f' 
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Here obferve, that any given Quantity might b9& 

been inferred between the Terms ax and-; andf° 

x 

y might be extradted an infinite Variety of ways. B^ 
if that fluxionary Term had not vanifh’d, then ^ 
had been obliged to fubftitute a -|- z or a z for * 
in the given Equation before it could be refolved. 

Ex. 28. 

Suppofe the given Equation*^ = xx — x — yx'*' 

by Redudlion^y == - —yx — ~, then the Work 
be very eafily performed as in the following Table. 



— — + - ; 

XX ' x 

— yx- 

X 

X 

' x 

y = — - - 4 - 0 

•' XX ^ 

l 


III. | 

When the given Equation contains firft Fluxi^ 5 
alone, or if it contains firjl, ficond, or third, 
Fluxions, as in the following Example, where 2 atf 
ay*x 2X % y* — 'lyx' = 0 to find x exprefr 
by y and given Quantities ; it will be refolved by 
following general Method. 

j. Make the Equation = o •, and' ajfume an 1$ 
ter min'd Series to reprefent the Series required *, * s ; 
= Ajf + B y nJ r r C f + * 4. D y n + &c . whe#^ 



Se<a. I. (/FLUXIONS. 

« ? e Indic 5 s #, « + r, «J.j continually increafe if y 
very fmall, or decreafe if it be great. 
r o . 2 ‘ “L 0 the firft Index » ; fubftitute into the 
]t ° lven Equation the firft ‘Term Ay”, its Fluxion, and 

e tCfu FI T i0>h &c< inftead of *. a ^ d &c. (if 
ji * e ther e) and t hen you’ll have a new Equation., 
as 2*Ay— »*_, „ x *Ay" 2A 2 jy an — 2» 1 A 1 / = 

Term^ P ° rin / S ^ = .V Make two (or more) of the 
l erms equal to nothing that have the leaft Indices equal 

• haveke n ^;/? r r * °r thofc that 

, nave the greate/l Indices equal, for a defcendinr Series • 

ii »winLT t H B *£' *4** «* elfe 

be found. Or if there happen to be only one 
J?m wth fuch leaft or greateft Index, make ifs Co- 

£ZZ = ?’ ,* h ,' Ch deftr °y that Term, and per- 
aps give the Value of «: Thus, in this Example for 
an afcending Series, you’ll have lahf - T^ZT n x 
f F °’,° r = whence n = 2 . 

into th°Vr. °! her l nd ' a ? ■> fubftitute the Value of n 
— 2«Av^j e§0i r? ^ uatl0n > and you’ll have 2<z Ay 1 
leaft bL t In 7 7 8Ay = Then take the 
ZendiZIJr afCend '*$ Y 1 ' 5 ' orthe Sreateft in a 
poftible Nnmh rotn . eack °f the reft •, and find all the 
mainderfto n‘ refu,t by aiiin S a!l ‘hefe Re- 
poftible anri , em ^ e ves an( I to one another as oft as 
pouible and then you haver, j, t, &c. here a —a 

“<^ 0n ' y one Remainder •, then a, 4, 6, Be. ~ r s 

i>/£* 7 * herefotetheSeri “ is Ay*+By+C f+ 

t 4 - For determining the Coefficients A, B, C, Be 
■ WMute into the given Equation the Values of x,’ x, x 
f qJ S >reffed b Y the foregoing Series Ay ■ + By* _L 

fevetaliw" P f Ut the S T of ! he Coefficient of eV e^ 
ower of ji equal to nothing, and thence A, B, 

’ j ,1 2^ gradually found. Thus x = aAy 4- 
4 B/ + ecyt. Be. X - a A + , 2 Bj* + 3 oCy*, Be' 

as h beIow! ng f “ bftitUted ’ tHe W ° rk 5 W If 
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5 * If the firft Equation for the Coefficients be ^ 
adfefted Equation containing feveral different PoV^ 
of A, then that Equation will afford feveral Roots® 1 
Values of A ; and as many different Roots fo tnA 
different Series may be obtain’d. And if A has feve^ 
equal Values or Roots in this Equation, then you < 
divide the leaft Remainder above by that Number 
equal Roots of A, one of which you affume $ 
its Value i) then proceed as in Art. 3. taking $ 
Quotient for another Remainder. 

6 If a Series be required to be exprefs’d in 
of that Quantity whofe 2d, 3d Fluxion, fcfr. is in* 
Equation ; it mull firft be got in Terms of the <0 
Quantity that has no fecond, third, Fluxion 1 
and then the Series reverted. 

Schol. As there are fluxionary Equations that & 
mit of feveral Solutions, and may have the Rooc # 
prefs’d various ways; fo there are Equations that cfi 
not be refolved at all as being impoffible ; and orb* 
that are very difficult to be refolved, and may req«* 
the utmoft Skill of the Analift, and fometimei 1 
different Procefs from thefe Rules. 


Ex. 29. 

Let laxy* — ay'x+ 2 x'y — 2y ' x * - 0 , t0 W 
x exprelfed by y and given Quantities. 

The Form of the Series found by the foreg oA 
Rule is * = Ay* + By* + C/ + D/ & c . This f. 
it s rluxions being fubftituted into the given Equa^ 
will be as follows. 



Se£l 1. of F L U X I O N S. 

__f JlT ec l ua ting their refpe&ive Coefficients ; 2 <iA 

o, therefore A may be taken at Pleafure. 
Again - 22aB _ 6A . = 0> the „ ce B = :ri£\ 

After the fame Manner C an( j d —10164A 1 

„ 3 * 9 «’ mU - 

Whence x — Ay'— 3 — y * t 4£A>_ _ 

io i 6 4 A 4 ‘ 

*7545^ ^ 

O/ Wr/e fiwjfc. a defending Series. 

Make the Terms 2 AV" _ 2 „* A V» 

Dy*’ the Senes is AM-Ba-Cv 1 4 ! 

f . f‘ and the °P=tation will be as follows 3 + 

— ay z x 

+2 x^y 7 - 

— zy*x x 


d or 


~wAyf 2aB + 2 aC y, ^ 

— 2 aCy' © f< 

+ 2A ^* -f 2 ABy + 2 ??, + 4 Bc v -. „ 

. / + 4 AC + 4 AD 7 £*. 

2A y +4AC + 8AD/' {*. 

B Hf p_££_ n_ 

2 ’ 4A’ U — 24AA ^ c ' whence the Se- 

ries ls known, and x—hy —- 4. aa 1 al - - 
2 n AA. 1 " c 


Ex. 30. 


4 -fy ‘ 24Ay 


1 ... “ 

ing Sertes !^ °> to find y in an a 


Afiume 
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A (Tame y = Ax n 4- B*’H-'' 4- C**-H &c. and fub- 
ftituting the firft Ter m and its Fluxions for y and it s 
Fluxions, we have n.n — i.n — 2.a r Ax n ~ l —«*.»—i* 
a* A*x 2n —3 -f- nA‘ z x tn 1 = o. Since the Index n —3 
is the leaft Index, make its Coefficient n.n — i.n —'z 
z= o, and take one of the Roots n = 2. Whence 
the Indices will be —1, 1, 3, fubtraft the leaft, — f 
from the reft, and there remains 2,4; therefore r, s, 
/ = 2, 4, 6 &c. whence^ = Ax' 1 4. B#4 4- Cx 6 tfc. 
and the reft of the Work is as follows. 


+ ai y, 

— a*yy 

+yyx x 


4 - i^a^x + i2otf 3 C* 3 4- 336a 3 Dx s 

— —32^ 4 AB^ 3 —72d*ACx 5 & c> 

4- 2A‘^ + &- 


Hence 24^3B = A*, and A may be taken 

pleafure; let A = ~ then B = —^7, alfo C= — 

2 a 24 a 37 j20&i 

?r. Whence y — -j—+- / 

4480^ 2 a 24a 3 1 * 

~—i—i **• 

4480 a 7 


^ 2 Q<y 


Otberwife for a defending Series. 


Let 2 n —1 and n — 3 be fuppofed to be the greateft 
Indices, then n — 3=2 n — 1, and n — 2, and 
thefe Indices will be —5, —7; and taking — 5 
from — 7 the Remainder is — 2 ; therefore r, s , ^ 
— —-2, — 4, — 6 &V. Wherefore jy — A#— 4 4 
Bx~4 4 - Cat— 6 &V, the reft of the Work will be thu$> 


-H 5 3\. 

—a'yy 

+yy** 


— 24 ^ 3 Aat' s —i20tf 3 B#~ 7 — 336 <« 3 Cx " 9 £sfr* 
-\-ua*A % xi 4-^‘ABaT 9 
I— 2 A*x~ 5 — 6ABW — 8AC 

• — 4BB x$ 6c 


Therefore A— —i2tf 3 ,B—36^, C—_&jY< 

And jy~ —i2tf 3 *— 2 4*36tf 5 **-4^- 1 ^l £i a 7 x - 6 &c. 

Ex. s l> 


4 i 


Sea. I. t/FLUXIONS. 

Ex. 31. 

Let the Equation be x — ~yy — yy l y 4- 2 x^yy —- 
y 7 y*y 2 y 3 y, to find x in y afcending. 

Let x~Ay n + By* 4 ’ r + C 'y n ^ s &c •, and fubftituting 
A y n and its Fluxion for x and ic y there arifes 

7” Ay “~' + '<y — 4- Ai/+' —4A +V + 
J ^ o. Suppofe n —i and i to be the leaft Indices, 

* nc * you will have —■>zA/ , “ I -f-py—o, and«—1 = 1, or 
^jTr 2 > and all the Indices will be i, 2, 4, 25,3. 

ake 1 from the Reft and the Remainders are, 
Ij I '», 2, 3 ; whence r, j, /, &c. are 1, i \ 9 

3, and x = Ay* -f- By* -f Cy 3 * -{- Dy 4 &V. 

ftence, 

— 2 Ay — 3 By* — 3*Cy*» — 4Dy J &V. 

+ t? 

— 4> 4 

-f 2A iy* * + J? 

* * * 

+ 7^ 

+ 2 )' J 

A = f, likewifeBrr — 1, C — 2, D = o, 
c ' and the Series is ^ = $y % —yi 231* &c. 


— x 

4 - iy 
4 ) z 

+ 2 yxi 

+ 7y> 

■to 


Ex. 32. 

Let z i — cz 1 — 2 x*z — c % z + 2X 1 -f- c* = o, to 
2 in a Series of x afcending. Put z — Ax n -f- 
px*+-r _j_ Cx n ^~ r &c. and by Subftitution accord- 
ln g to the Rule, we have n*A 3 x 3n ~\ — cn* A a * a * w2 — 
^Ax ”~ + ' 1 — nccAx n ~~ 1 + 2 #’ + c * = 05 and fup- 
Pofing the j ea ^ indices »—1 and o to be equal, we 
a ve 1. And all thefe Indices will become o, 2, 3: 

fubftratting the leaft o, the Remainders will be 
o' 3 » whench r, j, &c. = 2, 3, 4, fc. and the 
er ies is z— Ax + B*j -f Cx 4 4- Dx* &V, and the Ope- 
a tion as follows, 

G +*j 


4 2 




rfhe Doctrin: 

E 


+ Z 3 1 

+ A ! + 9 A’Bx* 4 -i 2A‘C* ! 

-j-i5A 1 D 
+27 AB 1 

&c. 

-— cz* ^ 
.1 

— cA 1 - 

—6rABx* — ScACx 1 

— 9 C ^ Z *+ 

— iocAD 

tfc. 

— 2X x Z 


— iAY * 

— 6B *♦ 

&c. 

- C X Z 

— c*A 

cj 

1 

<2 

CO 

1 

— $c x D x 4 

tfc. 

+ & 

1 

-f- 2# 3 

* 


+ < J 

+ f* 





Here A 3 — cA 1 — c A + c z = o, and A = + * 
or — c : If A = -{- c then B will be infinite, therefore 

A = — c, and then B = —^ C = —D = o> 


And z =— « — \ c — 


&c. 


If you take A = + c •, then fince the Equation A 3 -—' 
f A* — t*A + c* = o, contains two Roots = c » 
therefore divide 2 (the lead Remainder) by 2 (the 
Number of equal Roots) and the Quotient is 1. Then 
by Help of the Remainders 1, 2, 3, &c. you will get 
the Series z — Ax+ Bx a -f- C* 3 , &c. with this pro¬ 
ceed as with the former, and you will get other Series 
for the Value of z , wherein B may be taken at Plea- 


fure. 

Ex. 33. 


Suppofe ey +fa m y + 1 z = to find 

A ffume jy = Atf + Bz’ ,+_r + Cz"-*"' &V. then puting 
Az n and its Fluxion for y and y •, and you have 
enAz 1 - 1 + fnAz m+n ~' + dAz m+r ‘~ l — sf - o 5 take 
the Indices »—i=p, then n=.p -F 1 ? a °d the Indice 5 
become y>, />-F»*, and the common Difference = 
and r, 2m , 3W, &c. Whence y-zz-Az?*** 

4. B2f + " H "’ 4- fife, therefore, 




s& a. I. (/FLUXION S. 43 

4- ey p-\-i.eAz p ^p+i+rn.eBz pJrm -\-p-\--i-\-'iTn.eQ zP ^ r * m &c. 
+ fz m y +J+T.fAz p+m + p+i+?n.fBz p +™ &c. 

+<bz m - 1 z + dAz p+M + dBz p + im &c. 


TT I „ d+p-\~ U f A ^ 

Hence A = , B=-==^==— A, C = — 

__ p + i.e* p+i+?n.e 

d —j-~ p I | I iyj f" 

- B, &c. and putting tr=p+ 1 , and 2 = 

P-f-i + zm.e _ 

& , -- , 2 * if A (J _„ S+m.f 

J ' y te t + m.e i+nn.e 

B z ' + ^aL f Cz « + 3 * £?,. 

«+3 w -* 

Ex. 34 . 

Let x — «,-{-fiz m z w z, to find x by a Series of z. 
Suppofe x — yx u+^z”^, this in Fluxions gives * = 
y * a-f (oz” ,/U + fxm(3yz m ~ l z x = «+ $z m **x 

* z > that is »y + @z m y -J- fxm$yz m ~ l z — uz*z — 
Qz* ~* r m z — o. Let y = Az 1 + Bz” r Cz” ~b * 
^ c • then by Subftitucion awAz ”"" 1 -}- nfiAz n ~^ m ~ l 4 - 
f^3A 2 ,, + m - 1 — az* — j3z T + w = o. And put- 
ln g the Indices »—-i = ar, then « = 7 r-f- i, and thefe 
Alices are tt, 7 t+ot, and the common Difference m. 


+ fe m ) 


Az ff+I -j- + 1 + ” 

+ Cz T + X + “ 

7r +1 . a Az*+v FI + m. ocBz 

'+” + ^TI+2»».«Cz’+ j " @ ... 

4-W+I./3A 

4- 7r4 _I + w -3S &?C. 

+ |UW/3A 

4- &c . 

— « -— 3 



Hence 
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Hence A = 
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i „ pmft 


7 T + 


B =. 


_ 7t+i.7r+i + m. » 

pm + *■ -f- i 4- m X r „ , _ 

C = ===- — ■ - ■ ;- -—= — =■- ■ - &c. whence 

7r+I- 7r + I 4’ w - 7r +I + 2m ' «• 

Rz* 

putting q-—--, i — i, & — t 4- pm. P, Q, R, 
each preceding Term wirh its Sign, then x—a-\-(2z mfA 


g* pmg 

x • e t+m 

= FI: zz. 


t+m.q t+im.q 


£+2 m 


CL- 


t+ 3 M 


R — &c: 


Ex. 35. 

Let x—e+jz n -\-gz ln -\-hz % ' &c. x x+(3z n -t-yz*’ , -\- iz* 4 fcf <•/* 

x zz, to find x by z. Suppofex=)'x ot+fiz n +yz ln 

this put into Fluxions, and then the whole divided 

by a-\-$z n -\-yz^ fcfc. you hav e z T z xe+Jz?-\-gz % 't£c 
~yXct-\-(&z a -\-yz*' , &c -\-p-\-i.yxn@z ,, '- 1 -\- 2 nyz*’‘~~' &c- 
Let y = Az m + Bz m + r + C 2 W+1 &c. then As* 
and its Fluxion being fubftituted forjy and^y, for the 
firft T^rrn of each compound Quantity in the forego- 
ing Equation, and there will be -~ez*+pi#Az m ~'-^ 
p+i.v l {2>Az m ~^ n ~ 1 &c. = o; and making the Indices 
7 rand m —i equal, then m— 7r-f-i, and the other In¬ 
dex is 7r-j- 1 -|-//, and the common Difference?/, whence 
y-=z Az^ I +Bs^ I ^" + Ca T +*-H« &V. And putting 
7 T + i = p, then y = pAz r 4* P+ n > Bz ,r +" -f- irix, 
C 2 t + 2b put ju-j-i, then 


c/FLUXIONS. 


Sc. 


-t- «y 

+ frz'y 

+ 

&c. 

4 - mn@yz n ~ 1 
+ 2 vinyy 2 ? n ~' 
&?c. 


— ez v — fz"+ n gz v +™&e. 

-\-p<X'A-\-p-\-n. 0 tB+p-\- in.ctC &c. 
+//3A -f- p+n. /3B &c. 

+ pyk &c. 

+mn(2A -f mnf$ B fcjV. 

+ ^mnyk &c. 


Hence A=-, B 

D ~ * Z£,} JA zSr I yB ? gC E _ 

, _ J J ~T i n ‘ 01 

yt,} 8 Ar f +;} jBzgr (>cz*+ 3, ? go &e 

_/+ 4 7 - * 

And x = Az> + Bz*+* -f Cz^ 2 " -f D2V+ 3 ” fcfr. 
* a -j- jS^d" >' zl ”4 _ ^ 3 * 6fr/*"*~ X 


IV. 

The Fluent of an irrational Fluxion may fometimes 
atfo be found by ajjiiming an in deter min'd Series as in 

toe laft Rule, 

Ex. 36. 

ax 

Suppofe 2 = v*x*x, where v — y, and y = 

V2 ax — xx. I take A^ 2 * 3 for the firft Term, and 
a Tume as many Terms of the inferiour Powers of v 
ar >d x , or their Products, as I think will be fufficient; 
0r which no general Rule can be given. But you 
,lec d take no more than the firtf Power of y , becaufe 
a h the Powers above will be exprefs’d by the Powers 
°f #, which are fuppofed to be already in the Equa- 





tion. Thuslaflume 2 = Av*x 3 +Bz;*4-Gv a q-D.v-j-E 
x vy + F# 3 -f G# a -f- Hat = Flu 1 . v*x 7 -x. Put this 
Equation into Fluxions making x=i, and writing 
a 

every where - for v *, then reduce it from Fractions, 

writing 2 ax — xx for yy where it occurs. Then col¬ 
lect feverally all the homologous Terms (or thofe of 
the fame Powers of all or any of the Quantities x , Vt 
y) t thus 

-p 3 A v'x'y -f- laAx^v -f- $aQx r v + ^aX^xv + 2 aBv 
— 1 —3C —iD .— E ~|-tfE 

+ 3 Vx'y + aV> xy + aEy ) _ 

+ aC +2G + H 1 

The refpective Coefficients then being equated, 
there will be found A — f, C ■= \a, D — ^aa, 
E Br= — 4 a 3 , F = — G— — 

X l v x 

H — — 4 a 4 . And thence z — —— — {a 3 v* -f* 

^ax 2 + ^aax -f \a 3 xvy — ^ y a 7 x' — -,- T a’x z — ^a*X> 

Note, If any of the Quantities B, C, D &c. come 
out equal to nothing, ftill the Series will be true, pro' 
vided they don’t deftroy the Quantity A. But if A 
vanijb by reafon of fome of the other Quantities being 
nothing ; or if they involve fome impojfible Equation J* 
then the Series is not true ; and you muft try again by 
a {Turning more Terms of the Powers or Products of 
x , v, y. But in many Cafes it cannot be done in finite 
Terms. 

V. 

In a fiuxionaay Equation where the variable Quantity 
is very great , and you would exprefs the Fluent by a* 1 
afcendi“g Series: Or in any very much compoundei 
nuxionary Quantity whole Fluent is required •, take * 
given Quantity extremely near equal to the variabk 
Quantity ; then inftead of that variable Quantity fufc 
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ftjtute into the Equation the Sum of this given Quan- 
ar| d a new variable Quantity, and Jikewiie the 
u *ion for the Fluxion •, then find the Fluent in fim- 
P e Terms, and this will be a Part of the whole Fluent 
Squired •, and the Operation repeated as often as ne- 
Ce flary vvil] gi ve t he whole Fluent. 

Ex. 37. 

Let z = x\j aa -f xx *, fuppofe r very near equal to 
** a ^d put r + v — x, and aa + rr = jj, then x — v y 
and z z=z v x*\/ aa rr - f- 2 rv -fw= vfr/ ss-\-2rv+vv 

zrv -f- w 2 rv-\-vv* 2rv-\- vid 


. T+ “ 

rj . aav'v 


-&V. Whence 


> _ , rv* , aarv* __ __ ... 

* jx> 4, — _L -——r- &V. Now in this, 

f ~ 2j ' 6s 3 8j 5 

Lbftitute —-I? for v, and fubftrad the Refult from the 

Equation, and then z == 2sv + &c. And 

is the Part of the Fluent correfponding to the Dif- 
® ren ce of the Quantities r -f v and r —■ v , or to 2v, 
^ at is, to thefe two different Values of x. Hence if 
there be affumed fuccefiively the Numbers or Quand¬ 
ts c , d, <?,/, &c. for r, and v be taken extremely 
Lfiall, and it be always b — v~c-\-v, and c — v 
5 = d q. v> a nd d — v = e 4- v &c. till / (the tyaft 
Va lue of r) be o •, then the Sum of all the Parts cor- 
re Jponding to each (collected by the foregoing Series) 
>Vl H be the whole Fluent z required. 
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Ex. 38. 


Suppofe z : 


, yf pp+d- 


let r\ v : 


f zdbr zdb'V , bb - z 

\ PP+dd-~l -— 

2 ar~\- lav —rr— irv—vv 

zdbr bbrr zbbr 


(putting ss = pp -L dd — — -f- 


q—'icir —rr, and*/=2# — 2 r,] 


f bb 

l»+*+&*' 

qq-\-nv—vv 


Then dividing the Numerator by the Denominator, 
tqq — nss bb.ss 

and puting e =-—, /= J5J5 + ? + ? 

we have z r= iv V ~ -f- ev +/^* = x : q 


- __L ev 4 -fv 2 &V. = x : - -f* 
W' 2 

* sv . 

-1; 1 &?c: Whence * = — -f* 


If „ 4- ®* 6?« Whence z = £ + 

2J 1 2 

2 f x ^ ri "-qv> &c. In which fubftituting 
8 j ‘ 2 4 jJ 4 

__ v for and fubftrafting the Refult from the Equa- 

SV 4 fi* <?V . -J r e 

tion, we have z = — + I2J j 2^ + ^ c \ ^ 

that Part of the Fluent belonging to 2V, or to the 
Difference of the Quantities r + v and r—v. 

Where it is difficult to get many Terms of the Series 
as in this laft Problem, v muft be taken fo much the 
/mailer, and the Operations oftner repeated before w e 
can obtain the whole Fluent: And the working with 
Numbers inftead of known Letters, may fometimes 
be preferable, when the Quantities are very complex. 

Befide s 


Seft. J. (/FLUXIONS. 

Bdides th z general Rules before delivered, there are 
fome particular Rules which in fome Cafes will find 
Fluent in finite Terms. As 


VI. 

When one of the variable Quantities is wanting in 
tVie Equation : Then ajfu-me for its Fluxion the Pro- 
duel of the other Fluxion and a new variable Quantity, 
^hieh fubftitute for the other-, and you will get an 
Equation which put into Fluxions, will give the Value. 
0l the exterminated Fluxion \ and then the Fluent will 
the ajjumed Quantity •, and from thence the other 
Xjantity will be had. 

- - E x. 39. 

Let yyx — ax 4 + 2 ax 1 ') 1 4 - rf)’ + 9 where x is wanting. 

^ftume j- = x, and expunging x , aazy — z 4 4* 

f* 2 Z^ Q& _ 

^ a ' z -{- a\ whence y — -L iz-\~ —. In Fluxions 

v 3**2 tiaz zv 32 ? 2 

J — ~r~~ 4 - zz ■ -—, therefore —• or x = — 

aa 1 zz a a 

, z l z az . 32 4 f 

r -. Whence the Fluent is x = T 


4 a- 


T* 


^— ax 2. 302585 Log.2. therefore? being known, 

2d 

2 w ill be known (by the Equation y — j a + 2 Z -f- 


IJV* and confequently x by the laft Equation. 
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5 ° 


vii. 

Sometimes the Fluent may be had, by firft putting 
the Equation into Fluxions , making fome of the 
Fluxions invariable. 


Ex. 40. 

Let . make y conftant, and 

y x _ 

put the Equation into Fluxions, then a ~^/L? * = 


xyx—x y 


and 


*+y + 

is ]/x = V a+y, or x z= a -f .y. 


a-\-y.x xyx 


whence 


a-j^y.x* = xy% and and the Fluent 


VIII. 

Sometimes the Fluent may be found by ajfuming 
other variable Quantities to make up the Fluent, and 
finding their Values by help of the given Equations 
and their Fluxions. 

Ex. 4!. 

Suppofe yx —xx — ay y To find x. 

. ay 

Divide by y — *, and x =r j- ~ • Afiume v , and 

fuppofe the Fluent x = ax 2.307585 Log. y—x -ftf* 
ay — ax 4 - av „ 

then will x = + V (fee Prob. 2. Sett. II.)* 

and by mult'plving, yx — xx -f vx — ay — ax + aVi 

fron 1 


Sea. I. of FLUXIONS. 

from this fubftradt the given Equation jy* — xx = ay % 
there remains vx — —ax av , whence if vz=.o y 

v = —therefore * = 2.302585a x Log. 

jy—# -— 


Ex. 42. 

Suppofe az — zx — xx. A flume z = a 4- * 4- v, 
1 len 2 = x + v, the Values of 2 and 2 fubftituted in 
* e given Equation give ax-\~av—ax-\-xx-\~vx- — xx, 

^ lat is av = vx, or x = , whence x=a x 2.302585X 

I v 

j °g- *y, therefore z=a-\*v-\-ax 2.302585X 
^°g- 'y. Or 2 =. 0 4 x 4 - Number of the Logarithm 
_ x 

*•30258 a * 


Ex. 43. 

Suppofe 2 = XV#, where X is the Hyperbolic 
logarithm of #. Affume 2 =r X * + 4. j ; this, 

m- f-1 

P?J«K° Fluxions there arifes 2 = X 7 i 4* 

-»X*~V# 


w-f-i 


4- j = X V#, therefore j — 


w4-i 

r u ,. • # . —hX*— :, # w + x 

anting — for X); Again afliime j -' 

j , ,. . . . • nJi^TuXT^fi 

^ this in Fluxions gives t = - --=1 - 

Again t - ” ^*1:^ - 4 . Whence a = 

—|— 1 

ZZ* =L .^.-X~>S+'-x . and , = 

^4-i J 
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_ 11 ' n — -4. w, &c. Whence 

W2—j— I 

_ ys x m+l »x ,, -v +1 ,.s=-,.xpr+; 

m-\-i 7n-\-\ /»-pi 3 

n ' H — 1 ‘"—~ 2-X”~V” +t _j_ 

wTpi + 

And thus I have explain’d, as clearly as I could, 
the moft general Methods of folving this difficult Pro - 
blem. The Reader perhaps may think me too prolix 
on this Head : But it iriuft be confider’d that this is 
a Problem of the greatefi Extent and Ufe in the whole 
Practice of Fluxions •, nay it contains almoft the whole 
Science *, and we cannot be too particular in treating 
on that which is the Foundation of the greateft Part 
of the Pratlice. But after all we (hall find it exceed¬ 
ing difficult in many Cafes to find the Fluents of Quan¬ 
tities, by any Methods hitherto known. And it is 
much to be wifh’d that we had fome eafier Methods 
of finding Fluents, efpecially of compound fluxionary 
Quantities, without the tedious Labour of reducing 
them to infinite Series, which in many Cafes converg e 
fo flow, and are fo much compounded as to be in * 
manner ufelefs. The following Problem is defign’d 
to remedy this Difficulty in fome particular Cafes, 


PROP. XI. 

To find the Fluent of a given Fluxion by the Table. 

i. The following Table comprehends all Sorts 
Fluxions and their correfpondent Fluents •, not only 
fuch as can be exaftly had in finite Terms , and tho^ 
depending on the Quadrature of the Conic Settiont’ 
but alfo thofe that can only be had by infinite Series. 

2. The^ 
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2. Thcfe Forms are all number’d in the firft Column \ 

fecond Column contains the Fluxions, and the third 

gives the Fluent thereof. The 21ft and all the fol¬ 
lowing Forms relate to th ctTranfmutation of Fluxions ; 
h er e the Fluxions in the fecond and third Columns 
a, e equal, the fecond being transform’d into the third, 
ar »d the Fluxion in the third Column always belongs 
to fome of the foregoing Forms. 

3. Flere z, v, y exprefs variable Quantities , and all 
*he reft are given ones, which may reprefentany Quan- 
t'ties whatfoever affirmative or negative. But in the 
6th, 8th, and 10th Forms, the Nature of them re¬ 
quires negative Quantities, and therefore they are writ¬ 
ten negative. 

4. In the fecond Column are fet down all the ne- 
Ce j}'ary Conditions relating to the Signs, Indices, &c. 
ln each Form : likcwife in what Cafes the Form will 
fail, and when the Series will terminate. But the 
fluents in Form u, 12, 13, and 14 are defign’d al¬ 
ways to terminate, and are derived from the forego¬ 
ing ten Forms, which ten Forms may therefore be 
called original Forms. 

5. In thefe original Forms, though the firft of the 
Fluents there given may in mod Cafes be fufficienr, 
Vet there are feveral Varieties both of numerical and 
geometrical Fluents ; fo that the moft fimple and ele¬ 
gant may always be chofen to fuit any particular Cafe, 
h is Efficient to premife this concerning the Nature 

thefe Forms. 


A TABLE 
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A TABLE 

Of FLUXIONS and FLUENTS. 

L = 2.302585092994045684 &c. 

N _ 5 oi7453292519943295 fcjV. 

Forms. 

( Fluxions . 

Fluents . 

I 

z'-'z 

THj Form fails 
when *1 — 0. 

z" 

»> 

2 

z~'z — (f) 

<P = Lx Log:z. 

_ Area c , „ 

Or <p — of the Hyperbola be¬ 

tween the AfTymptotes, whofe in. 
fcrib’d Parallelogram is any Space 
RR, and Abfcifa (taken in the Af- 
fymptote) Rz or z. 

0 

Form fails 
when u— —1. 

——— M-i 

4 

z^’z 

-: ~ <p 

' 

4 = 7^-X Log. of a-b^z”. 

Area 

<P = an Hyperbola be¬ 

tween the Afiymptotes, whole in- 
fcribed Parallelogram is RR, Ab- 





»/ F L U X IONS. 

0/?J - Fluents. 


= ~yH^ x degrees in that Arch of 
a Circle whole Radius is i, and na¬ 
tural Tangent \J^L . 


Here ot and (3 <j> = 
are affirmative. 


Arch 

~ . of a Circle whofe Radius 
)jRy ce/3 


6 


Here u is affir -1 
native, and —j3 
negative. 


is any LineR, and Tangent R\/-^-. 


4 Sectors 


of the Circle whofe Ra- 


V - DU yjl IWV. V^UIWUUAt 

i)K.Ky etp 

dius is R, and Tangent R • 

a 

’ = .V 3 “ T ‘ b ^ 4 ^- 

* L , V/fe'+V* 

kV ot& yjfrz* —V<*’ 

<p =T 7 ^x Log- of *-±&±lV*E 

»jV *3 «—3^’’ 

L f et — @Z V 

0 — —r-=- x Log. or--- - ■■ .. . 

»jV «3 *+(Zz r> -2'y aj02*» 

* = ;^V f the Hy p erbola be - 

tween the AfTymptotes, whofe in¬ 
ferred Parallelogram is RR, and 
Ablciflas (terminating this Area) 
VP zt> and co 
4 Sectors , , „ 

<?> — ofaright angled Hyper¬ 

bola, whofe femitranfverfe is R, and 

/fa" 

Tangent at the Vertex Ry — • 
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Forms. 


Fluxions. 


5 



a. + ^Z” 


Here a. and j3 are affir¬ 
mative. 

$ 

— is an affirmative proper 
Fr'affioiK 



T-.j „ ^ into AL x Log. </i —2J.v-f^ -f- BNxP 

^ K & x -f- CLx Log. y/i — itx+xx -f DN x 

4 - ELx Log. Vi — 2 ux-\-xx + FNxR &V. 


*, 1 8o Deg. Ax’! | x 

*v = an Arch of -- . x —Jz. _' . 

A * ) 

a ■> b, c , &c ~ -Sines 7 of 1K, 3K, 5K &c to 180 0 . 
f > «, &c = Cofines J Radius — 1. 

E, Q, R &c. — Degrees of Arches whofe Sines are 

ax _ bx cx 

V1—isx-\-xx' V 1 —2 ix-f-xx’ y'i— iux-\-xx' 


CASES. 

*• E then A=(-2ji=)-i.B=i2^.C=i.D=o=E=F &c. 

2 ‘ If r =4, A=(2J=)i.BaB 2 «.C==—i.D,E,Ffcff.=o. 


3. If — . A = — 2J.B=2a.C=-2/ . D—2 b. 

^ A = 2j. B =2^.C= 2 1 . D=r2 b. 


E,F&?r=o. 


5 - If — — f. A = — 2j. B — 2a. C — — it. D = 2 b. 

E — 1. F &c — o. 

6 - If - ~ 4 . A = it. B = ib . C = is. D — — 2a. 

E — — 1. F £s ?c — o. 

% — _ 

„ , Tf * 

*' If x — i • A — — 2 j. B = 2a . C = o D — 2b. 

E = — 2tf. F rr 2C. iz?c ■=. O. 


I 
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Forms . 


8 


Fluxions. 


T 1— 1 * 

_ z_ 

a — (3 z” 


Here a. is affirmative , 

^—0 negative. 

— ij affirmative proper 

A 

Fraction. 
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Fluents. 


—3r~w* ^ into A L x Log. i — x. + BL x 

X x Log, — 2 s x + xx 4 - CN X P 4 - 
DL x Log. V J _2/x + xx ~\- EN x 
4 - EL x Log. Vi — 2 ux —j— xx 4 - GN x R 


18o° 


fan 


I ou 

K — An Arch of —— . x — 

a , by c y &c = Sines 7 of 2K, 4 K, 6K, &c to 180 0 . 
Sy t, Uy &c = Cofines 3 Radius = 1. 

P, Q» R, = = Degrees of Arches whofe Sines are 
ax b* cx 

fc ?c. 


|V I — 2 .SX + xx * V 1 — 2/x 4* xx ’ Vi — 2UX + xx 
CASES. 

1. If — — |. then A = — 1. B = — 2s. C= 2a. 

2. If ~ == Arp — I.B — — 2J. C rr — 20. 

D, E &V = o. 


3 . If — = 7. A = —1. B = (-T-2J=)o. C == 2*. D==i. 

4. If ~ = 4 A = — 1. B= o. C = — 2a. D=i. 
E,Fyr = o. 


If — — J-. A rr — I.B= 2J. Crr 2 <2. D= 2/. E = 2^. 

|6. If i. — |,A——i.B——2/. C— zb, D——2;. Err— 2a, 
F, = o. 


7. If r = 7. A r: — I. B r= — 2J. C = 2 tf. D = — 2 1. 


&C. 


E — 2b. F — 1. G, tfc. =0. 
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Fluxions. 


V a + /Hz' 


Here /3 is affirmative. 
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Fluents . 


2 l --- 

<p = ^ X Log. of + y/« + && : 

L - - ; — 

= “To x Log. of # -{- 2^ + 2 V <X + iSz’’ X Pa”: 


$ = x Log. of V* + 02 ” co • 

$ — X Log. of U + ifiz 71 - 2 x/apz” + /3V*. 

Vi 3 

<p = of the fight angled Hyperbola, whofe Semi- 

** . / 3 z" 

tranfverfe is R, and Ordinate Ry * 


<P = uRRy/3 


: of the right Hyperbola, whofe Semi- 


tranfverfe is R, and Ordinate *— V*+^ x &z v . 


^ „ T , vo x Seftor of the right Hyperbola, whofe Semi- 

Y — JjRKy'p 

tranfverfe is R, and Ordinate \! * + x ( 3 z v 
when a (lands for a negative Quantity. 

a r= of the right Hyperbola, whofe Semitranf- 

JjRRy p 

verfe is R, and Ordinate -7= x /« + fiz\ when * 

y/- * 

(lands for a negative Quantity. 






6 2 
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2N 

^2 x Degrees in the Arch of a Circlej 
whofe Radius is 1, and natural Sine *\J —- • 

CO 

N 

x Degrees in the Arch whofe Radius| 
is 1, and Sine - \/i — (Zz n x (dz* i 

Ok 

* Arch whofe Radius is R, and SineJ 

R\/— • 


Arch 
»)R y/$ 
2R 


, whofe Radius is R, and Sine 


2 R , 


— V«— (dz* xfiz”, or verfed Sine — ft 7 ? • 


<p == x Seftor of a Circle, whofe Radius! 

/Qz* 

is any Line R, and Sine R y — 

2 Sc ft or s 


= 


of the Circle whofe Radius is R, and! 


JjRRy^/3 

oR __ 

Sine — V otfiz n —■ | 3 V' J , 
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11 


12 


Fluxions . 


a + @ 2 ? + 


Here k is any affirmative 
whole Number. 


N. B. This Form fails 
. 71 + 1 

when —— + pis any 

negative whole Number 
from i to—Kin- 
clyfive. 


* + £& z—»g 


Here \ is any affirmative 
whole Number. 


N. B. This Form fails 
n -\-1 . 

when —— ts any af¬ 


firmative whole Num¬ 
ber from i to k inclu- 
fively. 
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Fluents . 


. 6 —I). £ 2 ^. g— 3 „. &V . . . . till t — An 


($*• £—»}• J— I*). 6 — 
Z E H y 6->j. cc 


t —j?./ 3 «f— rn.fiz' 

S- 


• . . . . till «r.-A»j. 

■A 


<p 


B 




1 —41-/3 z* 


-c — £* till 


e-f-i—Ai.« 
—Ajj .@Z” 


<p = Fluent of 2 ^ 2 :. 

y = « + /3Z* . 

« = 7 T + I + A>J. 

^ == * + »3 + /*>}. 

A, B, C &V, each preceding Term with its Sign. 


(3 ■ <T-}-*7. S-\-2v]. 2»?. &C 


till 


~«| .t+ij.i+2y].i+3n. &C . . . . till g-j-A* 


0 


% + V_ @z 


e-J-ij.ee 

_ «r+ 3 »-g g " r 
c+ 4 »J* 06 


-A — 


fcz' 


B 


till- 


«+3»?■ * 

— ^ / 3 z w j 


<p = Fluent of « -f- ( 3 z zz . 

-T1 ,W_ U I 

y — u-\- (iz . 

e — ttT 1—*>;—>7. 

3 = € + pn + > 7 . 

A, B, C &V, each preceding Term- with its Sign. 


K 
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Fluxions . 

13 

H-T 

a. + fiz'' z*z 


Here r is any affirmative whole Number. 


N. B. This Form fails when ^ 

is any negative whole Number from 
— 1 to — r inclufively. 

H 

— — —fl-T 

a.+i r iz" z”z 


Here t ts any affirmative whole Number. 


N. B. This Form will fail when ju + 1 
is any affirmative vyhole Number , 
from 1 to t inclufive. 


_ _ ^ 



5/FLUXIONS, 
Fluents . 

H-* -M-2 .<“+?• &V. 

J'-pjj. &c .... 


o-j-TJj o-\-Tyj-yj.y d-\-Ti)-2t,.<y 

+ C + «*. untill 

cT-J-Tfj— 3*i-y . y 

<f> — Fluent of a+fiz?'*z*z. 
y — a. -j- fa* . 

<f=: ?r-[-i|p. 

A, E, C,&V, each preceding Term with its Sign. 


<E. b— n . 2m . <?—3^. £s?c . . . till cf+n — t»j 
*r<K r fX.U— -I. ( U— 2 .p— 3. &V . . . till pFl T 

i^~ T+l 1 A + 

jW— P —T-[-2.)ja 

c ^ tilI EL2 F 

y —T-j- 4 . >J<* /“>7* 

-^ 

<p = Fluent of « -{- fa* z v z . 
y = a fa fa* . 

* = 7T + I -f- [A] . 

A, B, C fcfr, each preceding Term with its Sign. 
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Fluxions . 

J S 

a + (32^ 2*2 

tt-4- I 

Tns Series will terminate when - 4 - u 

*1 ‘ ' 

/j any negative whole Number. 

7T 4 - I 

N. B. This Form fails when - jj 

any negative whole Number whatfoever. 

16 

a + fa’ 1 * Z*Z 

This Series will terminate only when p 
is any affirmative whole Number. 

17 

- u 

a + | 2 z" Z W Z X into 
e 4- fz n + gz zn + hz' n &c. 

Here p and it mujl each be greater than —1 • 
Alfo z and a -f- mu ft be one of 

them ro at the beginning of the Fluent , 
the other = 0 at the end of it. 

This Series will terminate when —^ is 

*j 

any negative Number whatever. 



1.1. 0/FLUXIONS. 


Fluents . 


J+2»_ ; 

€+2>j 


- 

6 + 3 ^ 1 


2. _ *+* A 
** « 4 -^ A ? 

7^J-D^ — &c X into «+/ 3 ^ +I . 

€ = 7T + I. 
cT = £ + pj . 

/ 3 z” 

« = t- 

A, B, C £sfr, each preceeding Term with its Sign. 


yz w+1 - 

7 T+I 


F-Jp. 2 

fjAq^ ’ ? , 3 

+ tf+I+X + JI+I-t-2. i 


+ 


V d ? 

7T+I+4>J 

/Bz’ 

* = v • 


W+I+fl “ 7T-h I + 2|J 
^—4 


C L 

*+*+ 3 * 


-Ef 


7T+I + 5»J 


+ 6fr. 


A, B, C i£c are the Numerators of each preceding] 
Term with its Sign. 


fi* g-*-h** 

iJ+ 3 +P 


^ * ' 6 J-H /3 /.<T+ 2»j./3 

_ k J±£±c, fifr. 

AJ-f 4 >j.3 

6 =■ 7T — 1 - 

J' = 7T —I + P’f * 


4> == Fluent of « + /Bz” z z . 

A, B, C tfc, each preceding Term with its Sign. 
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Fluxions . 

18 

e+fz* +gz l '\-hz1'' &c Xinto 


x-\-fiz’ , +yz 2 '’+J'z3’< af/ Z w a . 


N. B. This Form will fail when 

y> 

is any negative whole Number what¬ 
ever. 

J 9 

mzy + nyz x z l! ~y m ~‘ 


or ^ + 4 x z yn 

20 

rzyv + mzvy + nyv'z x 
into z n ~~ J y m ~ 1 v r ~ l . 



of F L U X I O N S. 
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Given Fluxions 

21 

- - ^rr m 

e + fz 8 z* 6 ~'z 

A is any whole number whatever. 

22 

z x6 ~'z 

e +/z 6 x g + hz h 

2 3 


e+fz 9 x ^ + hz* z^-'z 

Here A is any whole Number greater than 0. 
r is half of any whole Number what¬ 
ever. 

24. 

e 4 - fz 9 z k6 ~'z 
g + hz^C +r 

r is any voftive whole Number what¬ 
ever (except when both a and r are 0). 
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m * 

-- A—I V V 

v ~ e * ^ • 

V = £ + /s 9 . 

fz x<> ~ l z hz^~ l z 

p. e+fz* p.g\hz h 

P=fg~ eh - 

a- i bv 

v—e x p + ~y i 

eh 

P=g~J' 
v = e -\- fz\ 

m * 

* ^ . 
r ■ 

a— i f—bv 

g v ~ e x ~ tp 
P=fg~ eh. 

g+hz r 

-A-1 


L 
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Forms . 

Fluxions 

2 5 

e + z*~'z 

k + /z 4 . g + hz i \ m+r 

Here r is any affirmative whole Number 
whatfoever. 

26 

z^-'z 

e + fz 6 + gz 2 * 

N .B. This Form fails when \eg is greater than ffi. 

27 

e + /z 4 + gz 2l>m z^~'z 

A is anypofitive whole Number greater than 0. 
m is the half of any whole Number. 

28 

Z a4_i Z 

e + fz h -\-gz lS 

Here e and g are affirmative. 

A is the half of any affirmative whole 
Number greater than 1. 

N.B. ThisFormfails whenffis greater than 4 eg. 
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Forms . 

Fluxions 

29 

z x 9 -i z , 

b + kz 6 * e\fz h \gz zh 

N. B. This Form fails when 4 eg is greater 
than ff. 

3 ° 

z ^-i z 

k + lz 6 x e+fz^+gz 26 

Here ^ is any affirmative whole Number 
greater than 0. 

3 1 

Z^~ l z 

b + Jz* x e\fz h +gz" J 

Here e and g are affirmative. 

x is the half of any affirmative whole 
Number greater than 2 . 

N. B* This Form fails when ff is greater 
than vg. 
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Forms. 

Fluxions 

32- 

z*-'z 

k J r /z i . e+fz^+gz ?^" 1 


Here m is half of any pofitive whole Num¬ 
ber. 



33 

z-'-'z . e +/z*" 


h + kz* + lz 28 


Here * is any affirmative whole Number 
greater than 0. 


N. B. This Form fails when 4J0I is 
greater than kk. 







S ea. I. of F L UXIONS. 
Transform d. 

JE2T1 » 

~ # ap^rav*\ m 

a = ell—fkl+gkk. 

b=fl-zgk. 

p= e g-\ff- 

el-\fk+[iz> 
k + Iz 9 


7 --A-I • 

Ixy—g v V m v 

^ t x v—e ^ v m v 

Iff 1 ^^f-le+lv' 

p = fkk—djhl. 

v = e+ fz\ 


8o 
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Forms. 

Fluxions 

34 

z^-'z x e+fz 6 ” 

b + kz«+ lz^ 


Here b and l are affirmative. 


\ is any pofitive whole Number greater 

than o. _. __ 

m is the half of any affirmative odd Num¬ 
ber. 


N. B. This Form fails when kk is greater 
than 4 hi, or when a is negative . 

35 

z Ki -'z 

A - - m 

h 4- kz^+lz^ xe+Jz h 


Here h and l are affirmative . 


a is any pofitive whole Number lefs than 
m+i. 

m is the half of any pofitive odd Number. 


N. B. This Form will fail when kk is 
greater than aJoI^ or when a is negative. 


_^ 
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‘The Ufe of the foregoing Table of 
Fluxions. 

T T 7H E N it is required to find the Fluent of 3 

YY given Fluxion, by this Table •, itmuft firft be 
found out to what Form it belongs. To this End fubjU' 
tute y\ or 6 (as the Cafe requires) for the numeral Index ♦ 
and then it may be compared with the feveral Form s 
in the Table. Or the given Fluxion may (and often 
muft) be reduced to another Exprefiion, by dividing 
it by the higheft: Power in the Radical, (that is by 
taking the higheft Power of the variable Quantity 
out of the Radical) and affecting the other Quantities 
with it by which Means the Fluxion will acquire a 
new Form and Exprefiion, for the Sign of the Inde* 
will be changed, (and this I call reducing the Index} 
Then fubftitute » or 0 for the numeral Index, and 
ice what Form in the Table it will agree to. 

2. If the Fluxion, then, is a Binomial, you mu* 
firft: try if the Fluent of either Exprefiion can be had 
infinite Terms by Form 3d or 15th, (which may 3 *' 
ways be known by the Notes in the fecond Column)» 

• if it cannot, then try whether it can be had in fintf 6 
Terms by any other of the Forms for Binomial 5 ; 
which will be cafy by comparing the Indices. If ]l 
fall under the nth, 12th, 13th, or 14th Form, tb& c 
will be required two (or perhaps three) Operation,’ 
whereof the first is. always for the Fluent of the orig 1 ' 
nal Fluxion, and is to be found by fome of the h r 
ten Forms. But if it cannot be found in finite Terr? 
by thefe Forms, then the lafi Recourfe is to the i 5 t ‘ 1 ’ 
16th, 17th, or 18ch Form, as beft i'uits the Cafe. 

3. Having found to what Form (or Forms) f1 
Fluxion belongs, you have no more to do but ofly 
to write the refpe&ive Values of the general Quantif. 
in the Fluent belonging to that Form , and multip*' 
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*^ e Refull by fuch given Quantities as the given 
Fluxion was multiplied into, and you have the Fluent. 

4. And in compound Binomials, or Trinomials, 
luch as belong to the 2 ift and following Forms, fince 
thefe are transformed into fingle binomial Fluxions, 
landing in the third Column ; therefore you muft 
proceed with thefe according to the foregoing Direc¬ 
tions for Binomials ; and the Fluents of thefe (fingle) 
binomials being found, will be the Fluents of the 
Trinomial or compound Binomial Fluxions in the 
fecond Column, refpeftively. 

5. But there are feveral Sorts of compound Fluxions 
'yhich cannot be refolved without fome further Reduc¬ 
tion. Now there are thefe two other Ways of redu¬ 
cing a given Fluxion to a different Form or Expref- 
fion. The firft is actually to multiply by any Power 
°f the Quantity under the Vinculum (in any Binomial 

Trinomial Surd) and then leffen the Index of that 
Surd by the fame Power if it is in the Numerator, 
increafe it in the Denominator : This alters the 
Power of the furd Quantity. The other way is ac¬ 
tually to divide by the Quantity under the Vinculum, 
jtnd then leffen the Index of that Surd by i if it be 
10 the Denominator, or increafe it by i if it is in the 
Numerator : This alters the Dimenfion of the fimple 
variable Quantity. And in both you will have the 
tftore Terms according as you multiply by a greater 
Power, or continue your Divifion the further. But 
the laft Term only will be of a like Form with the 
given Fluxion, differing only in the Index of the 
Surd, or of the variable Quantity. 

6. Therefore in any Fluxion, but efpecially in 
compound Binomials and Trinomials, if there be a 
Surd in the Numerator you may leffen its DimenGon 
at Plealure, (or take it quite out of the Numerator) 
if you multiply by fome Pcwer of the Quantity un¬ 
der the Vinculum, and leffen its Index by the fame 
Power. 

7. Alfo 


M 2 



84 


The Doctrine 

7. Alfo in any given Fluxion, if the Index of the 
fimple variable Quantity be too high, (as 20 , 36, rQ, 
t$c) or when it is too low or Negative, (as — 1, — 0 , 
— 20, & fc) it may be altered at Pleafure, by dividing 
by fome rational compound Quantity in the Denomi¬ 
nator if there is any, or elfe by the Quantity under 
the Vinculum, and f ibJiraRhig 1 from its Index, if 
it is in the Denominator , or adding 1 in the Numerator, 
and continuing the Divifion to a proper Number of 
Places. 

By thefe Operations the given Fluxion is reducecPto 
feveral Terms, all which (except the laft) muft be 
Bill farther reduced if there be Occafion by repeating 
the fame Method, till at laft all the retaking Terms 
will fall under fome or other of the Forms in the Ta¬ 
ble *, Examples whereof will follow afterwards. By 
rhefe Sorts of Reduction a given Fluxion is prepared 
for a Solution, when it does not fail diredtly at firft 
under any of the Forms. 

8. In "Form 16th, when the Denominator of any 
Term happens to be o, that particular Term muft be 
found thus \ take the known Part of the Numerator, 
(that is leaving out the capital Letter and the Powers 
of z) and multiply it into 2. 3025851 Log. z, and 
you have that Term. And the laid known Part of 
the Numerator will be the Value of the capital Letter 
in the next following Term. 

9. Though thele Forms contain Variety of loga¬ 
rithmic Fluents, yet each of them may be changed 
L-veral Ways into different Quantities. Thus, when 
a Logarithm is in the Fluent, you may multiply 
(the Number whofe Log. is there) and then divide it 
by fome compound Quantity, which you fee will make 
it fimpler: Or you may (quare it and take half the 
Logarithm : Or you may extraft the fquare Root 
and take double the Logarithm : Or you may mul¬ 
tiply or divide it by any given Quantity : Or make 
the Numerator and Denominator change Places, and 

then 


Sea. I. ./FLUXIONS. 

Uien change the Sign of the Logarithm, &c. And 
thus you may always find the fimpleft Exprefiion for 
t * le Logarithmic Quantity. 

io. And if you have an untradable Fluxion that 
j v ill anfwer to none of the Forms, it may fometimes 
he transformed into others, by Prop. IX, which may 
l hen be refolved by the Table. 

The following Examples will make the Procefs 
Ver y plain. 

Example i. 

To find the Fluent of - — ■ . 

J xx—aa 

Here u=2, by which expunging the numeral In- 

the Fluxion will be reduced to—-—— 5 which 
. — aa-\-x 

ls a Fluxion belonging to the 4th Form. There- 

f or e ct — — aa , 0=1, z=*, and x Log. of 

— —-Lx Log. xx—aa = 2. 3025851* 
Log. y/x 1 - — a\ the Fluent required. 


Ex. 2. 


Let the Fluxion 


be given. 


<fbb-\-xx 

Here >j=2 ; whence the Fluxion will be reduced to 
— . a Fluxion of the 9th Form; whence 


a ^bb. (B=i.z=x, and $=2.30258 Log: x-\-y/bb-\-xx: 


^ Fluent of — -■ ■ ■ therefore the Fluent of 
y/bb+xx 

r jL _ 

~ 2 - 3 02 5^5 * Log* x+y/bb+xx : 


Ex. 3. 
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Ex. 3. 

To find the Fluent of ~ M*_. 

Here >j= T , and the Fluxion becomes c _x 

bx zr ‘-'x, which belongs to Form the 3d and nth. 
Or rather thus, b y taking Art out of the Radical, the 

Fluxion becomes f^x h~~ l±s x, which 

belongs to Form 15th. Here « = — a , j 3 =c, z—x, 

" = — t * = * = —f T , *=£. 

Then fince . -f- y. — — 2 a negative whole Num¬ 
ber, therefore the Fluent will be had in finite Terms, 
15#’ 

14* 


and is = b x: ■ 




go*^x3 + 75^ Ts , ™ 

•- 2 tiaa ~ " * C — axi * *^ uent rec l ul ''ed. 


Ex. 4. 
To find the Fluent of 


bz 


z^/zz—cc 

This belongs to Form the nth, having by Form 

bzz 

the 3d the Fluent of ; in which Cafe, *=1, 

*j—2, and —1=1—2=ar—>7, and the given Fluxion 

bz*—* ! 

becomes - r — . But fince * ■ 1 = 1, therefore 

V-^-f 2 '’ >j 

the Fluent cannot be had by Form 12th. Wherefore 
bz*z 

I reduce it to —- - 1 , which is a Fluxion of the 

Vi— ccz 1 

10th Form, where >j = — 2, *= 1, 0 =— cr ; and 
the Fluent = — --.x ,017453 Degrees of the Arch 
whofe Sine is £_, 


Ex. 5 ‘ 


»7 
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Ex. 5. 

Let the Fluent of V 2ax-\-xx> or ax^'x y/ia+x 
be required. 

This belongs to the 9th and 13th Forms. To get 

the Fluent of —~=J^ by Form oth *, here a=2a, 
-v/2 a-\-x * * 

3 =: 1,2—x,)? — 1 : W hence the Fluent = 2.3025 Log: 

+ * + V 2a * + xx : = <p . The given Fluxion 
therefore would become ax v x x 2 a+x 1 ^ . Where 

* = — T» f* =—T» t = I, at —2fl, (3 = 1 , tjz= I, 

2 =r. .v, 5^ = 2tz-l-x, ^ = o : And the Fluent of 
is = ^z4> + x* v/2«-fx, by F orm 13th; 
And the Fluent of ax^x »j2a-\x = 


Ex. 6. 

To find the Fluent of 


bz z z 


aa -Jb*" 


This will be had by Form 6th and nth. To find 


the Fluent of • 


- by Form 6th. Here 


a — aa, (3 = 2, then the Fluent is = -Lx 


2.3025 Log. 


U+-Z 


= 2.3025 x Log.y'Hr? 


= $. Then by Form nth, a — aa, (3 = — 

bb 

V- — —1, 7 r — o, a=i, y=i, £ = 3, «? = 3, 
whence the Fluent of-—- is = — — - 1 — 


"“-If* -jxi 
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+ bbz bb . 

—— = bb<p—~^~ z: an d conlequently the Fluent 

r bsfz . b* b+ 

Of- 15 - b <P —— 2 = — X 2 3025 X 


Log: 


aa - 

00 

V t ~— •'-—2 


Ex. 7. 


7? find the Fluent of bx \/ If —11 
a—x * 

This by Form 23d is transformed into b x a+p } 1 x 

'• Where = *—* =w , g-\-hz* = 

4a —3#, p = By Form the 9th the Fluent of 

v *2} . 2 — _ 

V^+3^ 15 “ 7 F X 2,30258 * Log: 3 HVH r 3 ^=<P- 
And by Form 13th, the Fluent of — bv~iv y'a+p} 

ha x - . - — -r | 

is—— 2 <P—■=— b\f a —xx 4 a —3* 

2.30258 T —--- 

-71 * Log: 3 «—3* + y^a—^x : 


Ex. 8. 

So find the Fluent of 1 * ^ aa ~~ xx 
bb- j— xx 


This by Divifion is reduced to 


x x t -• 

~bb~ V aa ** 

W+ I 7 / The Fluent of 


XX v , Maa—xx 

ba X 1 , . b 

bb-\ -xa 

a 

(by Form 9th and 13th) is 


\/a a — xx 2.30258^ 

bb ~ Ft> 

x Log- 
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T a 4. <Jaa—xx . , 

* Lo S- % • And by Form the 23d, 

x xy/aa_^ xx _ _ s tramform , d i] VJV _ 

»+■-ir' : + / «/ ” 

>F°r f+fa« = »+i^ ,+/*• = 

ob-\*ba — 

“a~xx=v, p=bi+ba, «/-_ 2) mx± f, r=_i, 

_JL . 

*=1. Now by Form the 6th, the Fluent of—. 

ft — - v 
r a 


f pbv i 


t+Zv+»y/£Z 

= 2 -302f V-^r X Log. of - a —f, - - _ 4,. 


p - V 

a 
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And by Form nth the Fluent of - 4 — x -—- 4 - 

2 P£ 0 


^ 2 bb ^" 


IS tr: 


P — h V 

Whence the Fluent of —** 

bb 4 - - xx 
— a 

2 202 c.a. , a-</aa~xx 

-V- L °g:—7— 


*fad —^ 


bb bb 

lax 2.3o258Log:fT'4i: -fp<pi 


^ ~ibb $ 2 ^ 

Ex. 9. 

The Fluent of bbx'x x ■ ‘ ,+ ** 


is required. 


^ab-\-ax 

Here 6 =s 1, and the Fluxion would become 
N bbx’ 4 ~'x 




9 ° 


bbx^-'xX 


7jx D O.C TRINE 
a-j-x 6 * 


—j > therefore the given Fluxion is 

reduced by Multiplication to tbba xx +bbx j ^ 

xxJab-\-ax x i/a+x 

_ bbx ibbax*x 

^ab-\-ax^a-\-x 1 + abx 1 -f ax 1 

bba'x'x 

— ■ ■■=--■ — - .; each Term whereof belongs to 

</a+abx~' y/i+ax~ l 

the 23d Form. Let e+fz^a+x—v, g+hz 6 =zab+ax, 

6 -=r.i, r—-i, pr=ab — aa, then — —- 

^ab+ax^a+x 

j fr ..JV— whofe Fluent by Form the 9th will be 

2 bb -==- -v -. r-- — 2 bb 

x 2.30258 LogWav+^/p+av: = -^j- X2.30258X 

- .. .==- ibb 

'Log-.Jaa+ax 4- <Jab\ax\ — 2.302585X xLog: 

of <Ja-\-x + jb+x: = -~—A, the Fluent of the firft 
Term. 

Again for the 2d and 3d Terms: make e+fz? ^ 
I g+hz? = a-\-abx\ 6=—1, p=a— b. 
Am in the fecond Term, and a= 2 in the third Term, 

2 bbv— 

which therefore will be transform’d into — — 

Jp-\-bv 

bbv — bbv*v bbv v *z) 

and —whofe Sum is — T'T ttT 

*/p+bv t/p+bv 

bbv *V V 

~ vpW' By Form the 9th the Fluent of 7 p^> 

— -^y x 2.3025 Logv?v + -jp+bv; — 1. 30258 X 
2 , , l>a+bie 

TJ-xLogV-T— 

b 1 


. ta+ax 2 

■V~T- : = 75 - b - 


Ai><* 
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by Form the nlh, the Fluent of — ;.-^p 

i y/p+bv 

+ -fr-y/ 7 +bv, multiply the Sum of thefe Fluents by 

— bb, and you will have — 2 ^ + ^ - B —bvfyp+fo 

_ ba —3 bb „ b ~_, _ 

yF B # y/ab+ax ^a+x, to which add 

the firft Term ~ A, and you will have -^-A 

, —3^ „ b . , _ _ %/a 

t* ’ "71 B — ~rVab-\-ax *Ja-\-x the Fluent re¬ 

quired. 

Ex. io. 

To find the Fluent of — yW* — a'z-f 16b*z\ 
The given Fluxion will be reduced to x 
jfb' — a'z+ieb'z* a'bz'z 4 * 

7 a % b x — a % z- f-1 6b*z % 
a>z 
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4V1 bb* — a'z l -^a*b*z* 
_ 4bzz 


*"***" "* *p —■ - - 

4bja i b*~aiz^-i6b*z i y/a'b'—atz+ibb'z* ’ 
each of thefe Terms belongs to the 27th Form. 

For the firft Term, v=«-4- a x b x z\ p=i 6 bb 
a ♦ 

^'TFF 7 A==I » w =—*» fl=—1, and it will be 

—av 


transform’d into- — _ __ # 

4 ^ 4 . V JL Wpg+w 

g 

^hofe Fluent by Form the 9th will be- 2 - * 

2. 30258Logans4-= — x 2. 30258 x 

T a '& ab _ 4 

- 1 *1 + — </a'b x — ajz+ibb'z ': 

N 2 Again 
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Again for the other two Terms, here v ’= — \o? 

T-* w==- a J 0 =1, A=I 


04F 


4. i6i% P = 
in the fecond Term, and — 2 in the third : And thefe 
two Terms by Form the 27th will be transform’d into 
-a'v _ vv , aH 3 

- and - 


1 6bb</pg+w 
whofe Sum is 


1 6bb\/pg~\~vv qo.bbt/pg+vv 

vv _ tfv 

1 6bb</pg-\-vv 3 2 bbjpg-\-vv 

whofe Fluent (by Form the 9th) — — .fill 

w J 16 bb 32 bb 

_ _ — a'z -f 1 6bbz % 

x Log. of: v+Jpg+yv : =- ~ b -- 

a} 

— 2. 302585 x x Log: — fa* + 1 6bbz +4 bx 


> /a‘ L b‘ l —4*24-16^*2*: Whence the Fluent of -jg- 


^.a’-b 1 — o J z4-i6£*z* is : 


4 ^ 


r y fa % b % — a*z 4-1 6 bbzz 


a n _ a*£* 

— ~ x 2. 3o2585Log: — 

\Ja x b % — a 2 z~\~ 1 6 b t z x : — 


32^ 


~i<j J 4 -- X 

~ z 

■ X 2.3025Log: \ 6 bbz 


— 4 - Lbs/cfl 7 -— * 24 - 16 ^* 2 *: 

I (hall adu a few,'more Examples, chiefly to 
illuftrate the Method of Reduction. 

Ex. 11. 

Let .4' JE be propofed, : Divide by z and it 
e+fz 

will be reduced to — *L. This belongs to Form 

/+«' 

7th, where *=*-r, a=5> «L=2, x—\/jr , K=^ 6 % 

/2=r,587785 ; ^=,951056 ; r=o, and j=,809017 5 
—,309017 i «=•—1 : where always obferve that 

the 
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Cofines of Arches above 90° are negative Num- 
ers : then will be found P, Q, R, in Degrees *, and 
th fL Logarith ms of ^1—2 sx + xx, ^1—2 tx + xx, 
Vi 2 ux-\-xx, for which Logarithms put S, T, V; 


Then (by Cafe the 6th) the Fluent is 


a 


-A f 


->309017 X 2LS+, 951056 X 2NP +,809017 X2LT 
*-"•587785 x 2 NQj— LV. 

Ex. 12. 

Given x l xx aa—x 1 ]], this by Form 21ft (puting 

V: =aa — #*) is transformed into v — aa\~ z x V - ^ =-ix 

-2 

v^v 

; which belongs to Form 7th and 14th. 
Ex. 13, 

r . x l x X ~aa 4- xx}* , . . 

^ et ~ " —3 — be given \ this is reduced to 

abb — bxx\ z 

a ax r xxaa-\-xx x . xx xaa 4- xx * • v . ... 

-.y '" ; s i-“r — . —, both which 

abb — bxx)* abb — fof)* 

Terms belong to Form 24. 

Ex. 14. 

T x*xxa-\-x J 

be fropofei 1 divide 

bxxa+x * 
ab—bxjt 


* + b, and it is reduced to- 


ab — bxfi 

j bbx x a 4- x7 _ 

+ ~m^F=r x f : Thetwo firftTerms be,on s 

to Torm 24th, and the laft to Form 25th. 
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Ex. 15. 

L “ ie *™ H » divide hy 

y 5 and it will be reduced to -—^ ■. - - 
a\/ ab + cy — yy 

_ y' y , y . 

aa\J ab-\-ey—yy ' aa x a+y\[ ab 4- cy—yy 

the laft Term belongs to the ^zd Form, and (by 
reducing the Index) the two firft Terms become 

----- y'y y'y 

*V— 1 -j- o' -4- a ky* aa N — 1+ *y l 4* a ^yl 9 

both which belong to the 27th Form. 


Ex. 1 6. 

Given ~.^ a ?~~i x + xx ,• this (by Multiplication) 


-x 

daax 


dx*x—bdxx 


is reduced to -■ ■ „ 7 , ■ -f" ” / • - 

a—xy aa—bx -f-xx 1 a—xy aa~bx-\-xx 
The fijft Term belongs to Form 3 2d. And dividing 

the reft by — x+a, they are reduced to ■ 


-dxx 


bd—ad x x 


+ 


aad—~abd xx 
a—x’s/ aa — bx+xx 


* \Jaa — bx-\-xx 
laft belongs to Form 32, and the two former are 
Fluxions of the 27th Form. 

Ex. 17. 


Given 


-h 


tat r —xx$ 


; this (by reducing 


a 4 — 3<wx* + x 4 

. _ , s , # !f x x —i Y 

the Index) becomes - » which be¬ 

longs to Form 33d. 


Etc. i*. 


8cft, I. 


of FLUXIONS. 

Ex. 18. 


Let . ■ 2Z , be propofed \ becaufe 4 at is 

greater than a 4 , it cannot be refolved by the 33d 
Form, therefore I divide by at — aazz+zt, which 


reduces it to z ~ l ^ aa — zz | zzy/aa— zz 


ztz^aa—zz 


^ ‘ aaxa* — a % z x -\-zt 

i the two laft Terms belong 


a 4 x ai—a'z'+z* 
to Form the 34th ; and the firft is further reduced to 


1 — aaz~ % at^at — z x 

Forms 10th and 3d. 

Ex. 19. 


which belong to 


Let there be given 
Educed to 


aa — ax+xxy/aa—ax 
a a xx ax x x 


this is 


X* 


aa-ax+xx x aa-ax% aa-ax\xx x aa~*x\* 
the former Term belongs to Form the 35th ; and the 

fetter by Divifion is further reduced to ■ — 

aa—axY 

a*x — a x xx 


; the firft belongs to 


aa — ax+xx x aa — ax } 1 
*he binomial Forms, and the reft to Form 35 ; where 
°bferve that the Part firft found (belonging to Form 
35) deftoys a Part of this laft Fluxion; and then the 

^hole is reduced to this, — ■■*** - - ... 

aa •— ax-\-xx xaa — ax 1 * 


Given 


Ex. 20. 
z rn ~ l z 


, extrad one Root 


— 7 T M . j i n > c Ul,c - Ivoot 

® of the Denominator (fuppofed to be put = o), then 


\ -n -r— 

wui r)>-mm 2” —0, by this divide the faid Denominator, 

and 
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and let the Quotient be e+fz n -\-gz zn i then the given 

,£?•«—-i g. 

Fluxion is reduced to this ^_ , which 

h-z»x e-\-fz n -\-gz zn 

belongs to the 29th, 30th* or 31ft Form. 


There is given 


Ex. 21, 

aT—'z 


extra# 


a^-bz n -\-cz zn -\-dz^ n -\-tz i f n 
two Roots a, h of the Denominator; then you have 
a —z”=o, and h —z”=o, diyide the Denominator by 
a — z” x h — -z n , and let the Quotient be e-\-fz n -\-gz Z7t • 

1 <2 

Then the given Fluxion becomes —— 


0*2? . h-z . e-\-fz n -\-gz?* 
Z rn ~ l Z 


s x h — z n X e-\-jz n -{-gz ?n s x a-z n x eJ r fz 71 J r gz zrt 

(puttings— h—s ,) both which Terms belong to the 
29th, 30th, or 31ft Form. 

Ex. 22. 


Given • 


z? n - x z 


- -- , here t 

a+bz 7 l -\fiz zn x e^fz n ^-gz^\ m 
and 2 m muft be Integers; put pz=:JFb^ak,, and 

p 

the Fluxion i* refolved into thefe two Terms, — X 
aP-li k _ z™~ x z 

^-\-kz n . e- i rfz nj rgz ln \ ^ — Ykz 71 . e-{fz”-\-gz 2n ^ 

b—p •— 1 

then dividing by the Denominators —-— -f and 

~~ -f kz n , if there be Occafion; and the retaking 

Terms will belong to the 32d Form, and perhaps to 
fome others of the foregoing Forms. 

SchouuM' 
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Scholium. 

Although the Conftruttion of many of the foregoing 
Forms depends on feveral Things that have not yet 
been deliver’d *, yet it may be proper in this Place 
to give a (hort Account thereof, that the Reader may 
not be intirely ignorant of them, which he will the 
better underftand after he has read fuch Parts of the 
following Book as they are founded on. 

1. It is plain by Prop. III. that the Fluxions in 
Form i, 3, 19 and 20 belong to the Fluents there 
afligned. 

2. Form 16th is calculated in Example 13 Prop. 
X. and Form the 18th in Example 35. Likewife the 
Fluent in Form the 15th is found by Prop. X. 
A (Turning Az*+‘ + Bz’ r +”+ I + Cz’ r + 2 ’+’ (St x 

<*+/3z"= Fluent of «-f@z" l *z’ r z. 

3. By Prob. II. Sett. II. the Fluxion of any Quan¬ 
tity divided by that Quantity is the Fluxion of the Hy¬ 
perbolic Logarithm^ of that Quantity *, and that the 
Number 2.302585 reduces the common to the hyper¬ 
bolic Logarithms. Now if the Fluents in Form 2, 4, 
6 and 9th be put into Fluxions according to the afore- 
faid Rule, it will appear that they will refpettively 
produce the Fluxions in thefe Forms. 

4. In Example 3d, Prob. X. Sett. II. it is fhewn, 
that the hyperbolic Space between the Affymptotes 

is—Fluent of —^—x, in which if you write RR 

a+x 

for ab , Rz (or z) for a+x, and R z (or z ) for x, you 
will have RR— , whofe Fluent is the hyperbolic Space 
in Form the 2d. Likewife if you write RR for ah 

a 

g+z” for a-fx, and vp?~~'z for x, you will have 
’jRRz” *2: 

— as in Form the 4th. And laftly, writc 
o RR 


9 8 


*fbe Doctrine 

R R for ab , and y'a+x/fiz' for a+x, and y & * 
for x i and likewife write •Jv. — f° r 
a+x, and —x i>iz* r ‘~~ l z for x , and the Difference 

of thefc Fluxions will be as in 


Form the 6th. 


-/ 3 z” 


5. By Ex. 9. Prob. X, Seft. II. the hyperbolic 

Se&or is equal to the Fluent of —— x -r^_, in 

n 2 * bb — tt 9 

which writing R for a and b , R\/— for / and 


R \f - x z 1 1 z for /; you’ll have 


»RRy'a/3xz‘’ r ’ I 2; 

4 X ot-fiz* 

as in the 6th Form. 

6. And by the fame Example, the hyperbolic 
Sedlor is =. Fluent of - 
RRj 


aby 

... — (writing R for 

2 \/ab+yy 

—=- i now if you write R\/ ^L 
2 v/KK-j-jyi <* 

for y, and -^R\/^-x z 1 ” - ' l z for^, you will have 

jfRR^ xz^'z 


a and b) 


W a +^ z »» 


in like manner if you put 
2 R 


9 r -, ... _ 

JfvJg? + /3V* = * or —+ jBV = jv, 

a R - 

when * is a negative Quantity, or -~z=-y/ot+fiz K = y f 

y —at 

when as is negative, and expunge^ and^, you will get 
the Fluxion of the 9th Form any of thefe Ways. 

7. Since the Length of any Arch of a Circle (whofe 

Radius is R) is — ^ flcf ~~ x Degrees in that Arch j 

or Length of the Arch =, 017453 R x. Degrees in that 
Arch: And by Example the5th, Prob. VIII.Se&.II. 

. , t-m r RRr W3z" 

The Arch = Fluent of -gg-+jT 1 lf T ouwriteR V 

for 
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for/, and V~ xz^’ ! “" I i; for /, you will have 

~— XZ ■ , whofe Fluent therefore is = that 

2 X *-f/ 3z* 


a l ^ , .2 Seftors 

Arch = ,o17453R x Degrees in the Arch = pp , 

from all which the Conftru&ion of Form the 5th will 
eafily appear. 

8. In like Manner by the fame Problem, the Arch 

Rv 

= Fluent of —, in which writing for j* 
_ ^/RR-^y 

R\/^—-s or ^-y« 0 Z"— $ l z xtl , and the Fluxion for 


h y° u wil1 get —-x .-- ,and»jR y/&x-===~i 

2 y ac— pZ «—pZ 

from which all the other Varieties in Form the 10th 
are eafily deduced. 

9. Form the 1 ith is gradually calculated by Cor. 2. 
Prop. IV. where it is demonftrated that the Fluent of 


x+fiz^z^z is —: ■ 


2 ^'x 

iw+v+Fft : X 3 


ln which writing ^ for7>, <p for A, y for x+ftz 11 ' T > 
you will have the Fluent of *+&z’ ,l 4 > z^z ; again, 
Writing 7T-f-»j for p , Fluent of ot+fiz" ‘ z z (now 

found) for A •, you’ll have the Fluent of «+/ 3 z' , ‘ z * z\ 
a gain, writing for />, and the Fluent of 

*4^V+ 2,, ;s (laft found) for A, you get the Fluent 

°f «+0z’ l/ V r ‘f‘ 3 ’ , £, and fo on. 

In like Manner the nth Form is calculated from 

^°r. 3. Prop. IV. where the Fluent of #-b 3 2 "' z^z=* 
^ZZ^t ±£±il^, And by a I ke Procefs 

r+ s * a 

O a th« 


iob 
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the 13th and 14th Forms are gradually calculated from 
Cor. 4 and 5, Prop. IV. Thefe 4 Forms might have 
been differently exprefs’d from what they are in 
the Table. For Example, Form the nth may 
be exprelfed thus•, Jet <? = tt + 1, d z= n + 1 *i 

4- y. k, then the Fluent of « -f- fa* ^z^^z = 

— af x exe+*xe-\-2*,xe-\-3*1. &c. to a Places ^ ^ 
j 3 *x d x d+yx d+ivix d+ 3*}. &c. to a Places 

_2 ^a_ ^£Lb- 5^c- d +^ z7, n — 

eci< P e+>j.<36 e+2>j.ot e-f-3»J- a 
continued to a-|-i Places ; where A, B, C, &c, are 
the firfb, fecond, third, &c Terms with their Signs, 

<p = Fluent of a.+fa 7 ' 1 zz, y = a-^fa'^ . 

10. The 17th Form is derived from the nth; for 
when 2; and y are o, all the Terms vanifh except the 
firft, in which taking o, 1, 2, 3, Terms (for 
each of the Terms in the Quantity e+fz'+gz 1 - 1 ' &c) 
and multiplying each by its refpeftive Coefficient, and 
the Sum of all by <p, you will at laft obtain this Form. 

n. The Fluxions in the 21ft and following Forms 
are transform’d by Prop. IX. and their Truth will ap¬ 
pear by the bare Subftitution of the Quantities therein 
contain’d. 

12. There ftill remain the 7th and 8th Forms, 
whofe Calculus is fomething more difficult: Thefe I 
invefiigate after the following manner. Let T, U , 
W, &V, ftand for the Quantities 4/1—2 sx+xx, 
i/i — itx-\-xx. </i — mx-\-xx, i$c\ then the Fluxion 
of Lx Log. T (or the hyperbolic Log. T) will be 

—, and the like for U, W, £*; as is 

I- 2SX+XX 

plain from what is delivered in Art. 3. Again, the 
Fluxion of NP (as will appear by Art. 8) is - -.3 

I ‘-2SX~x~XX 

and fo for the reft NQ, NR, Laftly, we muft 
take for granted (for I fhall not ftay to demonftrate it 

here) 
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here) that the Produft of all the Squares of T, U, W, 
&c y if a is an even Number, or the laft drawn into the 
Squares of all the reft, if A is an odd Number, is al¬ 
ways equal to Thefe Things premifed, let us 

inveftigate any one Cafe •, as for Example, to find the 

Fluent of —; here A=3 and = 60: here£, 

j ____________ 

c , u y r=0, and/= — i, and therefore y/1-2tx+xx 

=i+x: and all Arches ab ove 180 ar e excluded; 
hence I affume LA xLog.v'i— 2sx+xx BNP + 
CL xLog.T 4 * = Fluent of p£T- This in Fluxi¬ 


ons gives 

X±As+Ax Cx_ _ _±_ pu,. Ba_Ai=L 

I- 2SX+XX X ' I+X I+# 

i — —-—; reduce them to a 

I— isx-\-xx 1 I+X 


then 


common Denominator, then 
4-1 4 - Ax 4 - Ax z 


+ c 


+ ^ 

-2 sC 


+ C 


1 4 ^ 


I - 2SX -}- I Jf 1 +X 

I 2S 

Here the Denominators being equal, we have i —25 
=o, or 25=i ; and equating the Coefficients of the 
homologous Terms in the Numerator, I 4 -C= i- A4I 
- 2 JC or A 4 -I-C=o,andA+C=o. From whence will 

he found A= — C = 4 ? I=t> b = (becaufe 

= 3.,) *a . Whence the Fluent is — -y L x 

LogVi—2JJC4XX 4* -{" tL x Log. i-j-x. 

This done, I put x x = » an ^ (hy Prop. IX.) 

transform the Fluxion ■ 


i + x z 


■ into this other —x 


z « * 

—whofe Fluent therefore you have above. 
<*4/331 » 7 


In 
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In equating the Coefficients, if you had made 
A-pi— C=i, and the other Equations =0, you 

would have got the Fluent of r • 

i+x J 

After the fame manner may the 8th Form be in- 
veftigated, remembring what was faid of Sines and 
Logarithms, and ob ferving that (if you put T, U, 
W, 6?f. for 1—#, 1/1— isx+xx, vT— itx+xx) the 
firft T into the Squares of all the reft, if a is an 
odd Number; or the firft and laft into the Squares 
of the reft, if a is an even Number, is always equal 
to 1—x x : The Demonftration of which belongs not 
to this Place. 

Here note that in thefe two Forms, you may if you 
pleafe put P, Q^&c for the Degrees of Arches whofe 

Sines are . * , , — * -p — &V, their 

y/l—2SX+XX y/l—2 tX-\-XX 

Fluxions being the fame as the other. But then if the 

Arch whofe Sine is — r =rJ lX —-r - be lefs than a Qua- 
y'l— 2SX-\-XX ^ 

drant, the Arch whole Sine is — ^ will be 

greater than a Quadrant. 
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PROP. XII. 

To correct the Fluent of a given fluxionary Equation or 
Proportion . 

When the Fluent is obtained, by either of the fore¬ 
going Propofitions, from any given fluxionary Equa¬ 
tion or Proportion ; it is only obtain’d in general. But 
fince the Defign in any particular Problem is to find 
the contemporary Fluents* fuch general Equation or 

Proportion 
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Proportion therefore is for the molt part imperfea till 
it be corrected by the following 

Rule, 

1. Inftead of each feveral variable Quantity (or 
Member) in the Fluent, fubjlitute fuch a determinate 
Value thereof, as each of them is known to have in 
ar >y onc^ certain and particular Point or Place : Then 
MjU&fc each Side of the refulting Equation from the 
^prefponding Side of the Fluent ; and the remaining 
Equation will be the corrett Fluent. And the fame 
Rule obtains when the Fluent is exprefied by a gene- 
r al Proportion. 

2. Or any particular Part of the Fluent may be 
°therwife had thus without the foregoing Corrosion : 
Subjlitute the Values of the variable Quantities for any 
Particular Time , Place or Point; do the fame for 
another given Time or Place; and the Difference of 
l ne refulting Equations, gives the correfponding Part 
°f the Fluent. 

3. Sometimes it may be fufficient to add fome 
&*oen Quantity on one Side of the Equation, which 
^ay afterwards be determin’d according to the Nature 
an d Circumftances of the Queftion. 

Demonstration. 

Let X = Z be the Fluent obtained in general, from 
a given fluxionary Equation, X = Z. Now fincc X 
ma y not be equal to Z (by Cor. 2. Prop. II.), take d 
a given Quantity, and let X = Z -f d be an Equation 
the contemporary Fluents. Now at a certain 
f ime when X = letZ=f; then you will have 
particular Equation b — c + d at that Time ; this 
Equation taken from the former will leave this general 
Equation for the contemporary Fluents, X— b-=iZ+d 
*~~' c — d, that is X— b=, :Z— c. Q^E. D. 

Scholium. 

Thefe Things are to be thus underftood when the 
anable Quantity in the Fluent continually increafes 

(or 
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(or decreafes). But in Cafe it increafes and decreafes 
by Turns, or paffes through one or more Maximums 
or Minimums ; then the feveral Parts of the Fluent* 
between any given Point and each Maximum or Mi¬ 
nimum muft be feparately found by diftinCt Operations, 
and each corrected by this Propofition, and then the 
feveral Parts collected into one Sum. 


\ 


Example i. 

Let ax~iyy, and the Fluent is ax~yy, now when 
y— o, let x—o, and then ax —o==y 2 =o, or ax~yy> 
which therefore needs no Correction. 

Ex. 2. 

Again let ax—iyy, and finding the Fluent ax^yy- 
Now when^=ro, let x=.b ; and the Equation becomes 
ab=z o, this fubftraCted from the other Equation, leaves 
ax — ab—yy , the contemporary Fluent required. 


x* y % 

Let bx—xx = yy, the Fluent is bx— - = 

but at a certain Point of Time x = b, and alfo.y= U 

rr 

then the Equation becomes bb—\bb or \bb = 

therefore the correct Fluent is bx — ~xx — ~bb ^ 
xyy — jl/t. That is by Reduction rr — bb 4 - ibx 


xx —yy. 

Suppofe ibyy = 


Ex. 4. 

%cx % x cx*z 

~~z z* ’ 


the Fluent is by) 


cx ? . CX* A 

'= —*, but when y — r, the Quantity —— = ^ 

Therefore the correCt Fluent is b xy*—r x = —-■— 

Ex. 5. 

V* xx r /. . • the 

Let — r= y given i 

2b #■+* FlueC < 
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fluent is —^-= ; but when y = a, x = o, 

and y — therefore the contemporary 

Fluent is - VV — y " =: —y, or j—^-j-2^ x 

Ex. 6. 

Let £y = ■ . X , - •; By Form the oth its Fluent 

J y/aa -j- xx 

ls by — 2. 3025 Log. x-\- jaa-y-xx : but when y — a, 
* = o, then the Equation is ba = 2. 3025 Log. a. 
Therefore the corredted Fluent is by — ba = 12.3025X 
Tog. x-\-^aa-\-xx — 2.3 025L00. a, that is by — ba 

^ or x-\-*Jaa 4 - xx 

=: 2, 3Q2585Log. —!--■ ■ ■ y - --- 


PROP. XIII. 

To investigate a Problem by the Method of Fluxions . 

Rules. 

1. Let all the Quantities be denoted by proper 
Symbols, as is explained in the Notation of Fluxions, 
a nd let fome one of the variable Quantities (with which 
the others may always be compared) be fuppofed to 
^creafe uniformly : And this may be called the Prin¬ 
cipal variable Quantity. Then the given Equations, 
fuch Equations as are deduced from the Condi- 
l ions of the Problem, muft be turn’d into Fluxions, 
fecond Fluxions, &?c. by Prop. III. in order to get 
many Equations of thefe Fluxions, as you have 
Uccafion for. 

p 2. But 


i°5 


P 
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2. But becaufe fometimes fome Doubt may arife 
about the Signs of the Fluxions: Obferve that any 
fluxionary Equations, deduced from the Equations of 
Curves, or from any given Equations in the Problem* 
will contain the Fluxions with their proper Signs. But 
in any Proportions made between Fluxions or Mo- 
ments, as in fimilar flnxionary Triangles and the like; 
then the Fluxions or Moments of Quantities that de- 
creafe mult be adtually made negative ; and thofe that 
increafe muft be written affirmative : Or, which is the 
fame thing, (fince one Part of any Whole increafes 
whilft the other Part of it decreafes, therefore) inftead 
of the negative Fluxion, you may take the proper 
Fluxion of the increafing Part of that Quantity. 

3. Since Velocity is always meafured by the Spaces 
uniformly defcri'o’d thereby •, fo may the Fluxions be 
meafured by the Moments uniformly generated by the 
Fluxions. Therefore the Moments (uniformly gene¬ 
rated or, which amounts to the fame thing, confider’d 
as arifing or vanijhing ) may be put for the Fluxions, 
and the Refult will always be the very fame in all 
Operations. And fince in many Cafes the reafoning 
and calculating with the Moments will be more eafy 
and evident than with the Fluxions , the Equations 
gained thereby muft at laft be changed into fluxionary 
Equations, by fubftituting the Fluxions inftead of the 
Moments, which muft always be fuppofed to be taken 
in the firft lnjlant of their Generation : Or, at leaf 
when the Operation is over, thele Moments muft b^ 
fuppofed to be diminifh'd ad infinitum that their firft 
Ratio may be always obtain’d. 

4. In the Refolution of any Problem , the Nature 
and Conditions of it are to be clofely examin’d and 
ftri&ly purfued according to all the known Methods 
of Algebraic Reafoning , by attentively confidering the 
Relations of the Quantities, and their mutual Propot v 
tions and Dependance on one another *, and forming 
your Procefs according to thefe their Properties, by 
duly comparing together the Quantities, their Mo¬ 
ments 
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merits or Increments, their Fluxions or fecond Fluxions 
&c, as the Cafe requires •, till you get a competent 
Number of Equations , ox general Proportions. And 
then you muft proceed to expunge fuch Quantities as 
arefuperfluous, till at laft you get a fluxionary Equa¬ 
tion or Proportion with the Quantities required. Then 
J f there be Occafion, 

5. Find the Fluent of the faid Equation, or general 
Proportion, by Prop. X. or XI. and correct it by 
Prop. XII. And then you have a compleat Equation, 

0r general Proportion , containing the Quantities fought. 

6. But to obtain an Equation of the indetermined 
Quantities, by having the correft general Proportion 
before found, or by having only the fluxionary Pro¬ 
portion you muft aflign to each indetermined Quan¬ 
tity in the faid Proportion (or in the Fluxion thereof) 
hich a determined Value as it is known to have in any 
Particular Cafe •, and from thence you muft draw an 
Analogy from the Fluxion alone (of the general Pro¬ 
portion) or from the correli Fluent alone, (or fome- 
*imes from both together) from whence there will be 
bad an Equation between the Quantities required or 
a t leaft between their Fluxions, whofe Fluent muft 
l ben b e found and cor relied. And note, thefe deter¬ 
mined Values (of the Quantities J may be either ex- 
P r efled in Numbers or Symbols, as any one fhall 
^ink proper. 

Sometimes it may be fufficient to aflame a given 
Quantity, by which multiplying one Side of the Pro¬ 
portion, it will be turned into an Equation •, and this 
given Quantity may afterwards be determined accord- 
ln g to the Nature of the Queftion. 

Thele are the general Rules, but after all, many things 
m uft be left to the Sagacity and Invention of the Artift. 

. Corol. Hence every Problem belongs to Fluxions, 
ln which the Increments , or the Proportions of the In- 
Cr ements or Moments of the feverai variable Quan- 
* ltles contained therein, can in all Cafes be computed 
a nd exprefied by Equations . . 

11 P 2 Example 
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Example i. 

To find the Velocity wherewith the Ordinate BM of a 
Circle increafes in every Point , whilil it moves uni - 
formly along the Diameter AD. 

Let AD=2r , AB=x, BM—y. and by the Na¬ 
ture of the Circle 2rx — xxz=.yy *, this Equation put 

r—x . 

into Fluxions gives 2 rx — 2xx=2yy, or —yx=y , a 
general Equation for the Increafe of y in all Points. 
Therefore in A where y is o, and x is o, —yx^j 

becomes^—jy, therefore y is infinite. If CB—BM » 

or r — y, then x—j , and x and y increafe equally. 
But in C where r —x=o, then y—o, therefore y does 
not increafe at all. Jn b where Cb—bm^ thenjy=— 
therefore^ decreafes as fall as x increafes. Laftly it 1 

D where yr=zo, and x=z 2 r, y— —— Infinity, and 

there the Ordinate decreafes infinitely : And in all the 
intermediate Points it has all the intermediate Degrees 
of Increafe or Decreafe. 

Ex. 2. 

To find the Space a defcending Body will defcribe in 
any Time by the uniform Force of Gravity. 

Let z — Space, x— Time, v — Velocity, acquired 
in that Time. By the Principles of Mechanics vX 
ctxx, and therefore zCtvxCtxx ; that is the Fluxid 1 
of the Space is every where as the Velocity into tb g 
Fluxion of Time •, that is, (becaufe the Velocity > s 
as the Time) as the Time into the Fluxion of th g 
Time. 

Now if only the Ratio and Space be required, ,£ 

x * 

will be fufficient to take the Fluent ; and then zO. -J’i 

or 
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or z a x x , that is, the Space is always as the Square 

of the Time. 

But if the abfolute Quantity of the Space is fought, 
we muft reduce the general Proportion or its Fluxion 
to an Analogy from fome particular known Cafe. 
Thus it is known by Experiment, that in the Time t 
or i Second, a Body would acquire fuch a Velocity as 
to move through s or 32i Feet uniformly in that 
Time, or to have defcended through tJ or 16^ Feet 
in that Time. Whence 
sx 

t : s : : x : — = Fluxion of the Space 2 when *=/. 

t jx? 

wherefore from the general Analogy (. zCXxx ) we have —: 

sxx 

tx :: Z : xx, and £= —, and findingthe Fluent, 2= 
"TjTy which needs no Corre&ion (becaufe when z= o. 


Or thus from the Fluxion and Fluent, r- : tx :: z. 


7’ whence 2 = ~ 

Or laftly thus, fincetJrrz, when t—x, therefore 
from the general Analogy (z&xx) it will be ~s : // : : z 

: xx ; whence z— and thus the fame Equation 
itt 

is obtained any of thefe Ways. 

Ex. 3. 

If a Body is prcjefted upwards with a given Velocity 
a, to find how far it will afcend in any Time x. 

Let z= Space, v— it’s Velocity; then by Me¬ 
chanics z CX vx. Now fince the firft Velocity is 
given, therefore the Space s which would be uniformly 
difcribed in a given Timef will be given ; wherefore 

* : *: ; x : ~ = Moment of the Space z at the firft 
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FIG. Inftant, that is when a=v. therefore from the gene- 
.. , s& 

ral Proportion (z Qtvx) y: ax : : z : vx : : z : vx ; 
svx 

whence %■=. —but the Velocity the Body lofes is as 

the Time, therefore t : a: : x: = Velocity loft, 

whence v = a -therefore z — ~ — ~ 5 and 

r t tt 

ix sx 1 

the Fluent z— j — —» which needs no Correction. 

Hence if x be greater than 2/, the Body will have 
defcended again below the Point it was projected from. 


i. 


Ex. 4. 

T0 find the Time wherein a given Cylinder of Water will 
empty itfelf by a Hole at the Bottom. 

Let AC-z=.h , CE—x, AE — h —#, t — Time of 
running out with the firft Velocity, 2 = Time fought. 
Now the Moment of the Quantity running out a z x 
Velocity : but the Velocity is as y/CE, and the Mo¬ 
ment of the Quantity is as the Moment of AE, or— 

whence — x C( Zy/x, therefore 2 a —p- j But h : / : : 

y/X 

tx 

: -J- =r Moment of the Time at the firft Inftant. 


Therefore (from the general Proportion zOL~), 

-tx -x , ~-x . -x . . -tx . , 

-7- :—rr::z: ~r :z: —7-, whence z = 7-=,and the 
h y/h y/x y/x ’ yjhx 

Fluent is 2 = — - X - ; but in the Point Ay 2=ro, and 

y/h 

x=.h, therefore the Fluent corrected (by Prop. XII.) is 

2 tx^ 

> and when x = 0, then the whole 


Time z—2t. 


Ex. 5. 


Ill 
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Ex. 5. 

To find the Time wherein a given Fruftum of a Cone 
will empty itfelfby a Hole in the Bottom. 

Let the Cone becompleated and put VG—p the Al- F I G. 
titude. TGnzh the Height of the Fruftum, TS — x, 3. 
Circle CD-=id , VFz=zb, /=Time of runningout with the 
firft or greateft Velocity, z=Time fought. Proceed¬ 
ing here as in the laft Example, you will find z<Jx d 
Moment of the Quantity d — x x Circle E F CX 

* dx . ■ ' t r . . . ■ - ■ dx - _ 

— xb-\-x . Therefore s a —— -r- x b+x ;then 
PP, r PPV* ^ 

•—tx —dx * —dx --- . —dx 

Z ' TTT“ x b+x 
ppVx ^ 


„'b 


z ' ppV* 


b+x z , from the general Analogy*, therefore £; = 


•—tx 


■==.x b+x . And the Fluent iszrrr- 


PPVhx 
: 2 bbx z -f ^bx* -f* t x 

whole Time z — t x 


PPy/h 


; and when corre&ed, the 
ibb-\-*bh-\-\hh 

PP ‘ 

And if the Fruftum were inverted, the Time would 
bef OU ndtobe/x^ - 4 g + ^ . 


SCHOL. 

If E F be the double Ordinate in any Curve CA ; 

Uie Time of running out might have been found the 
fame way, only by fubftituting the Value of CA or y 
Lad from the Nature of the Curve, into the Equation 

£ —- t 2JL an d then finding the Fluent. 

d<Jhx 

Ex. 6. 

Tet ACE be (the S eft ion of) a Wall fupporting a Fluid 4. 
behind it , and joining to the perpendicular Side A C » 

To find the Curve ADE terminating the other Side of 
the IF all, fo that its Strength may be every where as 
lift PreJJure it fujlains. 


Let 


I 12 
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Let AC~b, AB=x , BD=y. The Effect which 
any Number of Particles of the Fluid prefiing at B 
have to break the Wall at C, is as CBx Number of 
Particles x their Force, that is 0( h -—x x x x x, (becaufe 
the Number is as x , and the Preflure or Force as x). 
And the Sum of all the Forc es ad ing on AB to break 
C is as the Sum of all the h —x x x£, that is as the 

hx* x * 

Fluent of hxx — x z x , and therefore as —-— 

3 - 3 . 

and when x=&, the whole Preflure on AC to break it 
at C will be ^b *; therefore the Effeds of the Preflure 
at B and C will be as AB 1 and ACK But the Strength 
of the Wall in B and C is fuppofed to be as thefe Forces, 
and by Mechanics *tis known to be as BD X and Ch? ; 
Therefore AB l : AO :: B~D X : CE*, that is y*(Xx* i 
And the Curve ADE is a Semicubical Parabola whofe 
Vertex is A , and therefore convex towards AC. 


Ex. 7. 

Suppofe a Wind to blow againjl the perpendicular Side 
AC of the Wall ACE ; tofind the Curve ADE bounding 
the other Side , fo as the Strength of it be every where 
as the Force it fufiains . 

Let AB=x , BD—y , AC—h. The Force of any 
Particles at B to break the Wall at C is as CB x Num- 
ber of Particles a h — x x x, or a h — x x x ; and 
therefore the whole Force of all the Particles on A$ 
to break the Wall at C is a the Fluent of hx—xX 
x* 

a bx — —i therefore the Force to break it at C by 
2 

all the Particles on AC is \hh or as bb 9 and this muft be 
as the Strength of the Wall or as CE Z ; confequently 
x 4 CX y* and x C (7, therefore AD £ is a right Line. 


Ex. 8' 
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Ex. 8. , 

Let ABC be a heavy Body , BC a Spring fixt to the F I G. 
Block D : Let AB be clofe thrufi up to C, that the 5. 
Spring may be clofe Bent , and fixt thus to the Stock 
D by a Pin. To find with what Velocity the Body 
will be projected by the Force of the Spring when the 
Pin is fuddenly plucked out. 


Let BC—b the Length of the Spring in it*s natural 
yofition, CN—tf, v~ Velocity of the Point B when 
it arrives at N, w— Weight of the Body AB , /= 
Lime of deferibing CN. By Mechanics or the .Laws 


force x t 

Motion v CX — Of (by the Nature of 

Spring) ^ /: Likewifeby the Laws of Motion /a 


a 

b 

v 


therefore v CX-~ x—> or vv cx~—— y and find- 

W V w 

» 2, b X X X 

In g the Fluent v x (X -> and when x=.b, v 1 cC 

w 

bb 

that is the Square of the Velocity is reciprocally 


? s the Weight of the Body : Confequently, if the Body 
! s projected horizontally the Square of the Diftance it 
is projected to, will alfo be reciprocally as the Body. 


Ex. 9. 

Let BC be the Quadrant of a Circle , A the Center ; 6. 

RS parallel to BA. T0 find the Nature of the Curve 
DFgf that conftantly biffetts the Angle made by RF 
*nd the Arch FC. 

Lefcribe the Circle ne infinitely near FC, and 
cjraw npA, and no parallel to CA\ then fince the 
~* n gle oFn = n Fp , and Side Fn common, and the 
■^ n gles 0 , p right, therefore on = np. 

Let AS = x, SF=y, AB or Ap-=zv, AT)— by 
and fince on xznp, that is dc =% therefore 

and 
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G. and the Fluent x—v, and correfted x=v — b, or 

But by Prop. 47. Eu. I. b + x (=^‘) 
jyjy -f xx, that is ££ 4- 2^ ; whence the Curve 

DpQ is a Parabola, whofe Latus rectum is 2b , and 
Focus the Point yf. 


Ex. 10. 

To find the Time of the Vibration of a Pendulum in an 
extremely fmall Arch of a Circle. 

Let the Length of the Pendulum CB — r , Cord 
AB = c, BF = x, Arch BE—v, Ee = v, Ff=x, 
cc ex _ C - <p 

then BZ) = —, BG= —. Z)G= — x c—*, £G 


=v; 


4 rr 


Alfo let ; = Time of a Body’s 


defending or afeending through the Cord AB, 

Time of defeending or afeending through the Arch BE, 
it = Time of deferibing AB with the Velocity in B 5 

by the Nature of the Circle v — ^=====-. 

The Times of deferibing any Spaces uniformly are as 
the Spaces diredtly and the Velocities reciprocally j 
but fince the Pendulum falls from A and is fuppofed 
to deferibe the Arch AB in defeending or BA in 
afeending, therefore the Velocities in B and E are as 
v'Ub and Jdg, or as y/JB and -/Tf ; therefore ~t : 

JL : : z : — — • • z : —^. ; whence z = 

Jc y 'c—x • * jc—x 

_ tr *~ k * (rejetting 

2 ^ cc — cx i\]Acrr ~~ V . r x + exx 

1 ■—- cc 

tx *x 

exx — ccx as extremely fmall) — = — - : And the 
W c — x 

= —x Arch of 
this 


Fluent (by Form the ioth] is z 


%r 
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this Circle whofe Sine is rf -, and when xz=zc, then FIG. 
t t 

2 = — x Quadrant BH — — x 3. 1416 : And 2z 
or the Time of an entire Vibration is f/x 3.1416; 

Or, which is the fame thing, 2 z = ^ 41 x Time 

defcending through twice the Length of the Pen¬ 
dulum. Or putting s = 16 ft Feet, r = Feet in the 

Pendulum, then 2 z — 141 - X\/— > in Seconds. 

2 S 

Ex. 11. 


To find the meridional Parts for any Latitude. 

Let Radius CA—r , the given Arch of Latitude 
AB — Sine DB~y % meridional Parts of AB = 2. 
% Conftruflion of Mercator’s Chart, as Cofine of the 
latitude (\trr-yy) : Radius (r) :: (v: z :: ) v: z z= 
rv ry 

‘'7====-’, but by the Nature of the Circle v — — —, 
v rr — yy 1 Jrr—yy 


whence z — — r — ■ ■ •, whence by Form the 6th, HT-= 
rr—yy * ’_ 

x Log.^ - 

^ut in the Triangle EBF y as E B ( V rr — yy) : 


(*") : : EF (r+jy) : Tangent of the Angle B — 


rxr-f-jy 

jrr^yy 


—Cotangent of half the Complement of the 

J-atitude AB , whence z=2.3025rxLog. Cotangent of 
half the Complement of the Latitude. And by Correfti- 
°n 2 = 2 . 302585rxLog. Cot. of half the Co. Lat. — 
?*30258rxLog. Rad. And flnce the Meridional Parts 
In the Tables are exprefled in Minutes, therefore 

y°2^8rx 180x60 - ———=— - ;-,, T p ~ c r 

——-x Log. Cot. tCo. Lat. — Log. Kad. 

o*I4159 _ _ 

Q^2 ~ 


8 * 
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Cot. f Co. Lat. 

F I G. =7915 ? 7°5^x Log.--= 79 I 5 > 7 ° 5 ''* 

Radius 

Log. 'Tan. £ Co. Lat. ’ 

Cor. i. Hence the Meridional Parts for the Diffe¬ 
rence of Latitude of two Places is r= 7915,7;* x Diffe¬ 
rence of the Log. Tangents of half their Complements 
of Latitude. 

Cor. 2. Since as Radius: to meridional Difference of 
Latitude :: fo Tangent of the Courfe : to the Diffe¬ 
rence of Longitude •, and ^ ^q 7 ~~ “ ,000126331, 

therefore 

As ,000126331: 

To Tangent of the Courfe :: 

So the Diff. of the Log. Tangents of half the Comp, 
of the Lat. 

To the Difference of Longitude. 

Ex. 12. 

9. To find the Nature of the Curve which a heavy flexible 
Line will form itfielf into by its Gravity. 

Let the Line be fufpended on the two fixt Points 
£), P , and difpofe itfelf into the Curve D AP ; A 
its Vertex, A its Axis, and BC an ordinate. 

1. The Part of the Curve ABB is kept in its Pofi- 
tion by a certain Force at A a&ing in Direction A 1 
parallel to the Horizon ; for if the Line be cut through 
at A it will reduce itfelf to a perpendicular Pofition. 
And this Force adting at A is always the fame what' 
ever Length the Curve be of ; for if the Line be cut 
through at R, and then the Point B faflned to the 
Plane, it is evident the Force at A is neither greater 
nor lefs *, for the Refiftance of the Point B does the 
fame as the Tenfion of the Line in B did before * 
and the Force in A , or the Tenfion of the Line in 
A muft remain the fame. 


2. Let 
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2. Let a = the given Part of the Line, whofe 
Weight is equal to the Tenfion of the Line in A , and 
AC=x, BC—y, AB—Z, draw the Tangent BS, and 
BR—BA, perpendicular to the Horizon, and RS pa¬ 
rallel to it. The Line BA is fuftained by three Forces, 
for its Gravity a< 5 ls in Direftion BR, it is drawn at 
A in Direction AZ by the Force a , and it is fuftained 
in B by the Tenfion of the Line in Direction SB’, 
and thefe three Forces being as B R, RS , and BS, 
and BR=zz by Conftrudtion, therefore the Force = 
RS ; whence by fimilar Triangles BR (z ): RS 
(a)::bo(jc):Bo(y)::x: y, and off=zy t which is 
one Property oi the Curve. 

2 . Take Br~Bb the Increment of the Curve, 
draw rn parallel and Bn perpendicular to BS, then is 
nB=Bo , and rn-bo. Since BR is the perpendicular 
Force or Weight of the Line at B, Br or % is the In¬ 
crement thereof, and therefore x is the Increment or 
the Tenfion of the Line in B , and x is the Fluxion 
of the Tenfion, and therefore the Fluent * = Tenfion 
or Force afting in Direction nr *, But in i A where 
*-o, this Tenfion = a, therefore by Corre6tion. 
The whole Tenfion drawing in Direftion of the Curve 
is a 4- x •, and this is the Force BS, as was fhewn be¬ 
fore : Therefore again by fimilar Triangles a + x 
(BS ) : z (BR) :: z:x::z:x, whence ax+xx=zZ> 
and the Fluent 2 ax -f xx = Z2, which is another Pro¬ 
perty of the Curve. , r,pn 

4. If the Point B be fo taken that the Axi^cRBS 

SBC be half a right Angle, then will AB or 2 be 

ax .. 

a : for then and z = a ‘ 

ax az _ ; 

5. Since + zz 

therefore, by Form the 9th, y = 2. 30258^* 
L^rr a+y+V 2 ax+xx _ 2 g Q2 gg ax Log. ? —» 

whence the Curve may be eafily conftryfted. 
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Ex. 13. 

FI G. To find the Nature of the Curve B M in which a Body 
10. moving (after its fall through AB), it Jhall defcend 
* equal Spaces in equal Times. 

Let A B—a, BP=x, PM—y i now fince the Ve¬ 
locities of Bodies are as the Spaces defcribed in equal 
Times, and the Squares of the Velocities are as the 
Heights fallen from ; therefore a : a _f- x : : (Square 
of the'Velocity in the Axis at P : to Square of the 
Velocity in the Curve at M : : Pp * : Mm z : : x x : 
x 1 +y x ::)x z : and by Divifion a : x :: x l : f ; 

therefore x,x*=dy% or x z x = a* y, and finding the 

3. J 

Fluent \x z = a 2 y , or ay* = ±x J : Therefore the Curve 
is a femicubical Parabola convex towards B P. 




Ex. 14. 

If a Body be projected from any Point A parallel to the 
horizontal Plane PC, and be urged towards that 
Plane with a Force which is as any Power of its 
Height above the Plane *, to find the Nature of the 
Curve it will defcribe. 


Met AB—r y AD~x , DP—jy, v — Velocity ac¬ 
quired in falling through AD , t = Time of falling, 
f = Force in D or P, which fuppofe to be as BD n . 

Now from the Laws of Motion vCXfi, but/a^ 

r~—x ^x r sc 

and far —x”, therefore v a —~—, and v &——— 

vv 

or vv a r-— x x 5 and finding the Fluent —C< 


-»+* 


., but in A, x = o, therefore the Fluent 


»+i 

«+ I —— «+I 

r — p 1 

corredted is w C(---—. But the Fluxi¬ 

on of the Axis is as the Velocity oF a defending Body, 

and 
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and the Fluxion of the Ordinate is as the Fluxi- F I G. 
on of the Time, or as a given Quantity C; therefore 


bx 


s+ l — ~ r 


.n+i 


V 


r «+ x r —X 


n +l 


n+i 
or y = 


.: by whence y = 
bx 

y/r n + l — ~x n+l 

n -\-1 «+1 

and the Fluent will give the Nature of the Curve. 

bx 

Cafe i. Let n— i, then y = . — • *, defcribe 

J y/irx—XX 

the Quadrant AEF-, then by the Nature of the Cir¬ 
cle, Arch AE = Fluent of — ~ X ■ -, therefore take 
V 2 rx—xx 

y or DP = - x Arch AE , and P will be in the Curve 

r 


required. 

Cafe 2. Let «=o, then ^ and^> = ib<Jx, 

or 2 bbx=zyy *, therefore the Curve will be a Parabola, 
as is well known. 

Cafe 3. Suppofe n— —1. Here we mufthave Re- 13. 
courfe to the original Procefs it felf, and there we fhall 

have vv C( - defcribe the Hyperbola HE to the 
AlTymptotes ABy BC', then the Area AD EH = 
fluent of therefore v C( y 'A DEH , and ^ = 

bx 

=====- for the Nature of the Curve AP . 

VArea ADEH _ 

Cafe 4. Let n^=. — 2, then^ = bx\f . 

Let AE be a Cycloid, DEz=lu 1 _AVB 

being the generating Circle *, then a = v + ^rx -— xx, 

and 1 —; (becaufe v 3= .-^ 0 

2-y/rx—xx %^rx—xx 

X 


14. 
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^ x\/ r —-*. But y = br % xx\J -—-, whence^z^z/vV, 

therefore take DP—b^rxDE, and P will be in the 
Curve. 


Cafe 5. Let ^ > then y = 


hr x rx — xx 
\/2rx — xx~ 9 


whence y—brjirx — xx, and the Curve is an Ellipfis 
whofe Semi-axis is AB. 


Ex. 15. 

15. Lo know whether a given Curve Line be concave or 

convex towards its Axis , in any given Point thereof. 

Let AB be the Axis, BC any Ordinate, take DB 
~BF, and draw the Ordinates De , Fo infinitely near 
BC\ draw en and Cg parallel to AB, and produce 
eC to L Now by the Nature of Curvature, if the 
Curve be concave towards the Axis, in the Point C, 
and the Ordinates increafe, then the Point 0 of the 
Curve will fall between k and^, and therefore the In¬ 
crement g 0 is lefs than n C, whence ok or g 0 — gk 9 
that is g 0 — n C, will be negative *, but 0 k is the fecond 
Moment of the Ordinate, and that is as the fecond 
Fluxion when Fk and Be approach to, and coincide 
with BC\ therefore if the Curve be concave towards 
the Axis the fecond Fluxion of the Ordinate will be 

16. negative. And the contrary will happen if the Curve 
is convex towards the Axis. Wherefore 

Let the Axis ABmzx , Ordinate BC~y, then com¬ 
pute the Value of j) by the Nature of the Curve, 
and fubftitute Numbers for all the Quantities if there 
b« Occafion, then if its Value comes out negative it is 
concave in that Point, if affirmative it is convex to¬ 
wards the Axis. 


Ex. 16. 


*2* 
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Ex. 16. 

d Line being inflated into the Form of a Curve, and F I O, 
kept in that Form by a Force or Prejfure aiding per - 17, 

pendicularly upon every Point of the Curve \ to find the 
Proportion between the Tenfion of the Curve, and the 
Force aiding perpendicularly upon it. 

Let AB, BC be two equal Particles of the Curve, 
let the Force adting on the Particle B reduce it to 
the Pofition ABC compleat the Parallelogram 
4 BCE, and draw AD, CD, perpendicular to AB^ 
yB ; and then the four Points/ A, B , C, D, will lie 
jn a Circle. Let AB or BC — z, AD or CD — r .* 

Now by Mechanics the Point i? is adted upon by three 
forces BA, BC, BE-, BA or BC is theTenfion of the 
Curve, and BE is the Force adting perpendicularly 1 
a gainft the Curve, therefore thefe are to one another 
BA to BE, or (by fimilar Triangles) as BD to 
?• Let now the Points A, C, approach to B and co- 
ln cide with it, and \ BD becomes \r, the Radius of 
Curvature ; and z is the Particle of the Curve, 

^hereon the Prefifure acts: And therefore the Force 
a &ing perpendicularly on any Particle of the Curve is 
p the Tenfion of the Curve, as that Particle of the 
Curve is to the Radius of Curvature in that Point. 

. Cor. Therefore if the Particle of the Curve and 
^ Tenfion be given, the Force adting againft that 
particle is reciprocally as the Radius of Curvature 
l hat is, diredtly as the Curvature. 


Ex. 17. 

A F is a Curve Line fupporting a Fluid to find the 
Nature of the Curve. 

Let the Axis of the Figure CA—b , CD—x, D£~y, 
AB~zz, let z be given ; By reafon ol the fluidity of 
e Water, the Tenfion of the Curve is equal in all 
p 0l ?f s > and therefore by the foregoing Example, the 
Preffure at B is reciprocally as the Radius of Curvature 
R in 
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in B. But by the Laws of Hydroftatics the Prefiure at 
B is as the Height DB ory, and (by Prob. V. Sett II.) 

. ZV I 25V 

the Radius of Curvature is therefore—a-^, 

x y x 

CICL CLd 25V 

and a (fuming the given Quantity—, then — = £ » 

or aa * - ~ = yyz, and the Fluent aax = jpz ; but in 
A) x=z and y—b \ therefore the Fluent corretted is 
aax ■ —• aaz =zyy — bbxz, or aax = aa +yy — bb x 

4/x l -\-y i i which reduced gives x = , 

\f ^abb-\ r zbbj>.__^ 

for the Equation of the Curve fought. 

Cor. Draw EK perpendicular, and IK parallel to 
ED , and alfo the Tangent EI\ then if EK—p , El 
— q> s — AxtzEACy which is as its Weight, then 

(by Mechanics) p :q::s: = Tenfion of the Curve, 

(whence by the foregoing Example) fince^^Preffure 
as . zj , , qsx 
at B y it will be yz : : s : —, and thence — 

aa „ , , . 2 qs 

~yyz-=—£-Xy and therefore —— = aa. 


And let thefe few Examples here fuffice to (hew the 
Application of the Rules to the Calculation of parti¬ 
cular Problems. We will now proceed to the Refo- 
lution of more general Problems in Mathematics and 
Philofophy. 


SECT. 
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SECT. II. 

The Invejligation and Solution of fome 
of the mojl general and ufeful Pro¬ 
blems in the Mathe?natics . 


P R O B. I. 

To determine the Maxima and Minima of 
Quantities . 

W HEN a Quantity is required to be the 
greateft or leaft poflible, under certain Con¬ 
ditions, it is called a Maximum or Minimum ; and 
a t that Moment it neither increafes nor decreafes, and 
therefore its Fluxion is nothing. Now fince any 
Quantity is a Maximum or Minimum, when its 
Huxion is nothing, upon the Suppofition of only one 
v ariable Quantity therein, and the fame is true when 
an y other Quantity alone is fuppofed variable: Confe- 
tjuently when there are feveral variable Quantities in 
5 e Maximum or Minimum, then each of thefe 
for ° nS mU ^ fe P arateJ y ec l ua l to nothing. There- 

1 • Put the constant Quantity m for the Maximum or 
Minimum required 5 and get an Equation involving m y 
v R 2 by 
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by help of which and other given Equations , exterminate 
as many of the variable Quantities as you pleafe , if 
there befeveral: Then put the remaining Equations into 
Fluxions , and for each Equation exterminate one Fluxion , 
till you have but one Equation *, in which (brought all 
to one Side) make the Sum of all the Terms multiplying 
each particular Fluxion, feparately ==o, and you will 
get as many Equations , which , together with thofe at firft 
given , will determine all the unknown Quantities. 

%. But when the Fluxion of any fingle Quantity is 
found —o, then that Quantity itfelf is either a Maxi¬ 
mum or a Minimum, or a Standing Quantity. Or if 
an impoffible Equation come out, the Quantity will have 
no Maximum or Minimum but what is infinite. Often¬ 
times the Equation will have feveral Roots , all which 
mufl be feparately tried to fee which of them will anfwer 
the Conditions of the Question , and give the Maximum 
or Minitnum required j and this is done by putting the 
fingle variable Quantity in the Maximum or Minimum 
equal to feveral fucceffive Values expreffed in Numbers. 

Schol. Concerning curvilineal Spaces, it is in Effect 
the fame Thing to feek the greateft Area contained 
under a given Perimeter, as to feek a given Area un¬ 
der the Jeaft Peri meter. The fame will hold in Refpedt 
of Solids and their Surfaces. 

Example i, 

To find xz+yy a Minimum , fo that x+y+z=b. 

Put tfz-j-jy*— m, and expunging z, bx — xx — xy+yy 
~m f In Fluxions bx — 2xx — yx —xy+2yy=o. And 
taking the homologous Terms, bx — 2xx—yx=o, and 
2 yy—rxy—o, whence ix +y=z b 9 and x=z2y \ and 
therefore y^b, x-^b, z—\b. 

Or thus j 

Since xz+yy=m, in Fluxions xz+zx+zyy^o, 
;ilfo from the Equation x+y+zzzb, we have x+yF* 
zzq i and expunging z, we get — xy +zx + 

2 yy-xsQi 
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2 yy = o, and therefore zx — xxz=z o, or z—x ; and FIG. 
2 yy —xy=o, or*=2 y> whence x , y , 2 are found the 
fame as before. 

Note, In this Example if x be given there will be 
a Minimum, but the Maximum is infinite; And if 
y be given there will be only a Maximum: 
Therefore in general there is no Maximum or 
Minimum but what is infinite. 

Ex. 2. 

To find x the great eft in this Equation x l -ax*+axy-y*=zo. 

For x write m and the Equation is m *— anf+amy 
—y=0; In Fluxions amy — 3 y*y— o, whence 
by which and the former Equation m and y are de¬ 
termined. 

Ex. 3. 

To find a Cylinder of a given Solidity h, with the leaft 
whole Surface. 

Let y = Altitude, x = Diameter of the Bafe, c = 

3.1416, then — h, and = Sum of the 

4 2 ^ 2 

fcafes, cxy = convex Surface = -j—; therefore 

+ ~^-=m : In Fluxions cxx —- = o, which 

x xx 

reduced gives x = Vy > and thence y = \f-j-zax. 

Ex. 4. 

the Semicircle AB C, to find the rectangle ADB a l9 . 
Maximum. 

Let AC —a, AD = x, DB—y/ax—xx, then 
—x# = i», or *x } — x 4 = ?»*; In Fluxions $ax x x 
^ m 4 -x 1 x=.o i whence x-=z^a. 

Ex. 5. 
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Ex. 5. 

FI G. Given the Bafe A B and Perpendicular C D, in a Tri- 
angle AC B, to find the Angle ACB , the greate/l 
pofiible. 

Biffed: AB in E, and let CD=p , AE~q, ED=zy* 
and by Trigonometry (CB) *Jpp fi-qq — iqy -\-yy : 

(Radius) R : : p : ... P R = S.lB i 

vpp + qq — zqy+yy 

and (AC) \fpp + t+? : (S. LB) — ^ 

V# + q — y 

■■ H ■ - , _ p- =S.LC 

Vpp+q+y xypp + q—y 

= and p 4 -f- 2 ppqq + ? 4 -f 2 />y — 2? y + J 4 = 

4 ppqqR 1 , t?1 . . . 

: In F uxions 4 ppyy — + 4jv 3 j = o, 

and / =" qq—pp X and one of the Roots is y—o ; 
the other Quantity y* =r qq — pp is an impoffible 
Equation when p is bigger than q ; wherefore the 
Point D falls in E. 

Ex. 6. 

21. The Point P being given in the Tranfverfe of the Ellipfis 
ADR ; to find PB the nearefi Dijlanceto the Curve. 

Let AC-t, CD=c , AP-p , PR=q, P^= x } 

cc _ _ cc 

then gB* = -— x pq+qx—px—xx, and PP* = — x 

pq + qx — px — XX + XX = /»* ; In Fluxions ' 


ccqx — ccpx — 2 ccxx 

--- + 2xx = o ; reduced * := 

cc xp-q cc 
2 xtt-cc ~ tt — cc 

Note, if CP be greater than ~ ~~ CC y t h e n x will 

be greater than PR> which the Nature of the Queftion 
will not admit. 


Ex. 7' 


12 ? 


II. ^/FLUXIONS. 

Ex. 7. 

draw the Line E F to touch the Angle C of the F I G. 
Rectangle ABCD , fo that the Part , contain'd between 22. 
the Sides AB y AD produced , may be a Minimum . 

L ttADz=a, ABz=b, EB=x , EA=b + x , then 

w ’ and •E-p=V ! h;‘ +— x £p? =m , 

°r W + + xx + ~ + ~ + aa=1K ,. This 

' n Fluxions is ibx+ 2xx - 2 * a ** _ 0 , 

educed is x 4 -|-^.v } — aabx-—aabb — o, divided by 
*+£=0, one of the Roots, and then x i —aabz= o, 

a nd # —y/aab, or from the other Equation — b. 

Or thus : 

By fimiiar Triangles x: a: :b : =zDF, then 

^F=y/aa-\-xx -f- *\fbb -f- fPjdlL — m - J n Fluxions 
xx 

_ xx aabbx 

~ 1 reduced 

XX 

Ex. 8. 

0 find a Cone of the greatejl Solidity under a given 
convex Surface and Bafe b. 

Let the Diameter of the Bafe = x , Side — v, 

fsa 3 >i 4 i 6 » then the Surface = 4. C -^zzb, and 

4 ' 2 

^°lidity s= — %tw—±xx = m ; And expunging v, 

2^ f'fbb 2F 

r 2 v ~ cxx = w, or ^bbxx — ibcx*z=. 144m* 

a fluxions, 8bbxx — 8bcx i xzz 0; reduced > 

hence 
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hence x=\/~> v = \\/~ , and Height = V^, anc} 

the Height, Bafe, and Side will be as v^, i and if. 
And the fame would be true if a Cone of a given So¬ 
lidity, under the leaft Surface was required. 

Ex. 9. 

To find y and x fuch, that ay'—may be a Mi - 
nimum . 

This Equation in Fluxions is ^ay*y — 2 x*-yy — 2 y % xX 
And comparing the homologous Terms, 
3, ay x y ■— 2 x*yy=o, and — iy % xx—o\ whence 
34/== 2x 4 ^, and 2 X*=yy, and therefore 3 ay=yy, and 
thence ^=0, or ^=30; hence x a =o, or 

Note, If j be given, the Quantity dj*—jy*x*+*'* 
has a Minimum, but the Maximum is infinite ; and 
if x be given it has a Minimum, but the Maximum is 
alfo infinite: Therefore if neither be given, it has a- 
Minimum, but no Maximum. 


Ex. 10. 


To find xy'u'z* a Maximum fo that x+j y+u+z=zb. 
Here xy % u'z+—m, and expunging x, y % u'z*xb-y-u-Z 


—m, or b—y — u —j In Fluxions -y~«-£ 


2 my 


%mu 


\m% 


' y'u'z* y % u+z+ y'u'z' * 


and colle&ing 


. 2my 

feparately the homologous Quantities, y = * 

omii . 4 .mz , m 1 
z —~pi>7> * whencc 


■=. ~r=.—z=ib—y—u — z; therefore u = kfi 
3 4 y 

z-=^u—2)\ and therefore \y r=.b — *y, or 
hence x = T \?£, y = T V> # = -r^, z = 


Ex. x*' 
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Ex. 11. 

To find a Trapezoid A BCD of a given Area b, whofeF I G. 
two Sides and Bafe AB 4- 5C+ CD (ball be the leatt 22. 
pojfible. 


Let EC=x, BA—y, CD—u, perpendicular BE 
°r CF=z. Then y-fa-^u —tn y and zfyy — zz 
z^uu —22 -j- 2 zx = 2 b, or (dividing by 2) <fyy — zz 
. _ 2 b 

*4" V uu — zz -j- 2X = — . Put thefe Equations into 


Fluxions, and y-\-x+iiz=.o, and 


yy—zz 


+ ' 


*Jyy—zz ' jfiuu — zz 

-2 bz , . yy — zz- t 

- •, and expunging x , ■ - -4- 

i/yy — zz 

whence ^ - ■ 

Vyy— zz 


— 2y — 2 u = 


-2 bz 
zz 


: 3jy*. Alfo ■ 


*juu - zz 

2y = o, and 42 s _ D , . - ,, 

J ^ *JUll 22 

= o, and thence 42* = $uu. Therefore %y* — 3 u % , 
a „, t /xi —32 23 “ -2 bz 

*Jyy—zz y/un-zz zz 


that is - -- -- 7 - 4 - Z - . ■ — ib *, and expunging 

\/ yy —22 1 juu —22 

*anda, y +||- = ^ = ^3 - 2 *> and y 
^ 2V—4V3?? sx «, and -ivOi) v —22 

Wuu-zz — and 2 r= . Hence 

= 2yf£ — 2ED, and AB — EC— CD : And the 
Figure is inferibed in a Semicircle, whofe Diameter is 

ad. 


S 


Ex. 12. 
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Ex. 12. 

. Given the Vdo city of a Projectile and its Height AB 
above the Horizon To find the Angle of Elevation 
LAG to throw it to the great eft Distance poffible on 
the Horizontal Plane BC. 

Let s—AD the Space defcrib’d in a given Time, 
d—DE the Space defcrib’d by a falling Body in the 
fame Time ; b—AB \ Let AG be the Line of Pro¬ 
jection, AL parallel to BC , GL—x , then by the Laws 

of falling Bodies, d : b+x : : ss: ~ - S ^ SS * - = AG % . 

Therefore AL = - xx = BC = m, or 

bss -f- ssx — dxx = dmm *, in Fluxions, ssx-idx—o, 
whence x = —£■ . Therefore AG = ^bd+iss', 

AL — -^^^bd+ss, A C = b -f- ~~j—CG\ whence 

the Angle FAC is bifledted by the Line of Elevation 
AG ; and j^bd+ss : s :: (AL : GL : :) Rad : Tan¬ 
gent of the Angle of Elevation LAG. 


P R O B. II. 

To find the Logarithms of Numbers. 

Logarithms are a certain Set of Numbers, fo con¬ 
triv’d to anfwer to a Set of Numbers in their natural 
Order, that the Sum of the Logarithms of any two 
Numbers fhall be the Logarithm of the Produdt of 
thefe Numbers. 

Hence therefore, fince ixi = i, the Log. of * 
+ Log. i = Log. i, that is the Log, i = o. 

Alf° 


II. ^FLUXIONS. 

Alfo let AB=C, then Log. A -f- Log. B = Log. C; 
lnd tllen « Log. A or Log. ~ — Log. C— Log. B. 

Again, Log. = Log. Log. Log.,*; 

Anl f°S-^ , = Lo |-^+ Log. A+Log.A= 3 Log.A ; 
^nd for the fame Reafon Log. A tt -nx Lo<*. A. 

Laftly, let AB=i y then Log.yf-f Log B — 
J-og. i =o ; therefore if the Log. B (or the Log. of a 
^ umber greater than i) be affirmative, the Log. of A 
u Number Lefs than i) is negative. 

From what has been faid it follows, that if there be 
in r °f Numbers in geometrical Progreffion proceed^ 
g from i both Ways ad infinitum ; and another Sec 
^rrefponding thereto, in arithmetic Progreffion pre¬ 
ceding both Ways from o; then thefe latter will 
^Prefent the Logarithms of the former, and both will 
e exprefied in the following Form, 


* 3 * 


i, », «*, n* t n\ &c. 


^umbers, ~, - 
I 

^garithms,- 3 /, - 2 /, -/, 0 , /, 2/, 3/, 4/, l£e. 
.Now let the Number of geometrical Proportionals 
increas’d and their Differences decreafed ad infi- 
t ^ at ^ er ^ es . ma y contain all poffible 
in *11 rS * an< ^ tbe a! *i t hmetic Proportionals be 
$ . ^ anner increafed; and then the arithmetic 
v !es will alfo contain the Logarithms of all 

^umbers. 

therefore let if be any Number, and pi its Log. 

t L- en tbe Increment of that Number will be if ^ 1 — if y 
^ Increment divided by the Number itfelf, gives 
_ n P 

-=»—1; likewife the Increment of the 

^ n _ 

a nd^/ arit ^ m ‘ s /’+ 1 x ^ —Ph that is /. Now fince n —1 
th e / 3 re the fame for any Number and its Logarithm, 
f ctore the Increment of the Logarithm will always 
n a given Ratio to the Increment of the Number 
S 2 divided 
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divided by the Number, therefore if we put x == 
Number, and z =. its Logarithm, and a (fume the gi¬ 
ven Quantity M , we fhall have z = M x — ; and 
fince the Fluxions are as the evanefcent Increments, 

therefore z — M x~ , and the Fluent z—Mx Fluent 

x x 

of —. Therefore, 

x 

To find the Logarithm of a Number, divide the Fluxion 
of the Number propofed, by the Number it [elf \ and find 
the Fluent , which multiply by the constant Quantity M* 
and it will give the Logarithm thereof. 

Schol. When M= r, the Logarithms are called 
the Hyperbolic Logarithms •, in which Cafe, the 
Fluxion of the Logarithm is equal to the Fluxion or 
the Number divided by the Number. 

Ex. i. 

To find the Log . of bx. Here die Fluxion of the 
Log. is M ~ = 'Mj *, but the Fluent of. il(js? 

Log. x , therefore the Log. bx = Log. x. But whe^ 
X — i, then Log. bx = Log. b, and Log. x =s o» 
therefore the Fluent correded is Log. bx — Log. b 
Log. x ; that is Log. bx = Log; £ -f Log. x. 

This finds the Logarithm of a Produd having tn 6 
Logarithms of the two Fadors given. 

Ex. 2. 

To find the Logarithm of x n . Here the Fluxion 
its Logarithm icMit ~-——p — = Mx —p ; and tak 

rng the Fluent, Log. x” =: Fluent of Mx - == ^ * 

Log, x, which needs ;no Corredion (becaufe wi> en 
x= i, and Log.*=o.) i5 
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This gives a Rule for finding the Logarithm of any 
Power or Root of a Quantity, when the Log. of the 
Quantity is known. 

Ex. 3 r 

To find the Log. The Fluxion of the Log. 

X __ X xx x x x x 3 x 

IS rr M x —:— = M. X : — — ~~ 4" ~TT - ~X ~4* 

n-\-x n nn n 3 n* 1 

fi-i-X X X * 

c 5 therefore the Log. ~ = Mx : —-~r + 

x 3 x^ . 

- - &c. If x be negative the Signs of 

3 « J 4 « 4 ~ 

all the odd Powers muft be changed. 

After the fame Manner the Log. 

. x % , X* , x* w 
2»* 3«* 4 » + 

Cor. The Log. of h x = Log. b + Mx: ^ 
2# 4 T 3 «> 


4 " 


■j- fcfr. And the Log. of £x 




*3 


_ x — Log. ^ 4 M x • w 4* 2 »* 4 4- 

(fie. 

Schol. Thefe Series will find the Log. of a Fraction, 
or the Log. of a Produft having the Log. of b. And it 
finds the Log. of any large Number n+x y having the 
Log. of b 9 and making £=». 

Ex. 4. 

76 find the Leg. of . Its Fluxion is = 2 Mx 


nx x x*x . *** j Af/• • 

~~ 2 n 3 n s » 6 

flJL.% X X 3 _ 

Whence the Fluent or Log. n _ 4* 
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+ * Or the Log. 

«—.* 


» . tyi . eB eC eD . 

J r ~ + — + — + -j— t*» where 

XX 

* = ’^’5 5 , C &c are the Numerators of the 

preceding Terms, with their Signs. 

2 Mx- 

Cor. The Log. of b x - — — Log.^+ -- -f- 

j^ + f» + j£ e*. 

3 ~ 5 ~ 7 

Schol. The Series in this Example very fpeedily 
finds the Log. of a Fradion when x is very fmall, or 
n very great. 

The Series in this Cor. finds the Log. of a Produd, 
having the Log. b one of the Fadors given. Like- 
wife it finds the Log. of a large Number »-f having 
the Log. of by and making £=»— x, and x=. 1 or 

Ex. 5. 

To find the Log. of », having the Logarithms of n—x 
and n-\-x given. 

The Fluxion of the Log. of — ” — - 

jnn-xx nn —xx 
XX X*x x s x x 7 X 
— M * '■ nn + n* + 1 F~ + ~W '■ & c i whence 

X* v -4 V® 

= A1 *''~W +1F+ 

= Log.« — Log. jnn — ~xx = 


<Jnn—xx 
n 


the Log. 

but Log. _ 

*/nn—xx 

Log.«—— og -”*~ v ‘ — T.no Log."a4-x __ 

l e k—L . Therefore Log.«- Log-H^Log.^ 

+ 
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+ M * ■ -^T + ^~ + ~g~+ ^ :or the L °g- * 

-- Log. n+x 4 - Log. a —at . i-iV/tf . eB 

' 2-+ ~ + ~ + T 

<?c J 

+ —+&?*. where f =■—-■, A, B, C, &c, the 

Numerators of the preceding Terms. 

Schol. This Series is very proper for finding the 
f V°S- of a large prime Number a, having the Log. of 
adjoining Numbers a—r and a-H given, and 
therefore am. 

Ex. 6. 

^ find the Log. of a, Aw/xg’ /&• Logarithms of tho. 
adjoining Numbers n —i and n+i given. 


Let inn —i=y, then will- -- - - 

V"~-» the Fluxion of the Log. of \/^iL = 

. ✓ . . y —i 


c? 

& 


&c xM\ therefore 


7 ~~7 

theLog yg±- J -L j- 1 _|_! , i 

V— 1 ^ + + 5 / 

x M ; and when is infinite. Log. V——— =o > 

i 


»nd -L _i_ —L 

y & 


sy 1 


• &?r = O, therefore (till 


the Log. yf-f—r or Log. -==- =Mx : — -I. 
y — i Jnn —i y 


i 


y/wa—i y 

_ _ -$T + ~jyT &' i Whence Log.« - 

L og,«+i-f Log.K— i i i i 

, 2 r iJ 1 T 5J sT 

* 5 ?"+ 


*3 s 


Schol, 
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Schol. This Series is for the fame Purpofe, and 
converges Fafter than that in Example the 5th. 

Ex. 7. 

{To find the Logarithm of a large Number n, having th( 
Logarithms of n — x and n-\-x given . 

n — J— x 

Put d = Log.0-|-y—Log.w— x = Log. n _^ • 

Then the Log. n — Log. n — x — Log. * 


n—x 

n-\-x n n 

Log.—x Log.— _ d x _ Lo &^=; 


Log. 


n~yx 


(by Ex. 3 and 4) 


Log. 

XX* y 3 X* 

+ 2 nn 3» J 40* 


n-\-x 

n—x 
x + 


30 1 “ 4« + 

X X* ^ 

2A/x ^ + -iF + ^ + ^^ 

_ i. x • ! 4. JL- 4- . ?I- \- + fcfr, therefore 

= T + 20 + I2« 3 ^ i8o« s T 

Log. 0 = Log. n — x + “* : 1 + 1 m + "TaJ? 


+ 7&+^ :0rthus,rmce ^ = 


<2 Log.0-j-y-Log.0^ 


Log. w+x+Log. y _f* ^ : 
—————— 4- £ 


therefore Log. 0 == 

JL + _i!_ + -|^l r + 6 ? t . 

20 ^ I20 3 T 1800 s ~ . . -r 

Schol. This Series converges far fafter than eitn 
of the former Examples. 

Ex. 8 . 

To find the Hyperbolic Logarithm of 10. 

Since 4 ^ or -il X ^± 1 = M, therefo* 

* *’° 9 4 ". W r 

JQ L^ 
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10 Log. 1+3 Log. = Log. 10. By Ex. 4 . 

Log. i = 2 M x: i + T x + 4- x p &c : therefore 

, T Ae Be Ce De ., 

10 Log. 4 = V + — + -y + y +— + £* 

(putting e = T V). Likewife 3 Log. = — + 

■A Be , Ce CJ1 , . g 

T + T + T (putting e= "64009 
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•). Here 


6 5 7 vqvuy 

i, jf = firft Term of each Series, and B, C* D, 
(f?c, the Numerators of each preceding Term. 

The particular Terms of each Series being found 
^ill be as follows : N 

1) A •==. 2,2222222222222222222222222 

3 ) Ae =z ' 91449474165523548239598 

5) Be == 677403512337211468441 

7) c<? = 59735759465.36256335 

9) De =± 573 59439 31 5848 826' 

u) £* = 579388280968170 

13) Fe = 6052489164910 

15) G<? = 64759143328 

17) He = 7 o 5437 2 9 i 

19) * = 779 2 354 

2ij = 87040 

23) Z> = 9 Sl 

25) M<? — 11 

^10 Log. 4 — 2,2314355131420975576629507 

^ = ,0711462450592885375494071 

3) ^ = 333451 13214995643214 

5) = 2813098335561819 

7) G? = 282525950815 

9) Z)* = 30S96931 

__ 3554 

3 ,0711495798 519481263550404 

^ Log. 10 = 2.302585092 9 940456840179 9 

'j' Gorol.- 
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Corol. Hence therefore the Number M, mention¬ 
ed before and made Ufe of in the foregoing Examples, 
will be known for the common Logarithms. For 
fince the common Logarithm of 10 is 1, therefore 

2.302585 Ka« =I . Whence | 

= ,4342944819032518276511289 &c. 

After the fame Manner may Brig's or the common 
Logarithms be found, fince we know the Number M- 
For let the former Series or 10 Log. ±z P- y the 

2 JO 

latter Series or Log. -^5- = then the Log. 2 = 

10 —MB 9 +MQ , 

-or-—-, whence is had the Logarithms 

of 4 and 8; likewife the Log. 5 = — . And 

30 

thus, 

4 

The Log. of 7 == Log. 8 x \ = Log. 8-——• 

+ // 4 D in 4 n 

+ - £ f £ + - 2 f £ +-^f £ +^fcfc. by 

Example the 4th. And likewife 

4 JUT 4 A I 

Log-3 = Log. 2X\ — Log. 2 -b 

+ -1—^— &V» from whence is had the 

Log. of 6 and 9. 

Or the Log. 9 - Log. 10 x T V = 1 —.+ 
--h fcfc, and Log. 11 — Log. io* | 

44=1 _ 

1 2 34 

Both thefe by Example the 3d. And fo for others. 

Schol. The Rules in Example the 3d and 4th a re 
the only two Methods by which the Logarithm of * 
Number can be found without the Help of other given 

Logarithm^ 
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Logarithms. And therefore to find the Log. of a 
great Number thereby, we muft take two or more 
fach fra&ional Numbers, that the Product of fome 
Powers of thefe Numbers may make the Number whofe 
Logarithm is fought: And then there will be had two 
? r more Series, which will give the required Logarithm *, 
ln the fame Manner as is (hewn in Example 8 for the 
Log. of the Number io. 


P R O B. III. 

To draw Tangents to Curves. 

1. In all geometrical Curves, where there is given 

the Relation of the Abfcifla and Ordinate. Let AP F I G. 

PM=y , and draw ?np parallel and infinitely 25. 
n ear to MP , and MR parallel to AP , and draw the 
Langent MT, and let Pp or MR~&, Rm=y Then 
by the fimilar Triangles TPM and MRm , y : x :: y : 

-J- = PT the Subtangent, that is -^ 2 - = PT. 

Therefore , by Help of the Equation of the Curve , ex¬ 
terminate x or y out of the Quantity , and you will 

£ e t the Value of the Subtangent. 

2. In mechanical or tranfeendent Curves refer*d to an 

Axis, the Subtangent may be clear'd of the Fluxions 

b the Equation of the Curve , by the Help of thofe of the 
wown Curve it is related to. 

3. And in any Curve QM refer'd to a fixed Point A ; 26. 

draw AT perpendicular to AM, and let AMvzy = 

AR, Rn=zy, RM=zx> and by fimilar Triangles 

7 0r — AT the Subtangent , out of which the 
■uxions may be exterminated as before. 

T 2 


k 


There 
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FIG. 
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There are feveral other Methods of drawing Tan* 
gents, but this is the molt general and eafy. 

Example i, 

T9 draw a Tangent to the Circle. Let AP = #» 
PM=y, Radius AC=r\ then will 2 rx — xx=yy, 

yy 

whence 2 rx — ixx — zyy, and x = ---■ There- 

jyjy 2 r#—** 

= ~ ~ 


fore pr=-e^ 


* 8 , 


—* r —x 

Ex. 2. 

To draw a Tangent to the Ellipfis. Let tranfver fc 
AB— 2 a , Latus re&um = £, APzzx, P M~y. Then 

2a yy a 

£ ■ = 2d* —xx, anu 
abx-bxX 


by the Nature of the Curve ■ 


* 5 > 


*5- 


in Fluxions - -= 20* — 2 W, or y=z- 

r 1 .?* 2ayy lax—xx 

confequentjy Pf=j-= • 

Ex. 3, 

To Tangents to all forts of Parabolas. L fit 

AP—x , PM—y, and x=y m , putting the Parameter 

= 1. Then jc-=zmy n * t y, therefore P T= -y zz my 

= wx. And therefore in the common Parabola, whetf 

JW== 2, TP=z2X~2AP. 

Ex. 4. 

To a Tangent to an Hyperbola. Let AP 
PM-zzy , Tranfverfe = 2*, latus re6fum = ^. The* 1 
24VV ; rt 

the Property of the Figure is, — j— = 2ax+xx *, 1P 
Fluxions cx 2*w + 2*tf or ^ == ' * 

^^=f=-*-=- 2 3 r- 

Ex- f* 
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Ex. 5. 

Let MB be an Hyperbola between the AJfymptotes *, p j q 
P ut AP—Xy PMz=.y , and aa=xy j then#y+y#==o, 

or x = ; whence PT — ~y = — x, and the 

negative Sign (hews that 7 * lies on the contrary Side of 
PM with A. 

Ex. 6 . 

To draw a Tangent to the Ctffoid AM. Let A P 3a 
=x, PM=y, AB—a, BC the Afiymptote. Then 
by the Nature of the Curve ay * — xy x = x J ; whence 

2ay — 2 xy . 

2ayy — 2 xyy —y % x = 3* a *> or * = , 

w 2^yy —2 xyy 

whence PT =s-*y—^+ 3 ^“’ ° r ex P ungins 

„ . 20X — 2XX 

»• pr =i^r- 

Ex. 7. 

7 b draw a Tangent to the Conchoid. Let CA—b, 

AV— a, AP=zx » PMzzzy. By the Na ture of the 
Curve, £+x faa^xx = xy, whence*^—** — 

. - i _ n it* 

^-= xy+jx; 


^ 00 —XX 


whence P T — 


yx*Jaa - 


• therefore .rffss-j- = w 


% 


3 1 * 


_ fr+XX <34X- . 

fla — 2xx— bx — y*Jaa — xx baa—x* 

and being negative, it lies on the contrary Side of PM. 

Otherwife thus ; 

Let AP=v, AMr=y , PM=a, AH=b, MR=zx \ 
Then by the Nature of the Curve v + a = y, and 

vx 

V —f ; and by fimilar Triangles P p = -y, and 
* = —^L - , and thence * =s <**= 


32. 


Ex. $, 
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Ex. 8. 

FIG. Let AM be the Catenary , APz=x, PM=y, AM—Z, 
25. by the Nature of the Curve zz—2ax-\-xx, whence zZ 
. . a-\-x 

z=ax+xx , and £ = ~~ — x ; but y* = z* — X* = 

a + x ^ -i a +x* —Z 2 T .. . 

-—- x 1 = (expunging ztf) 


33 * 


34 * 


zz 

Max 7 

zz 




, and y = --*, therefore PT — J ~ — . 

2 T . ? * 

Ex. 9. 

5 o draw a Tangent to the Cycloid. Let AP—x, 
PM—y, AC—2a , PB—u , Arch AB—z. By the 
Nature of the Figure^=2 + u -> an d thence yz=zz-±u» 

but from the Circle 2; —= ajid,#=: -~-x i whence 

P r- ,4 = ^-0 

ri — ^y— z+u —•* 


.^P 

2d-tf ~ PP^* 




Ex. 10. 

To a Tangent to the Quadrat rix A MB. Let 
AC^h CB-r, AP-x , PM=y, DN=z, AT/=j, 
CM—v, N!Q-—t i RM—U. Now by the Nature of the 
Curve bz—ry\ therefore bz—ry> and by the Property 

of the Circle n-/z; whence z = -?-= 1L, and 

b t 

% tv 

s = -y. By fimilar Triangles ty = s<a, and thence 

/y+.y/ = «i + that is (becaufe uzzb — x or 
~ss . sy . : 

u — — x , and rr —ss — tt or ./ — —j—) 

= («j — jx=) -jx: whence* = -^ -f-^ 

_ il. Therefore PT= 4~ = If + jjL.^ 

iy u 1 - j-\l* <y a 

rr (becaufe u = —) —^— — u ~~b — u% * 

1 Ex. U< 


*43 


3 = and by fimilar Triangles x -=z 

Whence AT = 


22 . 


3 6 . 
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Ex. n. 

Let AS be any given Curve, J yf M another Curve , p I G. 
fuch that AP ~ Arch AS, and Ordinate PM = or 
to draw the Tangent TM. 

Lee AP—x, PM—y, AQj=v, Tangent SR^s, 

QR.=zt, AS—z. By the Nature of the Figure x=z, 
and v—y, therefore and ‘z)=y j and by fimilar 

Triangles- v = £ = -—-s therefore P 7 * =(^j- 

^ <z) t ' 

Ex. 12. 

Z>/ PM be an exponential Curve, AP—x, PM—y, 
and a*=y. Let P be the hyperbolic Logarithms 

of a, y\ then xA—T, and Ax— T— -y-, whence 

yx 1 

PT = —r- — -—j- an invariable Quantity: Therefore 
&M is the Logarithmic Curve. 

Ex. 13. 

Pet the Nature of an exponential Curve be expreffed 
by this Equation x x =y ; Let X, T be the hyperbolic 
Logarithms of x, y \ then xX=zT, and xX-{-Xx—T 

but Xz= -, and T , (by Prob. II.) therefore 
x y 

*-EXx = or yx -\-yXx = y, whence PT = y- 

^ yx __ 1 
yx+Xyx i+^’ 

Ex. 14. 


36. 


To draw a Tangent to Archimedes's Spiral. Let Radius 
AP—r, Arch gP=.Z, AM—y, c a given Line. 
% the Nature of the Figure rz—cy, and thence 


37* 


=.SL y, 
rrJ 9 


Ex. 15. 
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Ex. 15. 

PIG. To draw a Tangent to the reciprocal fpiral. Let 
28 . Radius BA —a. Arch BC—h, BP — z, AM—y, 
Rn=x. The Equation of the Curve is ab =zy, and 
therefore zy+yz—o ; and by fimilar Triangles yz-=. 
— ak, or yz = — ak, whence zy — ax ■=. o, or x = 

Therefore AT — b a given 

y a ° 

Quantity. 

Ex. 16. 


39* 


Let AMD be a fpiral of fuch a kind , that putting 
AM or ACz=. y, MC = v, AD—a a given Line , 
av 1 z=.y\ Let Arch BE—z, and by the fimilar 
Sedors AMC, AEB , =^2, whence expunging i;, 

vjg; 

z 1 = *y, alfo rM or x =-, or — —— . And 

a a 

2zz == ay : whence x = -, and therefore 

J 2Z 2 a 


dT av 

^ y ~~ 2a ~ 2a ) 1 ^ 


PROB. IV. 

T7 find the Point of Inflexion or contrary Flexure of o> 
given Curve. 

The Point of Inflexion or contrary Flexure is that 
Point which feparates the convex from the concave 
Part of the Curve. 

. 0> In the Curve AM any way related to the Axis APi 
1 ctAP—x, Ordinate PM—y\ draw the Ordinate 
p m parallel and infinitely near PM, and Mr parallel 
to AP • Now the Ratio of Mr to rm is the greateft 
or leaft pofiible m the Point of contrary Flexure? 

that 
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that is —or — is a Maximum or Mininum, 
mr y 

y*X XV m*% 

whence (by Prob. I.) its Fluxion —•== o, orj# 

—-xy= o; hence if #=o, then 'j—o, or if yz=o$ 
then x—o. 

In a Curve B M refer’d to the fixed point P, take F I G. 
Mm infinitely fmall, and draw Pm , and Mr per- 41. 
pendicular to it, draw the Tangent MT and P T 
perpendicular to it; and let PM=y, Curve BM=z y 
Mr=zx, mr=.j. Then, by fimilar Triangles, 

PT—^-=. . But in the Point of Inflexion the 

z z 

perpendicular PT is a Maximum or Minimum, there¬ 


fore its Fluxion or the Fluxion of 
yzx+xy%- 


yx 


= o, that is 


“ —o, or yzx — yxz-\-xyz~o. Out of 

Which any of the Fluxions may be exterminated by help 
of the Equation z % =x l -\-y* and itsFluxion, making any 
of the Fluxions invariable, or the fecond Fluxion —t o. 
Hence therefore to find the Point of Inflexion, the 
r ule is. 


1. In Curves referred to an Axis, let AP—x, PM^zy, 4 Q. 

put the Equation of the Curve into Fluxions , and again 

put the resulting Equation into Fluxions , making both x 
and y given quantities . 

2. In Curves related to a Pole or given Point P *, let 41* 
IfM — y, BM — z, and Mm, mr , Mr will be as 

y, x. Put the Equation of the Curve into Fluxions , 
and the refulting Equation into Fuxions again, writing 
1 for fome firfi Fluxion each Operation : Then you will 
determine the other Fluxion which muft be fubflituted into 
one of the following equations that contains that other 
Fluxion. And then you will get the Value of y. 


U 


V 
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If x — 1. then y — 

ify= 1 . 

If z- I. 
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z^/z 1 —1 


.5 

__ 

1—> ,x 

y =-—^— 

' J 


2: 

—z 

—z 

X<J l — X x 


—X 


42. 


Example 1. 

Let the Equation of the Curve he ax x — x x y + aay> 
This in Fluxions is iaxx = lyxx+x^+aay •, which 
put again into Fluxions, 2ax x = iyx x +2xxy+2xxyyz 
2 yx* -f 4 xxy, and expunging y , ax x =yx 2 + 2X '# x 

2ax—-2) X~ ^ ^ Redu&ion aa-^-xx^ 4X*> 

aa-\-xx 1 

whence x = aVf. 

Ex. 2. 

Let BMbe Nichomedes ’s Co n coid. A B—a, AC=d>'i 
then its Nature is yx = b+x>Jaa — xx. In Fluxions 
hxx x x x 

yx+xy=xVaa—xx -and expunging;, 

—x*~-~aab . tii • jc 

--.thb- x — y, and this again in rJuxions » s 

xx<Jaa—xx J 

? ^_.y_- 3 ^fa^ = o , IednccAx , +3lxx:f 

a ax 1 — x s *Jaa—xx 
laab. 

Ex. 3. 

Let AFK be a Cycloid of fuch a kind , that arch AU ‘ 
43 ‘ DM :: ADB : BK. Let AB=2r , ADB-a, BK =s* 

PD—Z, AD—w, then y ~z-\- , and y — Z^ 

by the Property of the Circle z = ■= ="^ ) 

* * ^ 7 *Jirx—XX 

, . rtf , *r—tfx+r£ . :u 

and « = -7==-, whence y = —=——tf j 1 
Jzrx-xx J a^irx—xx 

. brx — arr—brr .. , 

Fluxions— ■——i:'. —*‘=0, reduced #=r+ £ 

2 rx— #x1t 

Ex. 4' 
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Ex. 4. 

Let BM be the helicoid Parabola , Radius PB or FIG. 
P£ = r, arch BE—v, PM—y ; then by the Nature 44. 

of the Curve avz=r —y , whence av — —2y x r — y , 
rx - rx 

but by fimilar Seflors v = —, or v = y; whence 

- . . &r . 

rax — — 2jv x r—y ; and y =-—— - (putting 

J 2yxy — r 

*=1) ; andX 2 £~ r~. whence J- = 

zyy 


j+r _ jyyxy—r +‘ 


y—r 


-iary x 2jy —r 


4j a xy—r + = 2ary x 2y—r x * 


and expunging y, 

— ar 


that is 


2yy—iry 

4 yy xy—r + aarrxy—r + aarr x 2 JV — r — 0 > which 
reduced gives i2ry*4-i2r a y 3 — \r'y x + 3 r*tf*y— 

2 r 1 a*—o. 

Ex. 5. 


Suppofe BM to be a fort of Spiral , PI* or PR—a, 45. 
Arch RT~v, and let aP—vyy exprefs its Nature; 

ax 

then 2vyy+yyv=o, but by fimilar Triangles v = y, 

- 2V 

whence 2 vyy + a y* = °» anc * x = # » puttingy— 

-2aa .. 4 gg 

x; and expunging v , * = —y, andx ——; 

therefore 7=-^-=V+-y-> or / = 4 3‘, 
Whence y = ^ 2 . 


U2 


PROS. V 


tfhe Doctrine 


P R O B. V. 


Vo find the Radius of Curvature in Curves. 

Let Am q be a Curve referred to the Axis AE , and 
fuppofe C to be the Center, and Cm the Radius of I 
Curvature in any Point m, and defcribe the equicurve 
Circle Dm coinciding with the Curve in mn. Dra^j 
DC, mr parallel, and perpendicular to AB , and 
produce mB to H, and draw nbh parallel and infinite 
ly near mBH\ and call the Abfcifa AB, x ; perpeH' ' 
dicular ordinate B m, y *, Am, z ; mC, r •, D F, b’ 
AF or BH, c\ mr, rn, y ; and mn, z j thsfl 

CH=r — b — x. _ 

By the Nature of the Circle DHxiDC—DU ^ 
Htn % , that is 2rb-\-2rx — bb — -2 bx — xx = cc-\-2cy-\-yy‘* 


which put into Fluxions rx — bx—xx - 


yv ; whi c ^ 


put into Fluxions again, rx — bx — xx — x z -=.cy-\-yy-\-y ’ 
therefore r — b — -x x x — y xc-j-y — x'+y* = z 1 . B^ 

by fimilar Triangles r — b—x — ~^r = - 2 —, and rtf 
r= whence the former Equation becofltf 5 

~ ~z~~’ wllich reduced S ives r =Jfh$, \ 

for the Radius of Curvature of the Circle Dm or 0 
the Curve Am in the Point m. 

Now fince we are at Liberty to take any one of tn 
Fluxions x, y, z, as invariable ; we can, by the fW 
of this Equation zf—x'+y* and its Fluxion, eX ter J 
minate either of the other indetermin’d Fluxions ^ 
of the Value of r, and by that Means find fevef*| 
different Forms for the Radius of Curvature, to f ul . 
different Cafes. And the fame Way will fevc f *\ 
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Values of mH, CH, be determin’d. Thus we (hall 

- z l z x y 

fcnd when x is given, the Radius = » 

z* z l x 

when y is given, the Radius = — y - r— — i 

a nd if z be given, the Radius = . 

Again in Spirals or Curves refer’d to a fixt Point B, 
as AMn. Let C be the Center, and CM the Radius 
°f Curvature in any Point M •, and defcribe the Circle 
&Mn coinciding with the Curve in the infinitely fmall 
Part Mn. Draw Bn infinitely near BM, and CD, 
Mir perpendicular to BM-, and call BM, y, Curve 
AM, z; Radius CM, r ; DE, v ; Ee, v Mr, x ; 
Mn, z ■, rn , y. By the fimilar Triangles MEC and 

*.r,*B = 4 = 4 , and EC — £=-Z* 

therefore v = r — and thence v — ^ : 

And by the fimilar Triangles BEe, BMr, it is BE : 
&M Mr, that is y -rr - :y : : (v : A :: v 
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47 - 


: x :: ) - r ^ : x; which multiply’d and re¬ 
duced gives r — —r .. -r-r—, for the Radius of 

& zx x +yyz—yzy 

Curvature of the Circle DM, or of the Curve AM 
in M- Hence alfoM£ = - ^g^ --, and 
j c __ . 

2^+^yz—jzy 

Now fince we can make any one of the Fluxions 
y> z, invariable ; we can expunge either of the 
r . e ft and its Fluxion by the Help of this Equation 
Z*?=x x *{-y x and its Fluxion, and thence obtain Variety 
different Forms for each of the quantities CM, ME, 
as before. 


Otherwife 
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FIG. Othenwife thus, when we have the Perpendicular 

48. upon the Tangent drawn to any Point Afof the Curve, 
we can find the Radius of Curvature CM very eafily 
thus •, let BP, Bp he perpendicular to the Tangents 
MP, np , and let BP—u , pq-=zu, the reft as before. 
Then by the fimilar Triangles pMq , MCn ; and 
Mm, MPB ; ru — pMx Mn —yy, or ni—yy, 

whence Hence therefore to find the Radius 

of Curvature the Rules are, 

46. I. In Curves whofe Ordinates are perpendicular to 
the Abfcijfa , for the Curve, Abfcijfa , and Ordinate , put 
z, y: Put the Equation of the Curve (reduced as low 
and fimple as poffible) into Fluxions , writing 1 for any 
one of the firft Fluxions contained in it ; then put. the 
refulting Equation into Fluxions again , writing me/or 
the fame firft Fluxion. From the first Equation the 
other Fluxion will be determin'd , and by the fecond you 
will get the fecond Fluxion ; which being had , fubftitutt 
them into one of the following Forms that contain this 
firft and fecond Fluxion. 

But in the vertices of Curves, where they cut the 

Abfcijfa at right Angles, take - 5 L for the Radius of 

Curvature ; and in the higheft Pointy where they cut the 
Ordinate at Right Angles, m H is the Radius. 


Ifx = 



Radius mC — 
mH — 


r+7r 
— y 

— z 



—y ~ 

— z __ 

yxi+y» 

zxz*~ 

—y ~ 

— z 


if 
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FIG. 


of F L U X I O N S. 


-Radius mC — 


Ify = 


Jfz = 


mHz 


XXl+X* 


Cti = 


- Radius mC = 




_ 1 + x x 


CH=z 


x 

fl—x 1 

X 

Xy/ I — x z 

X 

I — x z 


zy'ffl-"i 
z 

ZXZ*-t 

z _ ‘ 

Zy/Z*-l 

z 

—y ‘ 
. — L ~ ?* _ 


_ y*'*- 


x — y ' 

2. In Curves related to a fixed Point , /<?/ the Curve 
dM—z , Ordinate BM—y , and Mr—±. Put the 
Equation of the Curve into Fluxions , and make fome of 
*he firfi Fluxions invariable , /or which write 1 *, 
the Equation being turned into Fluxions again , wnte 1 
/or invariable Fluxion, as before: Thus you will de¬ 
termine the other Fluxion and fecond Fluxion , 

Values being fubflituted into one of the Forms below 
which contains that firjl and fecond Fluxion , you will 
have the Radius of Curvature. 

But when you know the Perpendicular upon the 
Tangent drawn to any Point of the Curve , put this per¬ 
pendicular = a ; and find the Value of from the E- 

%uation of the Curve ; and this is the Radius of Curvature . 

Vx=U Radius MC = 

i -Lai* 


Vy = 1, Radius MC=z 
#S = i, Radius MC = 


Alfi ME = 




!+/-^ “ 
jyxT+3*) 1 

= 

J£C = 


47 - 


48. 


” Zy/z z ~i-yz' 

_ yz\ 'z*-i ' 
g^ -z-f-jy z * 

= _>OL. 

1 -/-a? 

MCxy 

* Ex. 
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Ex. i. 

FIG. Let the Equation of the Curve he ax—-ay=zx 7iJ {~y t -> 
49. where AB—x, Bm—y , a = a given Line. Letx=i> 
then putting the Equation into Fluxions a—ay^ 
2#-f-2 yy y and again — ay=.2-\-2y % -\-2yy $ whence yzz 

a — 2X — 2 —2y z —2 x a-j-2y — 2xa — 2 # 

Z&P and ^ = ^+y r== -zcE*-- 


=fbecaufe ax~ay=x*+y z ) - j—. Whence the Radius 

a+2jy_ 

of Curvature = i± 2 l = ^ 

—4#<z 


a determinate Quantity : Therefore 
is the Arch of a Circle whofe Radius is —7—. 
Ex. 2. 

Z>/ an Ellipjts, a-=z Tranfverfe, h = the 

Parameter, and — bxxzzayy. In Fluxions ah 

2hx—2ayy (where#=i), and this again in Fluxions -it 
, . ab—2bx , ^ 

=2tf/+2^; hence y = ——-, and — y ^ 

Ttodbr.,g=-gt = 


dius = -3Kf-. 

And if Am were an Hyperbola , it would be found 
the fame Manner that mHzzy -f- and 
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Or thus in particular Numbers. 

Let a—o,, b—i, and affume xz=i i, tf=i, then 
, f. b 

y = V&x— — xx — Vti an ^ by the foregoing ope- 

„ • . ab —2 bx i 

ration v--— — —- ::__■ J.. 


r«,on j = and -*= 

= -It 2 "- Whence mC - JSH _ _LLL 
8V 2 — y ~ 54 • 

Other wife thus: 

Let Tran Tver fe — 2 r, Conjugate = 2 c, B the Fo- FIG. 
cus, BM-=y , BT—u the Perpendicular on the Tan- 5 y. 

gent at M By the conic Stftions u — — ~~ - ^ 

^ 2 ry — tv 

and « r= -=======—- whence — r=~^^^Il,the 

try — yy*- u cr 

Radius of Curvature in M. 

Ex. 3. 

In the Parobola ax=zyy, then ax-iy, and ax — 2 52. 

(putting yn); whence Radius mC =. -lit*— 

-—.1 x 

, Jjv] z _ _ } 

_ ‘ < u/ _tftf+wV _ 4 .mD 


Otherwife thus : 

I et a = Latus re< 5 tum, 5 the Focus, BMz^y, 58, 
BT—u y the Perpendicular 0:1 the Tangent at M. By 

ay 

the Nature of the Figure nv. = and ii = —~ y 

4 V*y 

whence 4 = - JSL the 

» <iy # * 

Radius of Curvature in A/. 


X 
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Ex. 4. 

FIG. Let Dm be an Hyperbola between the Affymptotes. 

51, ABz=.x, Bmz=zy. Draw mR parallel to the other 
Afiymptote then fince the Pofition of the Ordinate 
mR is given, there is given the Ratio of mR and RB 
to mB perpendicular to AB : Let RB=sy , mR=ty, 
AR—X — sy. By the Nature of the Figure ARxRm 
= aa = txy — tsyy , which turned into Fluxions tx 4- 
tyx-\- 2 tsy=o, and again 2tx-\-tyx —2/Jrro •, hence 

zsy — x , .. 2 5—zx zx — 2 sy 

x =- - -, ana x = -=-—. 

y_ y yy 


Then —- J = 1 , the Radius of 

x 2 xy — 2 syy 

Curvature in m. 

And in a right-angled Hyperbola, s— ro, and the 

Radius becomes ^ 4 -^ _ __ Jy+ X *\ = dm* 
zxy 2 aa zaa * 

Ex. 5. 

Z<?/ -^772 Cijfoid , whofe Equation is axx—yx 1 

yl o yy 2V*X 

=y\ then a — y— —, in Fluxions-i= —-—v—, 

y J XX XX X* 

reduced *-x* = %y*x — zy*x f in Fluxions ~ 3 x*x= 6 yx-{- 
3 fx — 6 j % x— 2 y 3 * i hence * = , and x 

_ z y 

6 xy+ 3 xx—syyxx ^ X y*-{- 6 xy-\-^x 5 


the Radius = JS = 

x 2 y* x: 3xy 4 + bxy- J- 3** 

= (expunging^,/) 

- 6any - = ( expunging xx ) 

Aa-iyY xaJy 

— ' —— 2 — • Therefore in the Vertex A, the 
6 x a—y 

Radius of Curvature is o. 


Or 
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Or thus definitely in Numbers. 

Let tf=io, j/rzri, and afllimejy:=:2, thenxm; and# 
_ t3 A>wl . 6xy+3*-yyxx 

2 yi ~ TT* And * _ - 


_ 75 


76TT6 5 whence 


_ 8 5 

n- 4 iv 17* 


Ex. 6. 


L<?/ *==/* be equat ion for all Parabolas , then 
( if ^= i) * — n f ~ l , * = »#—« x/“ 2 . Therefore 

* ».»—i.y 1-2. 

Hence it will eafily appear that every Parabola, ex- 
c ept the Appolonian, has the Radius of Curvature in 
the Vertex either infinite or nothing at all. 

Cor. If ax—)y, bx=y*, cx—y\ dx=y\ &V. be 
* Series of Parabolas, then the Angle of Contact 
(rnade with the Tangent and Curve) at the Vertex of 
a ny one is infinitely greater than the Angle of Contact 
of the next following one. The Angle of Contact of 
the firft ax—y x 9 is of the fame kind with that of 
Circles. 


Now it appears that the Angles of Conrad of one 
p ln d infinitely exceed thofeof another kind, fince the 
vadius of Curvature of one kind is infinitely greater 
than that of another; and the Curvature or Angle of 
Contad is reciprocally as that Radius, Thus in the 

^ ur ve cx=y* t the Radius = —-— z= Infinity, and 
12 yy J 7 


m the Curve dx —y\ the Radius = — ■ = Infini¬ 
ty* becaufej=o ; and the latter Radius is infinitely 

§ r eater than the former, for —-— = —-—X-——- » 
, 2oy 3 izyy ^ 20 cy 

d therefore the Angle of Conrad of "the firft infi¬ 
nitely exceeds the Angle of Contad of the laft. There- 
0re a Curve of one kind, how great foever it may 
X 2 be. 


1 5 S 
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FIG. be, cannot be interpofed at the Point of Contad be¬ 
tween the Curve of another kind and its Tangent, 
however fmall that Curve may be : Or an Angle of 
Contact of one kind cannot neceflarily contain an 
Angle of Contad of another kind, as a whole con¬ 
tains a part. 

Likewife in this Series of Parabolic Curves ax-=. 

y', bx=.y J , cx—ydx—y r , &c \ the Angle or 
Contad which any Curve makes with the Abfcifia at 
the Vertex is infinitely greater than the next preced¬ 
ing. The Angle of Contad of the firft ax == y z is 
of the fame kind with Circles. And though the An¬ 
gles of the fuccceding Curves do infinitely exceed the 
preceding ones, yet they can never arrive at the mag¬ 
nitude of right lined Angles. Moreover between the 
Angles of Contad of any two of thefe may other An¬ 
gles of Contad be found ad infinitum, that will infi¬ 
nitely exceed each other. 

Ex. 7. 

54. Let D m be the logarithmic Curve , whofe Equation it 
yx=.ay , putting AB~x, Bm—y, a — Subtangent. 

Then (if *-i) and y = —= — ; there- 

1 J a 5 J a aa * 

fore the Radius of Curvature*, 

—y . ~ a y 

where the negative Sign only (hews its Pofition. 

Ex. 8 . 

52. Let Am be the Catenary, AB—x , Bm—y, Ain—Z* 
It’s Equation is zz—iax+xx, then (putting z— 1) it’s 
Fluxion is z—ax~~xx, and again i—a'x-\-xx-\-x l * 



., and x — , 


Therefore 


c* _ a-Lx —-z£ 

c aJ c* _ 

a-\-x l \/a~\-x % 


a -f-.v X 

— If? 

= —zz~J«a=~— = a + 


a-\-x x aa 


zz 

a 


Ex, S' 
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Ex. 9. 

Let Am be the Cycloid, AB—x , Bm—y, AD=.v, FIG. 


AR—a then BD — *Jax—xx, and v — —=-> 

2 y/c. -XX 

by the Nature of the Circle (putting x— 1). By the 
•Property of the Cycloid, y=zv-[~^a>, —xx, whence 




2^ax—xx V a *■ 

whence the Radius 


~ 2 b — 2y ■= 2xx ; and again 


6 bbcc 


-bbcc 


- + 


4&cc 




f 


bcc 


fx 

2 bcc 


yyx 


55 - 


= V-—and ji = 

= ^ _ 
—y 


2 x*y/a— x 
2 <Jaa—ax = 2DR. 

Ex. 10. 

Let Dm be ihe Conchoid , RA—b , AD—c, AB—x , 
Rm~y •, ids Equation is —jyjy = This 

Squared and divided by jyj,-j-—— + cc — bb 

j T T71 • 2 ^ CC 

'— 2by — yyz=xx. In Fluxions,- 


53 . 


2 = ix % -\-2xx ; whence *• : 
y .. 

x * an< ^ * j + x jy J x x x 

Now to find the Radius of Curvature in any given 
Point m ; Jet b=$, c— 10, if you take y —6 , then 
144, and x = — 244, and * = -Vrs- » whence 

- •- L = 40, 326 the Radius of Curvature in that 
Point m. 

The Radius of Curvature may alfo be exprefied in¬ 
definitely in the fame Manner as in the foregoing, 

though more prolixly. Let x = ~~, x = —- 


x 
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FIG. v 


5 6 - 


xx+ppfi 




: Whence 


X XXX' ’ ' I 

- T ~b X . therefore either * or j being 

X qxx—pp 

given, the other will be known, and thence the quan¬ 
tities p , q. For Example in the Vertex, where x=o, 

the Radius becomes = — p = 4* 

—pp y> yy 

7 . ^ . t , b-\-c 

HJ , = — + 2> +' = —7— 

Ex. 11. 

Z<?/ Dm be the Quadratrix , AB—x , Bm=zy, jF 
or AR—r, AE—u, CE—v , Arch CF—/, RCF=zq> 
RC=q —/, By the Nature of the Circle, 

the Fluxion of FC (—/') is to the Fluxion of AE (it) 
asrtov, that is —vt — ru , likewife rv = ui, and 
by the Property of the Figure / — _y, and / =and 
by fimilar Triangles uy—vx, in Fluxions yu-\-~i(j—xV 
Jf-vxy and expunging -z), u , v , we get — -yy-f-rxy-^ 
**y = O’* = —-f r* —. ** (putting y— 1), this in 
Fluxions o* -f- rx = — iy -f rx — 2 xx. Therefore 


—; ?~\-rx—xx rx—ss 


ry 

2SSX - 2SSr 

rryy 


ry 


and x — 


hence 


Jpl* 


- 2 y- 2 X* 

r y 


_n 

rryy^-rx — jj 2 x rryy _ —s 
2 ry 


X 


rr — 2rx+ss\ r 


ry x 2ssx —2 ssr 2 O' r—x 

It the Radius of Curvature is required in the Ver¬ 
tex F, it will be found by exprefling AE and CE by 
infinite Series in Terms of y , reje&ing the fuperfluou 5 
Terms. Thus it will hereafter be fhewn (Ex. 

CE > 


6rr 


(Ac ; that is y 


Prob. VIII.) that CF— CE -f 
v* 

— v + “for"’ w ^ ence b y Reverfion of Series 
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*59 


_ yy 

5—, and thence u = ylrr — vv = r —whence FIG. 

y* 


u y^vx becomes ry -— = yx - - . and x=r 

lr * orr 

,_ _yy _ 2yy 

and # =.-. But the Radius of Cur- 

Va ture in F is where you muft write r—x for *, 

^ for x. Then-= 2 -=-^t-x 3 r=ir. 

x iyy * T 

Ex. 12. 

Let AM be the Logarithmetic Spiral LM a Tan- 59. 
Sent •, £7^ perpendicular to B M, LM. Let 
BP—u , the given Ratio of ML to BL as c 

to / J then « — — and a = —, whence MC r= 

Jy O’ ^ * 

^ = — i therefore C falls in the Line LB produced. 

Ex. 13. 

Let BM be Archimedes's Spiral , AB—a, Arch AD 60. 
BM—y , and let by—av, whence by=av ; but 

ky fimilar Sectors v = or ‘z) = ——, therefore aax 


b 

aa 


and x = 


by 


^by. Let j=i, then * = - > — - - aa 
^ence the Ratlins = >’ xT ±?L = 

*4* *+5a» * +x+J - v ^+ 2 ”‘' 

^4-22-fl* ■ 

Ex. 14. 

Suppofe the Equation of the Spiral to be by m = a m v. 60. 


*h, 


len j if x— 1, mby m J y = a m v — - 


M-*v 


or tnly m y 


: again in Fluxions M a £y m 

hence 


i6o 

FIG. 
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w-j-i 


61 . 


, and y = 


v 7 2w + a 


hence y = 

_ yx i+f) a _ 


■. Whence the 


Radius : 


mb z y zm + 
m i Py m +a'~+^ i 


am-fr" 4 


62. 


i -j -y z —yy m 3 £ 3 jy 3m “ 1 ■+*»+1. wiy "” 1 a 

Ex. 15. 

Zf/ B M be the reciprocal or hyperbolic Spiral 
Radius AB or BD=a , given Arch AE—n, Arch J* 
—v, BM—y. By the Property of the Curve 

—any n . 

whence yv + vy =q, and 7) = — -y— = — : ^ ul 


by fimilar Triangles v = — 1 —, therefore jyx = —' ty 
— and y = ^4~ =-m' 


let*=i, then y = 


Therefore X = J x — — ( beca^ 

i+y—yy « 3 

^ x yxTM 3 jxGA/j 
the Subtangent 571 =#) ——— = ——— = ~yT' 

fuppofing BG perpendicular to BM. 

Ex. 16. 

Let BM be a kind of Spiral, Radius BE—a, 
DF—t, BM—y , Arch MR— v, and let its Nat^ 1 
be a^y—v 3 . By the fimilar Se&ors BMR and BfP r 

v =~> whence ^ 5 z=/ j y, in Fluxions 2$ 

=0, by fimilar fluxionary Triangles / = —, ^ 

y -t 

expunging/, ^ax-^-ity—o, letJ?=1, then*—-^’ 

and * = ZlL = J±L There f/ 

_ 3 a w 9 a y 9yy _, 

yxi+x z * _ yxtjyy+ y'vvfi __ ~v* x/ 

.Y+x^-f-jx ~vx6yy -|-8'Z,’i? a \ 6v 4 -\-8#* 

Of 
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Or thus , in particular Numbers . 
Let jy= i, ^=^4, y=i, then x= - 


= -, and x : 

3 


—Whence-^— 

ay 9 * e x+x'+yx 


==• the Radius of Curvature, where the 

negative Sign relates only to the Pofition of it. 

SCHOLIUM. 

Let there be any geometrical Curve defined by this 63. 
general Equation e-\-fx m -{-gy ! -\-bx r y—o ; make AB 
=#, BM—y , the Perpendicular to the Curve MQz=li r: 

Then the Radius of Curvature may be expreflfed ip 
algebraic Terms affe&ed with 7 r , thus; compute the 
value of y in the foregoing general Equation (putting 

■ • si* 

X invariable), which fubftitute in the Quantity —.— 


and put — for —- 
r y x 

Will be = 


and the Radius of Curvature 


_ tlgf-'+shxJ- 1 ? XT!' _ 

'fx m ~ 2 -\-r.r~ 1 .bx r ~y x ngy n ~ l -{-shxy~ 1 ^ 

—2 rsbx r " J y s ~ I x mfx^'+rhx" 1 / xng/-'+shx r y~'Sxy'. 

+ 1 • gf~ x Hh s^T.hx r y s ~ 2 x mfx m ~ J ’\-rbx r ~'y s ‘ j 

Example. 

Let bx % — ay % +abx— o, reprefent an Hyperbola , a ~ 
Lranfverfe , b = Parameter. Comparing this with the 
general Form, we fhall find £=o, /=r£, m— 2, 
i =— «=2, b 7= ab, r = i, J = o, whence the 

Radius of Curvature — — 

2^x- iay\ ~iax 2~bx-fab) 

^ (expunging x) ^T' la y ] *1 4 £l # And it 

— iaWy* bb 

Will be the fame for the Ellipfis. 

Y 


P R OB. 
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PROB. VI. 


To determine the (Quality or Degree of) Variation of 
Curvature in any Point of a Curve. 

The Variation of Curvature depends on the Mo¬ 
ment of the Radius of Curvature, and the Moment of 
tiie Curve; and it is as the Moment of the Radius of 
Curvature if the Moment of the Curve is given; and 
reciprocally, as the Moment of the Curve if the Mo¬ 
ment of the Radius is given. Therefore this Variation 
is as the Fluxion of the Radius of Curvature divided 
by the Fluxion of the Curve: Therefore, 

1. Find the Radius of Curvature by the lajl Problem , 
which divide by the Fluxion of the Curve ; and the 
Fluxions may be exterminated by the Equation of the 
given Curve , or perhaps by expreffing their Ratio by 
Help of the <Tangent , Ordinate , or Subnormal. 

2. InCurves referred to an Axis, finding the Fluxion 

of the Quantity which divide by z, putting*— i, 

and exterminating z, z, you will get the following 
Rule. Pul x for the Abfcijfa , y for the Ordinate , 
x = i: Then fubjlilute the Values of y, y, y (got frein 
the Equation of the Curve) into the Quantity 


~ 3 yy + ) * 1 ~K j:— } Qn d jt will give the Variation. 
Example i. 

Let the Curve .be a Parabola , then ax=yy, and y = 

a .. .v 2a\ z —-ayy 

- , y— - , y — --:-—. Now if a — 2, 

2 y y 2 yy J 2y } 

* —i, y— i, then y = i/jf'S-—1,^—3, whence 

= 3. Llkewtfe if *■= a, j 

then the Variation = 6. 

In 
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In general , 

Since Ax = \% therefore y — —and v = - 

' J 2y ’ J iyy 

^ — and v = ^— (i yy _ J aa ')__ _ 

4 J S * y 2j*_ ~ 4/ — 8y 5 * 

'Whence ~^ x i^ = ~ 3 “ s , 3 ** 

y x 3 z f 8y s 

j 3<z s 16 v 6 6y 

^ 3 2 / : * ~ “ ~~a ‘ 

Ex. 2. 

In the Ellipfis let lx -— xx-=yy. Suppofe # =r 

^2, to find the Variation of Curvature when 
and j By the Procefs of Example 2 of the laft 

Problem, v = -^i = _ I y-I±ft - 8 

a nd it will be found that jy = v «) — 


ayy 


*y = 

Variation 


' 48 . Whence i t he 
re quired. J 

Or in general thus: 

% the laft Problem the Radius of Curvature is 


y ^l-\-/\.aa yy —4 abyy p 


2bba i 
a—b 


, and its Fluxion divided by 


1S ~bbaaz X 6 W J aahb + 4 - aa )y —^byy. But from 

l ^ e Equation of the Curve —-— 

z=vx z +y z 

ah — 2bx 

-' , " - ; whence the Variation of 

vaabb+^aayy—^abyy 

Urv ature becomes -A—— x la—x x 12y; and is there¬ 
for baa J 

th^very where as the Redtangle mBO y fuppofing O 
■ e Center. 

Y 2 Ex. 3. 
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FIG. 


50. 


i 


164 


The Doctrine 

Ex. 3. 


FIG. Let x—y* denote a cubic Parabola ♦, then zy'j— U 


52. 


55- 


1 

~w 


V — ~ 2 y — ~' 2 y — 


3f 


<yy 


°y 

9 / 

ISL 1 _i- 

2 6jvjy 


and ^ — 

~iyf > whence -3y + Y xlyf = 

the Variation required. 

Ex. 4. 

In the Cycloid Am the Radius of Curvature is 
2 *Jaa—ax and its Fluxion = ■■ — ■ •, but by the 


Property of the Figure z = 

_/7-V 

whence 


*Jaa—ax 
AD xx 


DR xx 


Xy/aa—ax 


-qr _ -/ , 

aor—~ux BR 


59 - 


Zy/aa-ax 

=s —• -yg- . The negative Sign only fhews that the 
Curvature increafes. 

Ex. 5. 

//* /&<? Logarithmic Spiral , fby Ex. 12. Prob. V.) 

Cy 

the Radius of Curvature is -y- (putting c : t : d ’• : 
TM : LB : 5 A/), and its Fluxion is , and £; 

—; therefore = ~ for the Variation of Curva- 

d tz t 

ture, which therefore is uniform. 

Ex. 6. 

61, Let BM be the hyperbolic Spiral , (Ex. 15. Prob. laft) 


the Radius of Curvature is 


yxn 1 -\-y i ' J 
fji 


vhofc 


Fluxion is Subrange^ 

£T —therefore 2; — ^yi/nn+yy, by which divide 

the other Quantity, then — — • = Variation 
Curvature in M n PROP' 
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PROB. VII. 

find the filature of the Curve, by whofe Evolution 
a given Curve is defcribed. 

A Curve ADM is faid to be defcribed by the pi G. 
Evolution of another Curve. VEC> when a Line is 6^.. 
fappofed to be applied to the convex Side of the Curve 
EEC, and the End of it A is made to move with a 
circular Motion, and' to defcribe the Curve ADM ; 

'vhilft the Part DE or MC that continually leaves the 
Curve VEC is extended into a right Line. The Curve 
^EC is called the Evolute of ADM. 

Hence it appears, that the Line CM which is a 
tangent at C to the Curve VEC, is the Radius of 
Curvature in M of the Curve ADM , and is equal in 
length to the Curve CE -f- the right Line ED the 
tangent at E ; or to the Length of the Curve CEV-\- 
the Line VA. Now the Evolute VEC being the Locus 
°f theCenter of Curvature of all the Points of the Curve 
ADM , the Nature of the Curve VEC is to be found. 
"Therefore, 

1. In Curves related to an Axis , pit the Abfcijjd 
AB—x, perpendicular Ordinate BM=y, and let CM 
he the Radius of Curvature , and draw CHparallel to 
AB, and CL to BM, and produce MB to H , and put 

u, for the Abfcijfa and Ordinate of the Curve VC re¬ 
ferred to the Axis AL *, then find MH, HC by Prob. V. 
a nd expunging x and y> the Nature of the Curve VC 
Will be discovered. 

2. And in Spirals find the Radius of Curvature MC 
b Prob. V. which will give all the Points C in the 
Evolute. 

Corol. Hence it will be eafy to find any Number 

Curves whofe Lengths may be expreffed by finite 

Equa- 
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FIG. Equations; by affuming any Curve AM at Pleafure, 
and finding its Evolute EC : For the Radius of Cur¬ 
vature MC will give the Length of the Evolute; or 
MC—DE = Length of the Part EC of the Curve. 


Let AM be a Parabola , ax=yy , and putting y—i, 
we (hall find (by Prob. V.) CH — = \a-\-ix, 

iinrl 7\/TTJ _0. w _ - 


and MH=xx-^f- = CHxx = , + J 2 L = y + 

4J3 * ^ ^ a ^ 

, and when * and y is o, AV—\a. Put v—VL> 

7 i—LC, and we have v = ( AB—AV+BL=x _ \a 

+ f«+2x=) 3^, and u — (MH— MB —) -- 

_ ' aa ~~ 

Whence *’ — _ JHOL . or l6v> 

— m : for th . e Property of the Curve VC, which there- 
fore is a femi-cubical Parabola whole Latus re<ftum is 

Ex. 2. 

Let GM be the logarithmic Curve , AG=z i, AB—x 
BM—y. Subtangent RB=a t then ay—yx , and (by 


Prob. V.) MH=- 


and #C: 


L*t v=AD= x -^±ZL, u=DC=2y+ei , whence 


2yy— 


jt; and u — 2y -—- 1 -- — 

7 Jty 


a and u = 2y -jp- = 

therefore y = — a -'~ _ or 

.yy J / ^-2)7 - 2 Vy » or 

, e Equation of the Curve wherein the 
Center C is always found. 

Now fince vz= JL a ~~ 2 yy - , , . 

ay y* therefore v will in- 

creafe when aa is greater than 2j? y, and decreafe when 
2yy exceeds aa. Like wife u will increale when 2 yy 

exceeds 


aa — 2yy 

^ y, therefore v will in- 
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Exceeds aa , that is when v decreafes $ and it will de- 
Cr eafe when v increafes. 

Ex. 3. 

Let AM be the Cycloid , AB-x, BM-y , Arch AD=s, 
— c, AR — a\ thenjy = j-j- y/ax — xx, y=. 

1 = 2 XVOX-XX s whence = 

ty/ax—xx, CH=y x MU = ia — 2x. Eet RN=v, 

UC^zu •, then — x, and u —y — 2 -fax—xx — s 

Va*— xx, that is (expunging x) u — s — ^av — vv: 
^Od when x=o, RP=a. Hence the Curve TCP is 
a lfo a Cycloid equal to the Cycloid AMT. For com¬ 
peting the Parallelogram RTS^P, and defcribing 
tllc femicir cle TS NP = ( a—v = ) AB, ES = 
[\tav—vv = ) BD , Arch ADz=.gJS, and £C = 
( c —u — c — s -f* •Jew—w — EN — QS -j - ES = ) 
LS+ES: Therefore TC is the Cycloid. 

Ex. 4. 

$ u ppofe AM to be the Catenary , AB—x, BM=:y 9 
^M^z, and z=z^iax+xx 9 and , x — 

,^T (putting z — 1) whence MH= * Vl r* -- 

= -iif+L; and CH = 1 ~ X - = -+». and 

X 

Hen #=o, HC or AV—a. Let VL—v, LC~u, and 
H have v—ix, and u — zxa ^~ —y = . a i — x 

Viax+xx — y , whence u — —^— 

J O T -1 c 20 +v 4 - 
•30258 a x Logarithm of- JL—-—J-2-- 

L 

ec auiej — 2. 3025 a x into that Log. 
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FIG. 

65. 


64; 


Ex. 5. 
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Ex. 5. 

Suppofe VM to be a Curve whofe Tangent MT is ^ 

■ v* the given Line a , AB~x, BM=y, VM—z, 

06. . -y* ■ 

Then by the Nature of the Curve 7 = ** 

hence *=-y-. *=-£-. Then MH* 
a a-—yy ^ jjq_ — j aa —yy, the negative Signs fhe^ 

they muft be taken upward (and to the right -Hand) • . 
But in the Vertex V, MH and HC are nothing’ 
therefore the Evolution begins in V. 

aa —yy 

Let AL=v, LC=u, -then®;?- 


aa—ay 

71 = X - 


and y = : Alio u^x+jaa-yy. 


yy 


*Jaa—yy 


-v ,- yy _ ^ 

= — l—tjaa — yy — r 

y jaa-yy 

M _ ifl 


70. 


aa y — = (expunging y and y) - 

yjaa—yy K 4/2 av+vy 

Equation to the Catenary, therefore VC is the'CatenW 
Curve. 

Ex. 6. { 

Let AM be the Cijfoid whqfe Equation is 
= y\ and fuppofe a= 10. To find the Point C of y 1 
Evolute when jy=2, #=1. By a former Calculate 

CExample 5. Prob. V.) x = J 2 S±£- = 4 >, ** 


2 y l 


&9+3*£-W!Z± = _^_ ; whence (by ProbV'> 


= JL+^1 = 5 a =jBX , and MH^xxtfC'' 
And fo for any other g lVfi ‘ 

£*• 7 ' 


HC 

4 -tji an ^ == 
Point of the Curve. 
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Ex. 7. 

Let BM be the Log. Spiral , TBC perpendicular to FIG. 
&M-, and let * : /: j : : TM: TB : 5 M. Then (by 67. 

Ex. 12. Pr. V.) MC = - 2 L, and BC=^f. There¬ 
fore fince the Angle BCM is equal BMT the Curvb 
BC is alfo a Log. Spiral, the fame with BM. 

Ex. 8. 

Suppofe BM an hyperbolic Spiral , BE perpendicular 68, 
to BM, MC perpendicular to the Tangent in M\ 

Let Radius BJ=a, Arch AO=m y BM—y y then (by 

Ex. 15. Pr. V.) Radius of Curvature in M= — *_ 

» 

therefore draw £G perpendicular to £M and GC 
perpendicular to GM, and the Point C is in the E vo¬ 
lute required. 


P R O B. VIII. 

To determine the Length of Curve Lines . 

Draw the Ordinate BM perpendicular to the Axis - I# 
dB y and nb parallel and infinitely near to MB. And 
*n Spirals draw Bn infinitely near BM ; and let Mr 
be perpendicular to i;B or nb. Let the Abfc\ftzAB~ 

** Ordinate BM—y, Curve AM—z, Mr~x, rn—y y ~ 
In the right-angled Triangle M«r, zvz 
therefore z > wherefore, 

By the Nature of the Curve exterminate x or y out of 
Equation z — j and the Fluent will give z 

the length of the Curve . 

Z Ex* x. 
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Ex. 1. 


FIG. Let the Nature of the Curve be — xaa+xx 

73 


74- 


74. 


Then it’s Fluxion is y = *Jaa-\-xx : Then z = 

v^=V.+£+£=*+- 2 = L ‘ And 

(by Form the ift) the Fluent z = x + which 

needs no Correction. 

Ex. 2. 

2jyy 

7« the common Parabola ax—yy. Here x = — 

whence z = ^x t -\-y z = V'*<*+4X7 : And ^ 
Form the 9th and 13th, the corrected Fluent z =s 
v .- . 2.202^8 a r V+*/? aa +yy . 

-•naa+yy 4- % —* L °s- -—~ a 

Ex - 3- 3_ 

/» the femicubical Parabola ax % =/, orx = -j~r'’ 

x. _ 

and #=-^2- : And therefore z = ^**+.7* 52 
20 ? 


15 Z: 


y'/i+^h' whofe Fluent, by Form the 3d, 


|± X 1 • ® ut Vertcx > y anc * 2 = 0 ’ 

(whence o = -—); therefore (Prob. XII. SeCt. !•) 
8^ ovH 80 

the Fluent corrected is z = x 1 + —1 — 


Ex. 4 ' 
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Ex. 4. 

Let ax m — y m ^~' bean Equationfor various Parabolas. FIG. 

w+i ^ . 

’I'hen x— ^ and y m j , and = 

„ _ ^ 

-±I| y*y* =by m y* (putting b = — ~j~/ | ) . Whence 
ma m ma m 

. / - L . / Ti 

z — yy/i-\-by m — y m y V b-\-y *. Now the Fluent of 


y m yyb-\-y * will be had by Form the 15th, in finite 
Lerms, when m is any pofitive even Number. 

And likewife the Fluent of y\f 1 -f- by m will be 
found by Form the 1 ith, when m is any odd Number; 

Ending firft the Fluent ofjT y\J 1 +by m by Form 
9th and 13th. 

Ex. 5. 

To find the Length of the Arch of the Circle AM. 75. 
Let Radius AC—r. Sine BM—y. AB—X , by the 

Mature of the Circle 2 rx — xx=yy, and x — —^— = 


"7= ^-—^ , therefore 2; = » 

\rr ~-yy J ajrr—yy 

and > by Form the 16th, z~y + + ^“7# 

+ 4 ~^-C &c. where A, B , C, £s?f are the whole 
f 6.7. rr 

foregoing Terms. 

Otherwife thus : 

Let AC—r, Tang ent AT — t, Tt~ /, AM=-z , 76* 

^=2, then CT—^/rr-\-tt. By fnnilar Triangles 

^ A T and Ttr, Tr = —■■■!■* • ; and by the fimilar 

Jrr+tt y . . 

Z 2 Triangles, 
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rrt 


Triangles, CMn , CTr , 


rrt 


r v. > or „ 

rr-\-tt * rr-^lt 


— t 


t*t t*t 

rr r* 


t b t 


the 16th) the Fluent 2 
*9 


-^5- (Ac. Whence (by Form 

t * /* t 7 . 

+ - 


= /- 


9^8 


£sfr. 


3 rr 5 r+ 7 r& 


Now if r=i, and Arch AM—%o°, then t—<J\\- 

, T 1 . 1 If 

^-? x: 1 “ + r o* — 1 


And then 2 
1 

TV 

Circumference = 


3-3 ' 5 - 3 * 7 - 3 * 

-- (Ac. r= T * T the Circumference: And half the 

V 12 4 B -Vfi. 

1 ~ 3 ~5 ~ 7~9 

where J 3 , C, 6?V. are the preceding Nume¬ 
rators with their Signs. 

Or thus, by collecting every two Terms into one, 
we lhall have half the Circumference = -~V3 x into 
2 . 3,4 


i -3 + 5 - 7-9 


+ ■ 


+ - 


■ (Ac ; that 


9- II -9 ' * 3 * i 5 - 9 j 

A 9 1Az=B, IB-C ,, iC=D (Aa 

l —Ar\--?—B\ 

“3 n 57 

— C + T ^ 7T D + - T 4 r7r £ + - r ^ T i ? + 


is putting ^3 
then half the Circumference = 


9.11 ' 13.15 ' 17.19 

Which feries will be as follows. 


21.23 


8e <a. II. 0 /FLUXION s. 

3*07920143567800407738 

5865145591767626814 

345589386720314711 

25993047890074953 

2179499629585748 

*94334956620068 

18025966758092 

1718668370387 

167216760279 

16523819386 

1653006776 

167017749 

17014780 

* 7454°5 

180106 

18680 

1946 

204 


3,14159265358979323846 fciV 

= half the Circumference. 

Ex. 6. 

Let FMD be the Quadrant of an Ellipfis , AD=.a , 
BM=y, FM=z. Then by the 

Mature of the Curve y = ~p>/ aa — xx > and y = 

, . -r- xJa±-aaxx-\-ccxx 

i whence 2 —V^*+V a =- - - — 

v tf-*# J g jag — xx 

^(pm-nnrr aa ~ cc x ^ aa ~~ dxx _ x\/a*-d xxx aa-xx 
D ~ aa v ' aa — xx ~~ aa—xx 

^ * H-- 4- —— -r-r - x*x &c •, whence 


^ c. , 1 —d • 3 — 2d —dd , 

^ * H-- x*x 4- ——rrr- &c 5 whence 

2## 1 oa + 

, i —d o —2 d—dd 5-3 d~dd~d* 

— * + ~Z - *3 4 - 4 ?— - X s + — - 3 ^ 7 4 “ 

1 6aa — 40 a* T 112^ 

^ for the Arch FM. 
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FIG. 
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FIG. But for the Quadrant FD , 7 . — ~ aa ^ X X -~ zz 

x d*x ddx* od 3 x 6 

— =— — - x : a ---£___— frjv but 

<Jaa—xx 2 a 2.4 a 3 2.4.642 s 


the Fluent of 


*Jaa—xx 


= Arch of the circumfcrib- 


ing Quadrant of the Circle divided by a : 


£ . 
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whence the Quadrant FD or 2= j^x 1--— 

-fT^ + -67r fi + J if C + b y Fo>-m 2 ,7tb. 

Ex. 7. 

To find the Length of the Arch of the Hyperbola 
Let a = half the Tranfverfe, c=zAF half the conju; 

t rr ” 

gate, AB = x, BM — y: Then y = \]cc 4 —xx» 

■ . cxx , . . 

and y — — and x*+y* =-i-x*» 

^ <Ja*-\-aaxx • J aa-f-xx 


put d — 


aa cc 


, and then z=. x V 


faa+dxx 


Wi-hr*- 


1 —d 


aa-y-xx 

T^T. ■ 

—~6—x = x x : i 


- . .3—^—^ _ 5 —jd—dd—^ , 


2<Z« " * 8<Z 4 * l 6 < 3 6 

, _ . r 1 —d 2-2 d-dd , 

*, therefore z = x — —7— vJ - 1 - —- vS 

baa 

5— id — dd — d i ^ 


-x 3 + —-7—x 5 

~ 4 O 0 4 
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x 7 for the Arch E/W. 

1 1 z« 

Ex. 8. 

Zer AM be the Cycloid , AB—x, BM=y, AR 
BD~v. Arch AD—s , then y=j 4 ' l, > by the Na tuft 

of the Circle vv=.ax —xx, and *b =c ——^ 
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and y = 


69. 


j ^ &X . Q y 

"* '^v’ i therefore _y = s -f v = —— x, whencez= p j q > 

_^/, 1 «—-*- 1 _ * ;- x^Jaa-ax 

*j — x v 1 *i-— —y aa-ax = — . 

w v y/ax-xx 

^ . Therefore 2; = 2^ = 2 Cord AD. 

Ex. 9. 

GM be the Log. Curve , AB~x, BM—y, AG 
Subtangent BR=a, then aj=yx t therefore z— 

= j-y/aa+yy — — ■ ■ _l — $ .. 

Ur, •? V^+jy V i +aay * 

^ence (by Form the 3d and 9th) z = *Jaa-\-yy —• 

^•30258^ x Log.— i y! aa +yy ,. anc j corre <9; ec i (by 

p r JV _ _ 

°p. XII.) z or G M— y/aa +yy — <Jaa -f bb -f 

2 ' 302 gSga xLog. 

Ex. 1 o. 

* ‘he Cijfoid DM, let AD=a, AB-x, BM=y, 
l hen y __ t —xl _ ~a —*) 

y/ ax—xx x* 

^^~ 2 xx - . ^ ax 

— -y/ax-xx, whence z= jx'+y* = -^7 

^— __ _ f _ x ^ x y/a-\-^x, and (by Form the 9th, 

^ and 12th) z = 2.3025*^3 xLog.^x-f-v/tf-f 3#: 

a V And the Fluent correded, z or MD 

x * 

^a\ /l+™ , o y T ^ 3 * 4 V 4 * 

V'-— -2tf + 2.302 5 8V3 x Log-"7—7-===. 

* V 3 x +V a + 3 * 

Ex. n. 

4jy el be the guadratrix, AB—x , 5 M=v, Arch 
Sine KGzxiv, AC~a. Then (by Ex. the 5th) 


So. 


Si. 


I 
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Pir t-v+ — + -^- + -^-r + ^c=y,b'j^ 
FIG. * — w + 6aa + 40a* ^ 112a 6 T •'* J 

Nature of the Quadratrix. Then by Reverfion of b £ ' 

f f 


tk sv=y—£ r + 


120 a* 


- yy y* 

Jaa-w = a——+— t 


5040 a 

f 


- &c ; then 


^ - 2 a ■ 24 7 2 ° flS 

CG *, and by fimilar Triangles (KG)v : GG ' 

y: (BC) a-x = a—g— 

T & t i and i 


■ fcfc 


2/ 


jry jy 4 

whence *=—+^- + ^ 

_ JZL + jfi 2 L + -_^L- (Sc; therefore ^ 
~ 3 « A 5 a> 3 l 5 a * , , 

--- . 2/ , 14/ . 604)' _f^(i 

</**+>* => x >+-^ + -^T + , ---* 


andz =^ + l^F+ 2025a 


900 1 405 a 4 1 1275750 

14/ 604/ tft. 

?+ “* 8930250° 
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Ex. 12. ji 

Let BM he Archimedes's Spiral , whofe Equation 
rvzzzcy, putting 2;=Arch £D. Then rv~cy, . 

rx . • 

(by fimilar Triangles) *z) =, whence 

Therefore = -J-r" x sl^-\-nyy \ and ( b) 

Form the 9th and 13th) the Fluent (corre£ted)_J^ 5 ^ 
v _ 2.102 tf^rr T 0’+v 7/ ' 4 +f2^' 

zrWr*+“& + xLog - —n 


Ex. 13. Jj 

Let BM he the Log. Spiral , and let r, /, J, e*P j 
the Ratio of the Tangent TM, Subtangent LB, 

Ordinate BM. Then z = and the Fluent 2 

*y- =, LM. Therefore the Length of the Spiral ^ 

making an infinite Number of Revolutions is eq l1 * 
.the Tangent Mr. 
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Ex. 14. 

Let BM be the hyperbolic fpiral , AB—a, Arch Aozs. 
t Arch AD=v, MB—y , then ab—vy, and thence 

and j'yrz: —■yy = ; and by fimilar 

Triangles —yv = and thence * =. -^L ; there¬ 
fore g==v^7==-iy^ = — + 

^ \/i -j- bby x 

'^bb+yy * C ^ 6 ^ uent ( b y Eorm 3 and 9) is 


* = tfEbJrfy — b> c 2. 302585 Log. -A ~ b > - y . 

Whence taking an y Ordin ate Bg>=d, the Length of 
fhe Arch — y/bb-\-dd — y/bb+yy -j- 2. 302 58b x 
I.00- h+WM+dd 

bd+dflb+yy 


FIG. 

83. 


P R O B. IX. 

transform Spirals into geometrical Curves, or geome¬ 
trical Curves into Spirals , of equal Length. 

Let ADd be a geometrical Curve related to the o, 
l * ls ^B ; let the perpendicular Ordinates BD , bd y 4 ‘ 
e infinitely near together ; and let the Points B b be 
iJPpofed to approach one another, and to coincide in 
f * the Particle of the Curve /^ remains the 

1 then the Parallelogram BDdb will be changed 
p 0 tbe . triangle BDd. In like manner let all the 
Poin^D in JB be fu PP° red to be contraded into one 
i nr _ ’ 0 arib tben tbc P'g ure 4 P 4 w ‘ d be transformed 
Cor r ^P lra ^ QPd, whole Center is 5 , in which the 
telponding Ordinates are equal, and the Triangles 
A a Ddr 


,^3 Sfc Doctrine 

FIG, in both Figures fimilar and equal *, and the Area 
' 0 f t he Figure ABD twice the Area of the fpiral BQD. 
$c Again let ADd be a Spiral, ABD it’s Comple- 
y ment; BD , bd, two Arches of Circles infinitely near 
each other, whofe Center is A *, AH a geometrical 
Curve (to the Abfcifla AB—AD) equal in Length t<> 
the Spiral: Let BH, bh, be drawn infinitely near each 
other, and //AT parallel to AB . Then the Triangles 
J)dC and HbK are fimilar and equal, therefore dC~Kh. 
Now let AB or AD—y , BH=u , Arch BD—v, and 
by fimilar Triangles y :v :: Ab : bC : : Bb : bC — ® 

— -xBb. Therefore —v or bd — v—Rh-F — x 

y ^ 

Bb : therefore (becaufe the Momentsareasthe FuxionsJ 
vy 

V = « + — * 


i. Therefore in Curves referred to an Axis , /*/ AB^- 
x, BDz=y, Radius BR or BT—b, Arch RT-=.v, Dr =• 
rd— y, TS—V. In the Curve AD, expunge x and 
x out of the Equation of the Curve, by help of the Equa¬ 
tion lx ~yv ■, and the Fluent will give the Nature of the 
Spiral. Likewife in the Spiral QD, expunge all Quail' 
titles except x andy and their Fluxions out of the Equa - 
tion bx —yv, by Help of the Equation of the Curve » 
and the Fluent will Jhew the Nature of the geometric # 
Curve AD. 


85. 


2. In the Spiral AD, where there is given the Rei> 
tion of AD (y) to the Arch BD (v) : By Help of the 
Equation of the Spiral , exterminate v and v out of the 


Equation v-=z it 4- ——, and the Fluent gives the N a ' 

ture of the Curve AH. Or, by the Equation of the 
Curve AH, expunge u and it out of the Equation vzziiJ' 


vj 


and the Fluent gives the Nature of the Spiral. 


Ex. i* 
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Example i. 

Let ax=yy denote a Parabola ADd, then we have FIG, 

* 2yy yv . g . 

* — ~' a a °d iby-av-, whence the Fluent 

zby^av j therefore the Spiral <%D is that of Archi* 
ftedes. 

Ex. 2. 

Let AD be a Circle, 2ax—xx zttyy 9 Arch AD=z, 8 & 

therefore x = -p~- — — ^ — 4—•, therefore v = 

«—x ^aa—yy o 

* let b a, then v -± ——^ ’ . = 

therefore v = z, that is RL—AD , and BD — 

TF i draw GZ>, then fince BG=BT , and BD-TF, 
and L DBG = L FTB , therefore Z. GDJ5 = Z. SET 
^ a Right-angle, and the Curve Z?Z)G is a Semi-circle. 

Ex. 3 . 

£<?/ aa=zxy be the Equation of an equilateral Hyper¬ 
bola between the AJfymptotes , then o, and 

*=r-^L = _ = Therefore —j! 

_y jy^ / £ * ncrciurc , 

^ - . . baa 

‘y, and thence v = —— or putting b = 20 , 

for the Nature of the Spiral QDd. 

Ex. 4. 

ED the logarithmic Curve , whofe Equation 

^erefore v z= - - : Therefore any Portion of the 

Arch RT or v is = ab x fflT^Ed ' BD ' £ ^ bein B 


* 7 * 


88 , 


l ^e correfponding Ordinates. 


A a 2 


Ex. 5. 


i8o 


fhe Doctrine 


FIG. Let ayzzbx denote a plain Triangle, then ay~bx— 
jy, therefore -y- = v, confequently v—axLp&y an 
Equation to the Log. Spiral. 

Ex. 6. 

84. Let QD be the Spiral of Archimedes, whofe Equati¬ 
on is dy—av ; then -y- = v = —, or dyy — abx, 

and the Fluent = abx , or j/jy = — an Eq ua ' 
tiori to a Parabola. 

g, Or thus: LetAB=y, BD=zv, then av=yy, whence 
td.-V = u + -^ = u+^-, and » = 
therefore 2 auz=yy, an Equation to the common Para¬ 
bola, as before. 

Ex. 7. 

g 2 >/ logarithmic Spiral, whofe Equation is 

4 * therefore ay=zbx a plain Triangle. 

Ex. 8. 

88. Let QP be the hyperbolic Spiral, then ab—vy, an-, 
-vy -aby __ lx yffl 


-aby bx 

vy+yv= o, or a; - — = -5^ =— or ^ 

= *, whence the Fluent — ~ = Log.^ an Equati' 
on to the Log. Curve. 

Ex. 9. ^ 

Suppofe y'z^av 1 to denote the Spiral ADd, then 

-MIL = ti + JZ, = a + Jtl. s therefore a = ^ 

3 . 

whence u = —^—, or gav l —yK a femicubical 
rabola. 
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Ex. 10. 

If v —y\f ~-be the Equation of the Spiral ; then pj q 

‘=iSg-=* + -f ,5 -' 

whm. f,-JL 

y — 2a _ 

Jca+cy. 


2jca-\~cy 


•> therefore u = 


Ex. 


■£•*/ BDdE be a Semicircle , BD—y , BE—a, by fi- 
niilar Triangles Z>r = ■ 


BDxrd 

ED 


orx=^Lr, 
Jaa-yy 


w hence y = — Jaa—yy •, when corre&ed, # = a — 

^a—yy = BE—ED, therefore ADL is the Quadrant 
* a Circle, whofe Radius is a. 


Ex. 12. 


milar Triangles = or * = — * . * 

, __ ED J^ay-aa 

before x = Jay—\aa — Ordinate Dl: Hence the 
JJrve will be the fame Parabola referred to the Axis 
making AQ~ §>B, and AB perpendicular to 


89. 


Let <$Dd be a Parabola , B the Focus a — Latus qo. 
r ^um, BD=y , DP a Tangent: By the Nature of * 
l he Figure the Perpendicular BP = and by fi- 


P R OB. 
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PRO B. X. 

To find the Areas of Curves . 


<IG. 

9 lm 


92. 


9 1, 


In any Curve AD related to the Abfciffa AB, pr° 
duce the Ordinate DB till BE be equal to a given 
Line, and compleating the Parallelogram ABEC , 
the Areas ACEB and ADB be conceived to be gene- 
rated by the right Lines BE , BD, moving along the 
Abfciffa AB i then the Fluxions of the Areas ACEP 
and ABD will be as the defcribing Lines BE, BD* 
drawn into their Velocities of moving, that is into tn e 
Fluxions of the Abfciffas: Now fince BExAB = Ajf* 
jCEB , and therefore the Fluxion of the Area ACEp 
= BE* Fluxion of AB ; confequently the Fluxion 0 
the Area ABD ~DBx Fluxion of AB. 

In like Manner in Curves related to a fixed F° in , 
B, the fluxionary Triangle BDM is the Moment 0 

the Area, and this is == BMx 2 or =theP ef 

pendicular BT (on the Tangent at M) x by i 
but DR and DM are as their generating Fluxion 


1. In Curves related to an Axis AB , let 
BD=y, Area ABD = z, then z~y*\ therefore I 
the Equation of the Curve , expunge one of the Quanta 
y or x out of the Equation z=yx , and finding * 
Fluent it gives the Value of z the Area. So;memw 
will be neceffary to find the Area of the Complement A^ 
but the Rule will fill be the fame if you make Ab 


Abfciffa. m 

Note, if the Ordinates are not at Right-angles to ' 
Abfciffa, the Area before found mujl be diminijhed in 
Ratio of Radius to the Sine of the true Angle . ^ 
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2. In Curves related to a fixed Point B , let BD=y, FI G* 
Perpendicular BT (on the Tangent) = p. Curve AD 92. 
DR=zx , Area BAD—z<: Then by the Nature of 

tb e Curve expunge y or x out of the Equation z = ~ ; 

expunge p or v out of the Equation z = ; 

/£<? Fluent will give z the Area. 2 

And if the fluxionary Triangle BDM can be com - 
Puted any other way , the heterogeneous Quantities 
**Pungcd by the Equation of the Curve j the Fluent-will 
* tVe the Area as before. 

Ex. 1. 

p To find the Area of a Triangle. Let the Bafe CD= 3 , 
er pendicular AQj=p , AB—x, dD (parallel to CD) 


** nce x = therefore 2; = = 




2 ^ 


_ 


as before. 


93 - 


bx 

^y: By fimilar Triangles .y = -y—, therefore Zzzyx 

55 therefore the Fluent 2 = ~ - X - = ^ ■ *, 

P ip 2 

when *•=/>, and the Area 2 = . Or 

and 2 = 


Otberwife thus ; 

Let the Perpendicular BC—p, BD=zy, dez=zf 5 and ^ 
y hmilar Triangles Dd = —therefore z = 

. . </)y—pp 

^ Jyy pyy 

= Area and 25 = —and 

M it ^ e z =^pVyy—pp. Now in the Point C, y is a 
ttIm um = p . Therefore by the Schol. Prop. XII. 

^ the Part ABCmufi be found, which is ~ jAB'-pp, 

d then the Part BCD , which will be-^- x jBD'-pp. 

And 
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F1 G ' And the whole ABB = £-jAB z —pp + 
or iADxCB. 2 2 

Ex. 2. 

gj. Let ABB be any Parabola , where #==/’> 

x~my m ~'y f therefore zzzyxz=:my m y and ^ 

_ 1 . w 

TJ+P’ + = 7 n+T yx ’ and if “ = 2 > z = ^'- 

Or thus: Zrt Ab=x, bD—y, x —y”, then * ' 

i_ f X 

iy* j/, therefore z —_y* = ^y*y, and thence 

7 ^y " + '=•' And if "= 2 * z==fs!y ’* 

Area AbB. 

■ Ex. 3. .Ax# 

i>/ ED an Hyperbola , CA—a> AF~h> ^ 


95 - 


ED=-T— 

d-f-* 
fax ^ fa*X 


■=zy. Then z =yx = 


abx ^ $ y 


*+* rif 1 
bx*x JtW 

-^ fcfr, and the Area ^ 

aa a 1 1 , 

bx' bx> bx‘ bxl^ti’ 
4 «' + 5 "* jf^l 


■ 95 - 


orz ~ i * 23 + 333 4«’ ■ 5 a , is 

Or (by Form the 4th) the Fluent (corre&ed; 

2 - 3 02 5 8 5 ^ x Log. • 

Ex. 4. pjj' 

Let FB be any kind of Hyperbola , CB^#* ^ y 

and fuppofe y =-4", then z=;’* = x~*X » * n 

* cf 

Area z= —-—x 1 *’ =: —-—xy, for the A reJ jjr 
1 —n i—n ft bT 

If the Angle ABB is oblique, that Area md* ^ 
minilhed in the Ratio of Radius to the Sine ^ 

If »= 1 the Space will be infinite, if n ^ 

than 1, you get the Space BBE. 


> 


if 
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Ex. 5. 


Let AD be a Circle, AC— a, AB= x, BD —y= FIG. 
then z=yX = x</ax—xx, whole Fluent 9 • 
X* x* 

(by Form 16th) is z = ^ax x:^x- 


i 3* 4 


3-5-* 5 


4.6.9a 

'hA . 


- &c = 


5a 4^70* 

2 Xy/dX 


4.6.8.1 ia 4 
* n JfLC JfL n 

4* ™ 4. _4. -if- &?c *, where 


5 ' 7 ' 9 

5, C, fcfr, are the preceding Numerators. Or 


aa 2X—a 

(by Form 10th, iith, t3[th) z=z q“$ + 


Vax- 


8 T 1 4 

■ xx (putting 4 = 501745 * twice the Degrees in 


the Arch whofe Sine is Vj 1 and & adius *•) 


If AD be 6o°, then #=*a, and Area ABD—^aa 

3 , , i£_ •» • 3 : 7 _ - . 5-9 


3 4 I ^ LI— P-U ■ 3 7 — G+ -- a -•-£>, 

2.4.5^ + 4 - 4-7 + b - 4-9 8 - 4 -h 


to which adding the Triangle D5£ == ~prV3> Y ou 
have the Area of the Circle. Here A , B , C, &V, 
are the preceding Terms. 

If y = be an Equation to a right-ajngled 

Hyperbola, we fhall in like manner find z^</axX\ 
x . x 1 * J 3- y4 3-5* 5 . 

*+"ST“ 4 - 7 “ + 


4.6. oa l 4.6.8.11a 4 

3 — *T ' / ^ 

, or z =r —~— ""Vax'-j-xx where 4 = 


*• 30258 Log. 


a+ix+ii/ax+xx 


Likewife the Area of an Ellipfis is found after the 
feme manner as the Circle. Or if you put c for the 
Conjugate, it is no more than multiplying the former 


•^•rea of the Circle by ~ . And thus multiplied 
B b int0 
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FIG. into the former Area of the Hyperbola, gives the 
Area of the Hyperbola whofe Conjugate is c. 

Ex. 6. 


97 - 


In the Ellipfis FDE, to find the Area adjoining to 
the Center A. Let AEcxa, AF—c, AB=x, BD=cy< 

then y = ~slaa—xx, by the Nature of the Figures 

then z—yx = -^J-^aa-xx, whence (by Form 16th) 

i J2B 
-+ 


Z = ■ 


JZ-A 

laa | 


J2L-C 


—~—D 

baa 


98. 


3 ’ 5 ’ 7 9 

cats - - 

(Ac for the Area ABDF. Or 2 = — + -Vafl-xx, 
putting <p = ,017453 x Degrees in the Arch whofe 

Sine is-j, and Radius 1. 

After the fame Manner in the Hyperbola, when 

, _ « 

y = — Jaa+xx, we find z = — + • 

Ora = ifl-f 




^ r jffLn 

oaa 81m 


rx 


99 * 


-- . „ r _ # 4 V**+**, § 

V<w -V**, putting $ = 2.30258 Log.-- 

Ex. 7. 

the Area ADB of the Ellipfis ABE , 

£y the Line BD revolving round the focus B. 

Let 2 a = Tranfverfe 2c = Conjugate, BV^V 
draw the Tangent DT and BT perpendicular to ’ 

then by the cojaic Se&ions BT — y 2 ~y_~y ■> w ^ eIlt 

jyT - y^ 2a y yy cc . And by fimilarTriang^ 5 

<Jiay—yy _____ 

JOT :TB :: MR : RD, that is </iay—yy—cc : c 
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j : x = — --- -- ; whence 2 = ~r“ — 

jiay-yy-—cc 

'— = _ ■: Put v — a — y , p z=z aa — ^ > 

—yy 


and (by Form 27th) z = 


2 <Jp—vv 


2*Jp—vv 


whence (by Forms 3d and 8th) z = -^-</y-vv —■ 

x ,01745 Degrees in the Arch whofe Sine is V-j"* 

but when z = o, y = 0 — vA therefore correcting 
the Fluent, and putting <f> = Number of Degrees 
. . a —y 

ln the Arch whofe Co-fine is — - - and Ra- 

y CLCl—CC 

dius then we have the Area BAD or z = 
'^ 12 . 4-53 3 ca ®_ _ JL^ —0-4-2 ay—yy. And the Area 

°f the Semi-ellipfis AME =,01745^x90 = icax 
3*141502. 

y Ex. 8. 

To find the parabolic Area BAD , generated by the 100. 
foe &D revolving round the Focus B. 

Let a = Latus ReCtum, &D=y; by the Nature of 
{he Parabola the perpendicular BT = 4 = A a °d 
% fimilar Triangles DT : DB : : A/# : A/D, or 

. v ; : v : *y = — - ? -=- *, whence z = 

4 J ' 7 * */yy—& 

= x — and (by Form 4th and 11 th) 

* 4 V>—** 

Fluent z 2= — - ~^ 2V — jay—^aa. 

Ex. 9. 

. Le/ AD be an Hyperbola , 2 > the Center, = 101. 

^mi-conjugate = BCz=.x r Tangent AT-=.t> Or¬ 
nate CD=y i by fimilar Triangles ay=ztx, and by 
he Nature of the Figure bbxx — bbaa = aayy=-ttxx, and 
B b 2, ** 


j 8 8 
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FIG. xx. = ^he fluxionar y tr i an &^ e && * s £ot ^ e 

fluxionary triangle BDd, as BT Z to BD % or aa to X#» 


that is — : z : : aa : 


bbaa 


~hb—tt 


:: bb- 


\bbat 

vvhence z = » an ^ ^ 1C Fluent z = T 7 "F bbb 

al ' . + ( 3 c: Or (by Form the 6th) tb« 


10 b* 


Fluent z — \abx 2.30258 Log. f P r thc ^ 

berbolic Senior BAD, 

Or thufi : Since t = (- 




, therefore t — - ----r- r- , therefore • 

A /W 4 tW **+.»•* 

_ , _ _f*L 

- V 7.;, J 


— tt J 2^bb-\~ yy 


j and the Fluent 2 - 


6yv c 


Zbb A ~~ $bb u 7 *t 


&c, by Form the 15th. O r (by F orm the 9th) 
i«» x 2 .30258 X Log. = Seaor B& 


EX. 10. y, 

102. £*/ the Logarithmic Curve , AB^x, 

AR-=b , Subtangent = by fimilar 1 riangfcs ^ 
jx — z, whence z = tfy, and (corredted) Area ^ 

= ay—ab. 

Ex. 11. ^ 

103. Let AD be the Gffirid of Diocles , AE^za y 


x~ _.. 

BD=y t by the Nature of the Curve y = "^^S 

therefore z = _yx = x £*“*, and the Fluent 
Form the 10th and nth) is z == 3 Sedtors C 


\a-\xy/ax-xx y that is z = 3 A MB — 2*y 'ax^ : 

Ex. 1 


Sea,II. (./FLUXIONS. 


I89 


Ex. 12. pTr 

Let ED be the Concoidof Nicbomedes[, m r iks. 

==a, BD~y\ the Equation of the Curve s 104. 

jaa—yy = xy, in Fluxions y^/aa—yy — b\y x 

x ...- 


yyxaa—yy~* == *y+y#, therefore jb -yx—j^aa-yy 

—yy*— 7==" (—*y=) — 


y/aa—yy ' v . ' ^ 

_/y toy _ —y y 

jaa—yy ~~ yjaa^yy JaA—yy 


ba 


2_1 


==-•, whofe correaed Fluent (byForm 10 and 


.y/—14#^” 1 ________ 

H, and For m 9th) is z= \y<Jaa—yy + 2.30258*** 

Log. a + \' aa —yy_- ,017453 Degrees in the Arch 


whofe Co-fine is Radius = 1. 

Ex. 13* 

Let AD be the Cycloid* AB=x, BD~y* AErzzir* 105. 
FC=u , Arch AC=v •, by the Nature of the C.rcle 


„ , . o ’—-yj , nJ i-SLi 

zry — yy z=z uu , and u = w > anu u u 
And by the Nature of the Cycloid x = v + «, and 
ry , ry—7y ___ 2rv 

*=„ + * = -£- 4 - -V - 


tjiry—yy 

'•hence i=^= bu£this 

b the Fluxion of the Area AFC, therefore z or ABD 
= AFC. 

Ex, 14. 


Let AD be the Quadratrix, AB = x, BD — l ^ en i° 6 * 

2 ->7 - L 

(by the Procefs in Ex. 1 j. Prob.VIlI.) X— ^ r 

^3 yjL 


^-fy 


— 4 - Vs — 4 - tfc * whence = 

45* J 31 


3 a 
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4. + - 4 ^ r > whence z = -f ■ 

* ' Z1M S 3 q a ' 

4 y 7 


4 / 


+ 


22050 s 


+ fcfr. 


Ex. 15. 


2>/ y^Z) be the Catenary ABz=.x, BD—y , Carve 
AD=-v, the Equation of the Curve is w = 20jy-p.xy» 
whence vv—ay+yy, and v l v z — a-\-y y z , or a+y * 
if- — a'v 1 = a+y x v l —x : , whence av = *z-f-y xXs 
therefore %-=zyx~ av —ax, and z zzzav — ax. 


Ex. 16. 

Let AD be fucb a mechanical Curve, that the Ordinals 
FD = Arch AC of the Parabola , whofe Equation B 
ryz=.uu, putting AB—x, BD or AFz=.y , F C—u , A rch 
ytfC— Then t; = x, and i = v = ( *Jy r ■+- id =) 
Then 2;=jw =zyv = 7 *y A A? Ary' 

v — Fluent of y~ r y Vr^-hy (hy Prob. VIII.) there-* 
_ _ rv 

fore by Form 1 ith, z = \r-\-ty V 2 a y+yy -* 

Ex. 17. 

_Z>; AD be a Circle , /o find the Area ABD , extreme 
ly near the Vertex. Let Radius CA—a, AB~x, BV 
z=zy, then z—yx—xf^ax —xx ; but in ./?, —** 

r= A 2 ° x: therefore (by Cor. 3. Prop. II.) z—yx^ 
xjzax *, and the Area z^^xjax = ^.xjy, the Area h 1 
the very Vertex of the Figure. 

Cor. After the fame Manner in all Curves of a 
finite Curvature, the Area of the Segment extremely 
near the Vertex is \ the Bafe into the Height. 


Ex. 18, 

Let the Equation of a Curve be y — 


ax r -{-bx s -\-dy ^.i 

to find the Area of an extremely fmall Part of the Figure 
r wh^ 


Sea. II. oj F L U X I O N S. 

~aFgb7gd^ 

<x — vac ---—“— 


when x —c. Here z = yx — - 


fc^+gc™ 


V 
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(by Cor. 2. Prop.II.) therefore 2= ac — x &• 

fi v +gc^ 

"Where k is a very fmall Part of the Abl'ciflTa. 

Cor. Hence the Area of any compound Curve 
may be nearly found, by finding, after this Manner, 
all the Parts of the Area belonging to the feveral fmall 
Parts of the Abfciffa, and colleding them into one 
$um. 

Ex. 19. 

Let BDm be Archimedes'sSpiral, AB~r, Arch AC 
BD-y, by the Nature of the Figure rv=:cy 9 

whence v = , and by fimilar Triangles v = 




whence x= " ' rr ~ * therefore ^ — 2 rr ’ an( ^ 


cy 1 

thence the Area BED or z = “^T 


Ex. 20. 


Let 9 DC be the reciprocal Spiral , Radius AB—a y 
Arch AC=zb, Arch AP=v, BD—y ; the Nature of 
the Curve gives ab—vy 9 whence vy+yv^o, andv— 

0 CIX 

and by fimilar Triangles v = -7—, whence 


-, therefore z 


yx __ -vyy __ -aby 
z = ~ 2a 


: anc j z — ; and when corrected. 


the Area BCD or z = b x 


BC—BD 


Ex. 21. 


1 9 z ^Doctrine 

Ex. 21. 

FI G. Ztf ^/)C the proportional Spiral , whofe Nature 
1 is 9 = or, or i _ JL, therefore £ = 2* - 

* 2 2 f 

and 2 or the Area £97) = -^L 
^ 4 f * 

EX. 22. 

1I2# / f r B r? D he . a kind °f s P iral > BD -h Arch Ad 
(whole Center is B) z=zv % and Jet its Nature be ex- 

prefled by this Equation av t =.y\ or y±g(fiv* % and j 

whence Zzzzvyz= *a^v$v> and the A- 

rea z =r -\a T v T — \vy for the Area ABED. 

SCHOLIUM. 

It may not be improper, in this Place, to infer! 
(from the Tranfa&ions) a general Method for dete^ 
mining the Quadratures of Curves, with it*s Invefti- 
gation. 

Let the Equation of a Curve be f+asf+tyP x qj r 
cfx s +dyx u — o. And it’s Area Ayx+By 1 /* 
Cy g x -f Dyx k + &c = Fluent of yx. Put thefe two 
Equations into Fluxions, and make the two values of 
y equal to each other (expunging/ 7 - 1 by the Equation 

oftheCurve) and we have — +/**"'+«/»*'Vg 
_ -,y+fBy'x f -' + bCy s x > '~’ -f £* 

A+«y-' 1 / +i c/'* i a> c 5 and multi P ,f 

ing the Numerators and Denominators alternate!/’ 
there arifes, 


J 


Sea.II. {/'FLUXIONS, 

an Ax' + lqAy r x } -f- a Ay x 

+ anlBy u 'x f+ ’" +lbqB/ + '~' x f+i " 
+ganCf'x b+M 

T^A.max"+ i-Ax^tyx 1 +i-Ax^cy r x' 


— maf By 1 1 x f +* 1 ~^fyfBy p + l ~ I / 

+ mahCy g ~ l 1 j 

Now for determining the Indices, compare the 
homologous Terms. Thus p—l —j, whence /=/>+ r. 
Again r—p+ l —i=g—i, and thence r=2/>, and 
£=2/4-1. After the fame Manner t= 3 p, i= 3 p+ r. 
Puttf-f-w— q, and then f~e-\- 1, s—ie-\-n , &=2<?-fi, 
k— 3^+1, &V. Therefore the Equation 
of the Curve will be in this Form, y m -{-ax fl -\-by p x^" 
-\-cy t t > x rtJ r n J r dyVx 1 ‘ tJrn lie — o, and it’s Quadrature 
Ayx+By p+ 'x e + 1 +Cy* p + 1 x lt+ '+Dyi p + l x v + l lie = 
fluent of yx. 

Next for determining the Coefficients^, 5 , C, £s?c. 
Put the Coefficients of the homologous Powers of x 
equal to each other, thus anAzz i— A.ma , whence 

A = —. After the fame Manner B = 

_ \ y b c _ 

"L p — m — e—nxAy amxe-{-i-\-anxp-\-i' 

*** —2 p X C _ 1 j 

+2Z>— ic — m—n x cA f X - r~ - , 

:+^ w TT+HSxJF 7 x:-^J -w-art-lWfi: 


7/iX2H*i+«x2Af i: 


Hence therefore if y m ^ax"-{-by p x'^+cy^x 1 *^*- 4 - 

typ x i e + n = Qj ^ pi uent 0 f or fa j rea 

°f that Curve is , 


Cc 
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amxe -\-i -anxp -\-1 
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+ 7n —p x & 7 y y p+1 x 

4-p— m — e—nxAb 3 amxe-\-i-\-cu 

-f- m —2 p x c p 

4. 2 p-^ie — m — n xcA > X - 

4- : vi-p x c -\-1 -f- e\n xp-\r 1: x-bBj 

4- m-rtf x d D 

4- 2>P — 3 e — m —n x d A C 

4 -:w- 2 /?X(?+i+ 2 ^’+ , ' /x / ) + I:x -^r ^ , 
4 -: 7 «-/>X 2 f-f i-f ^+ wx2 / ) +1 • x-^Cj 
+ m—Apxe "J 

4- : 4P—4^— »i-r-n : x<?y£ 

4-: + 3£-f77x£+T: x -^5 \ X 

4-: w-2/>x 2^+1 +2<^+^x2p+1 :x-rC I 
+:w-7 x 3^+ i + <f 4 -wx 3 / ; 4 ' 1 -x-bD J 


^wx2^4-1 -\-anx2p +1 


yA+»* 3 «+* 
X3<?-j-1 -\-anx3p -\-1 


max,‘ t e-\-1 -\-nax^p-p 1 


1. Here note, A , 5 , C, D, fcfr, reprefcnt the firft, 
fecond, third, fourth &c .Terms, only leaving out the 
Powers of x and y. 

2. This Series fometimes gives the Quadrature of a 
Curve in finite Terms; particularly in Trinomial 
(that is whofe Equation confifts of three Terms) when 

1 J^ m ZZpT : IS a P ofltive whole Number ; to which 

add 1, and you have the Number of Terms in the 
Series. 

3. But in Curves of more Terms, there are feveral 
Conditions requifite to their exadt Quadrability, which 
it is needlefs to enumerate, becaufe fuch Curves feldoh* 
admit of an exadt Quadrature. Jt is fufficient to ob' 
ferve, that if N=. Number of Terms in the Equation 
of the Curve, they will fometimes admit of fuch a 

Quadrature when 7 e ’ \- 2 P~Np-\-?n-\-n j c a 
— em—pn ‘ 

pofltive whole Number, but never eife; which Nt^' 

bef 
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ber will then fhew the Number of Terms in the Series, 
that constitutes the Area. 

4. When the Quadrature of a Curve is required 
by this Series-, reduce the Equation of the Curve to 
the preceding Form, and comparing the homologous 
Terms, the Exponents and Coefficients will be eafily 
determined ; which muft be fubftituted into the fore¬ 
going general Series, as ufual. And when any parti¬ 
cular Terms are wanting in the given Equation, then 
the refpe&ive Coefficients will be o, and thofe Terms 
of the Series wherein they are found will vanilh. 

5. And we muft firft of all enquire, whether it will 
admit of an exa£t or geometrical Quadrature, and if 
it will not admit of it in one Form, it may in ano¬ 
ther. To this Purpofe we muft divide the whole 
Equation by fome Powers of x and y ; fo that in the 
fefulting Equation, there may always be one Term 
without x and another without^ -, for this Condition 
is abfolutely neceffary to the Equation ; and thus yoit 
will have a new Form : And this we muft do as often 
as poffible. Now the Number of different Forms any 
Equation will admit of is »/;—«, putting N = Num¬ 
ber of Terms in the Equation. 

6. If it admit of fuch Quadrature in none of thefe 
Forms, try to find the Complement of the Area, by 
Writing x forjy and jy for# in the Equation of the 
Curve ; and then proceeding with the new Equation 
in all Refpetts as before. 

Example t. 


Let y*J-x’-*fo#:=o. Here »= 3 > 

J e—p+m+n 

.<• = — 2, a-1 , b= — i, and i 

Whence the Curve is geometrically quadrahle, and the 

Area =^—4r- 


Ex. 2. 


1 9 S 


Suppofe — ax *-\-ry 7 x 1 


= o. Here tn — -§-> 
C c 2 


ig6 'The Doctrine 

t _ . , e—p 4 -m 4 -n 

FIG. a=—a, b=r, £=7, <?£=* : then =1 * 


and the Area = 44*7 + 


Let y z - 


£ 


Ex. 3. 

- x 6 4* -f-Jy#*s=o > here the Curve 


is not quadrable in this Form, therefore divide by y S 
and then 1 + **--yVso, where wrro, 

^ *— 4 l£ and 


» = 4, /> = -2, <?= 2, * = y, *=- 

.—m' _ jy 


whence the Area = 
Ex. 4. 


4 £? 
h ’ 


A<?/ y — ax'* — iay*x — ay 6 * 3 = o, here m = 2* 
n = — 1, a =—0, & = — 2 a, c — — 0,^ = 3,*=:2» 

. 2£—2 p-\-m±n , , A „ 

whence- £ — -= 1; and the Area of the 

—£t »—pn 

Figure is = 2 xy —|* j y: For. all the following Tern® 
of the Scries will be nothing. 


PROB, XI. 

$0 find any Number of Curves that may be fqua/^d. 

1 13. Let the Abfciffa AB=x, Ordinate BD—y, 

ABD=^z. Affume any Equation between x and z , thif 
will determine the Area: From that Equation get £7 
and fubjlitute il*s value in the Equation Zzxzyx, and$> iS 
will give the Nature of the Curve . 

Ex. 1. Let x*=z, whence 2xx~z~yx, whence 
yrrsx, and the Figure is a Triangle. 

Ex. 2 ' 


Seft.II. of FLUXIONS. 

-• Ex. 2. Let ax'— 7 .', and z = i«V*==>’X, whence 
= y, an Equation to a Parabola. 

Likewife if jfctfs, then — * =y*; whence 

3 x‘ l —ay > an Equation again to the Parabola. 

a 6 a} . 

Ex. 3. whence-—*=;s=y;C; 

therefore — -—* =y, whence y being negative lyes 

on the other Side of AB. _ _ 

Ex. 4. Let ccaa 4- ccxx=zz, or 2 = Cy/aa + xx> 
cxx cx 

then * t J = 

Ex. 5 . If aa + ^ L =2, then z = 

3* —:— 

^yxy and therefore y = —y-*/aa-\-xx . 

Ex. 6. Affume b—3xz+*z—z% then fis-^xz— 
3^=222;, and z = = 5 therefore y= 

-, out of which z may be expunged by 

3*—2Z’ 

•Help of the affumed Equation. 

Ex. 7. Let e+fiF? = z, then z = mnf*r- 'k* 
= y* *, whence y = mnfx 71 — 1 x 
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jr i q Any Curve ARD being given *, to find any Number of 
Curves ACE whofe Areas fhall have any affignd 
relation to the Area of the given Curve. 


114. 

115. 

11 6 . 

117. 


114. 
117 - 


Let ABF be any Curve referred to an Axis, or 
ADF any mechanical Curve, whofe Complement is 
ARD \ or ADH any Spiral defcribed by the Arch 
BD , whofe Center is A. ACE the Curve required* 
whofe Relation to the firft is given^ 

Put AB=zx, RD=y, Area ABD=z . 

ACz=.v , C£=w, Area ACE=w. 


Affume any two Equations, one of which may contend 
the Relation of the Areas z, w \ the other the Relation 
of the Abfcijfa or Ordinate of the given Curve AV 
(x or y) to the Abfcijfa or Ordinate (v or u) of the 
'ther Curve AE. By Help of thefe two Equations, tid 
this third yx=z, expunge all Quantities as far aspojfiblh 
except v and u, out of the Equation uv-=zw, and 
will get an Equation for the Nature of the Curve AC& : 
.And the fecond afjumed Equation will determine th* 
Quantities of the Abfcijfas or Ordinates of the two Cur 
to have the required Relation. 

Ex. 1. Let AD be a Circle whofe Equation 
ax — xx=zyy. Aflume ax—vv, and z=w, then X ^ 

2VV .... 2VV -- ^ 

-; whence uv — w — Z —yx = ~—Jax—xx 

a •'a 1 


2VV a / V* , „ 2VV ,- 

-V w -: therefore u — - Jaa—vv, 

a v aa aa y 

Equation of the Curve, whofe Area is equal to that 
the Circle, when ax—vv. 

Ex. 


the 

of 




11 7 * 
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E*. 2. Let rt*— xx—yy as before, and ax+z—v, FIG. 
, ... v—Z 114. 

an a z =z w. Then uv = <iv — z —yx = —-—y 

V—uv TT71 y—Ity y 

--y : Whence u = -—, or u = —:—, an 

a J a a-\-y 

Equation to a mechanical Curve. 

Ex. 3. Again let ax ■— xx=.yy, cx-\-z=iw, and ax 
^vv. Then u v = w — cx -\- z — cx -}- JV* =z 
V-CVV 2VV . / v* TTT1 2VV - 

— -1-V v -• W hence u =- Jaa - vv 

a ' a y m aa v v 

2CV 

■+ 

Ex. 4. Let ax — xx~yy as before, and afiume z— 

2y} . . 2y z y 

— w, and x r= v. Then uv — w — z - 

3 a ’ 




2 fy 


2 W 


• X — : xx = —— ^av-w.i 


hence u = -—-xfav-r-vy . 

Ex. 5. Again let ax — xx=yy, and z s =to, x=zv z . 

Then uv—w= 2 zz~2zyx—yzyvv — ^zdv^J ax —xx =- 
^Zvv^/av 1 —= 4 zv lf Uy/a —i/‘: Hence u = 42W 
Va-vv, an Equation to a mechanical Curve. 

Ex. 6. Let an Equation to an Hyper- 9 ^- 

“ola ; and aflume z—w , xx—cv. Then uv—w—z 1 * 7 * 




—— x =-Hence 

2x/CV 2V y 1 


11 ~ • 

Ex. 7. Let cc+xx=zyy as before, and xy — z=w 9 
*x r= c<y. Then uv = w = xy + J* — Z — xy=. 
x z x cvv TT cv 

- — ---. Hence u — — — 

\CC+XX 2 y/CV-\-VV 2*J CV-\-W 


Ex. 8. Letj = 


— — an Equation to the 10 
*Jax—xx 11 


£iffoid ; and ~^'J ax — xx + i z = an ^ x 


-\J OJ 
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. .. ,- 2 astx — 4x*x , , (V 

f I G. Then uv—wr=:*xx</ax—xx - — - V 


aJ<xx— xx 


114. 

117* 


6 ^ax—xx 

x = xjax-xx = v Ajav — vv. Hence * 

= —w, an Equation to the Circle. 

Ex. 9. Let jp = dx r x •, aflume z—w, 0 ^ 

_ _ 

e+fx n T y then will x— - ^ g , 


/ 


TH "" 1 v 

v — e 1 , y = dvx ——/ ; 


, and x=- tT* 

mnf* 


whence uv — w' 

diTv T-, , 

z = yx =-^ x v m —e I : therefore tt - 

mnf— 

■ x if—A 


dv m 


mnf 


, 2 3. Ex. 10. Let BD or y = Arch of the Parab^ 
227. la AR, whole Equation ax~ss, putting AR^P 

BRz=:s 9 Tangent TR~t * then s = JL. Now ^ 

' • » / 

fume z z=zw, y —v, then will uvzzw — Z =.7* ^ 

2WJ 2VSSp 

a ~~ 




2<z;x • 22/* . 

p^-j-y = 


21>X 




/ 

2 WP 


11 5 * 
11 7 * 


confequently « = ——> a mechanical Curve. 

Ex. 11. Let AD be a Cycloid, Diameter of ^ 
generating Circle = d, EG = j. Affume y=v, 2^ J 
then by the Property of the Cycloid yx = jy : when , 
u-b — w-% —yx = JV = > and therefore 

confequently ylE is a Circle the fame with AG . 

Ex. 12. Let v/D be a Figure of Arches, wh c j 
Arch AG — AB = x. Affumey = v, z = w> * 

fcv the Property of the Circle x == —7 ^==^' 


20 1 
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. .nvi) JWV ^ , JL 

tnen uv = w — z — \x — — _ FIG. 

TJ av ly/ay—yy 2 jav.-vv 

**ence u = — — - . 

2 Jav — vv 

Ex. 13. Let yfD be. the :Spiral of Archimedes, 116. 
^thofe Equation islby ■= #*•: And ajflume jm&v, and r i?i7. 

_ « *xx vv 

*=w then 1W = W — Z —yx —yfi — ; 

w hence buz=.w t and a -Parabola convex towards 

tfC\ 


Ip-R-O.B. dBBI. 

find the Surface of a Solid. 

. 'As the. Fluxion of any Space is-equal to the deferib- 
,$g Lii\e.drawn r into the Fluxion of the Axis; fo the 
* lux-ion of the Surface of a Solid, (generated by a Line 
^ v olving about^an Axis) is equal to the Periphery of 
hat Circle drawn into the Fluxion of the Line gene- 
* tlil g that Surface. ^Therefore 

-Lf/ the Abfciffa AP—x> Ordinate PM—y, Curve 119. 
frM far BM;) r= ic 2= 3.1416o< 2 = the Circum- 120. 
§ ence tf- the. Circle’fwhofe Radius v is 1, then to find'the 121. 
th^ Ce . s ^fttfiUHAhbyiike Curve AM -revolving about 


Axis AP \ by the Equation of the Curve expunge 
He °f the indeterming a Quantities .and it's .Fluxion out 
*f*he Equation s — cyz t or cyffi+f ; and find the 


£et ABD be a right Cone , AB—a y BCz=b, then 123. 

^ j 2 , c . cbxp , • fbz 1 

therefore i = cyz = ■ —j --, and s = —57“ 
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FIG. 

119. 

120. 

119. 


czy 

2" 


L’he Doctrine 
A nd the Surface of the whole Cone ABD 


■— —x ABy.BC. 

2 


Ex. 2. 


Let AM be a fpberical Surface, Radius = a, by the 
Property of the Circle ax=yz > therefore s-=.cyz^ 
cax, whence s-=cax. 

Ex. 3. 

Let AM be a parabolic Surface, ay=xx, then 

2XX -r- cx x x - j 

—j-, whence j =icy<Jx z +y* = ' aa ~ */ aa + 4 xx : and 

^ , . caax 4 - 8rx J —-— 

the Fluent (corre&ed) is j =- fua + 4#* 

-2.302585Log.---> found 

by Forms the 9th, nth, and 13th. 

Ex. 4. 

Let ax m A? an Equation to infinite ParaboUf 

By the Procefs in Ex. 4. Prob. VIII. 2=yV 

< 5" - L -pi # _a 

whence j = o»yVi+^y” = 9” ^ V^+^ w . There' 

r 2 

fore the Fluent of i or ryy\/;t -f will be had by 
Form the 15th, when m is the half of any negativf 

X-J-1 f 

odd Number: And the Fluent of ry m y^/b-^y 
will be had alfo by Form the 15th when m is anf 
pofitive whole Number. And likewife the Fluent 0 

eyy\f 1 +by m will be had by Form the 1 ith when tn * 5 
the half of an odd Number; firft finding the FUi en 

of cy m ~~\ \f 1+bf 1 , by Form the 9th and 13th. ^ 
other Cafes, Form the 15th or 16th will give t* 1 
Fluent by infinite Series. 

r _^ 

■ j2 


Cor. If mz= 1, then s — x aa+qyy]' 


Ex. 5- 


Sea. II. (/FLUXIONS. 

Ex. 5. 

In the elliptic Surface BM , whofe Center is A, let 
— &•> AB — b, AP — x , PM-=zy*, then y = 

\/Tl bb , . — bbxx 

v w — ~~ XX) and y =: —-—., ., , and z = 

aa j a./anhh A/>v« » auu ^ — 


lx 


ay/aabb—bbxx 
bx 


VxZ +y L = *Ja±-aaxx+t>Vxx = y/a*+ddxxi 

Putting aa^bb •=. dd. -Therefore sz=icyz = — ^ . 

■ aa 

Va*+ddxx. Let ,or 7453 x Degrees in the Arch 
'''hofe Sine is-^-, when a is greater than b. Or 

%= 2.30258 Log. J x +^+ddxx ^ when a is le ^ 

, aa 

an b. And we fhall have (by Form 10th and 13th, 


by Form the 9 th and i 5 th) J = _^fL 6)_ + 


*bx 


2 d 


'$^\/a*+bb —aa . x z 3 for the Surface BM revolving 
r °und AP . 

Ex. 6. 

In the Hyperboloid BM, defcribed by revolving about 
•* > let the Semi-conjugae = b y Semi-tranfverfe 


ab 


'—a, AP — x, PM ~y j then y — bb> 


bxx 


bx 


7,— ' — and Jx r -\-f — * - fddxx — a\ 

ay/xx—aa v J nay 

^ In g dd—aa- f- bb. Therefore s = cy’sjx'+y* = 

"« 7 ~ *j~ddxx—a *; whence (by Form the 9th and 13th) 

s ^ cbx -- cbaa 0 T . 

“2^" Vddxx-~a+ -x 2.30258 Log. + 

‘Iddxx— a *: And the Fluent corretted, •* = *777' 

v'JwTr-r c bb . rfoa _ 

™ '-~ + ~ 3 < 2 . 3 o 2 5 Log. I ^==- 

D d 2 Ex. 7. 
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121. 


124. 
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fig; 

124. 


122 . 


Ex. 7. 

tfo find'the Surface defcribeA by revolving mmdUkz 
Conjugate AC, Here x: 


-yi/bb+yp,* and- tf ^st 

-SU-, and Th* 

b<jbb'+yy' J J bb-^yy 

Circumferenc e described by M is cx y whence Izxexft 

a=: — j\fbb -\r ~^yy- And (by Forms the 9th and 

dd . 2. a 02 %$c;cabb 


13 th ) s -^t‘J' hbJ r'wyy 




Cog -~w +V1 + 


ddyy 


2 d 


Ex. 8. 


In the right angled Hyperbola- CM, let- AP == *> 
—9W 

PMz=zy, and aa=zxy y and —-—=—' J 


whence v^+y 1 = anc * t ^ ere ^ ore S m 


.• --- - r^i-w —-- 

= — 7 T“ — 


x J 


+ 


*' Vi+tf 4 *" + 

-— - Whence (by Forms the 3d and' 9th) s 


V**+x* 


x 2.30258- x Log. x 2 4- 


But in C, ktx—a, and /=to, therefore the Flu^ 1 
caa 

; _—- ,f/rr~i-vr _ t . -* 

2 


tonreded* is s: 


\/2 




■V — 

Log. for the Surface deleft 

0 x i-f V2 

ed- by CM about the Asy mptote AP. 


Ex- 9 * 
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Ex. 9.. 

‘ £& the Ellipfis Mm revolve round the LineAPper- FIG. 
pendiculhrmhe AxirCA! LevCAh=d\ RM=§jn=zz i 125. 
ttari s=z ckx'PM-^ czxPm ss zctks: Whence 5 = 

2 cdz.. And the whole Surface defcribed by RD§j= 
c d x Semi-periphery RDQ. 

Ex. 10. 

To find the Surface of the UnguU of a. Cylinder cut i2 6 
°JF by a Plane Let Abe the Vertex, ADZ the 
^ftion made by a Circle perpendicular to the Axis ; 

RD NJ Perpendiculars on the Plane of the Circle 
ADZ ; DC, IP Perpendiculars on AZ. 

Put CD’—d, DF—O’, Radius of the Cylinder = r, 

Dl-=zz, CP—x , then r — d-\- PI = Cofine ofz=jy, 

°r Pl-=sf-\-d —r-r •, and by the Nature of the Circlfe 

r £==)’2£, and by fimilar Triangles NI = -j- xy-\rd-r ; 

him • -\tr • —n- nz- 

Out s — NT*z=z ~2 — xy-\-d—r = --j—x 

u -r : Whence s = -j- -f -j- xd—r ; and 


whole Surfece ZFADZ - ax ADZ — ~ 
_ cL 

^ Arch ZD A — Cord ZA. 

Ex. ir. 

Let the Ciffoyf NM revohe round the Afiymptote 12 7.' 
-t» let AN = a , AP = x, PM=y, then is x = 

-c J zjY — ; whence 
. therefore i; = ; confequent- 






O’*- 2 V— - ~ ‘ 

0ft i whence {by Forms t{ie 9th and 13t h) s = 
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caa 


FIG. \cajay+zyy + ^x2.302 5 Log.^-}^2v'3^^ 
and the Fluent being duly corre&ed, s = \ca^oyfie 0 
. 2.302*8 zcaa T 

-+ ■ -■ 4 xLog - .xf+Wl 
Ex. 12. 

ait 


128. 


Let DM be the Log. Curve ; to find the Surft ce ^ 
defcribes by revolving round the Affymptote A?- 
Subtangent PT—a, AD—b, AP=x t P 


129. 


the Nature of the Curve * = -y- : Whence * 


cy\j—i- -by 1 = ry ; and (by Form 9 aD ^ 

y V2 * — 


13) s-5)Waa+yy + \caa x 2.3025 Log. 

but in D, J = o, and y — b j therefor e the jj, ^ 

corrected by Prop. XII. is s — jy Joa ±P 

yj\-y/aa-\-yy~. 


\bjaa+bb + ^3x2.302585 Log.—-pj 


Ex. 13. 

2 >? Cycloid AM revolve about RC : Let 
PM-=zy , Curve AM— z. By the Procefs L* 


rivi"my^ v^uivt un j. — .p 

Prob. VIII. z = x %/”> therefore i = cxPR x 
t ^ 

= ^ xcx\f- = ccFx^x — ca'x'x, when« 


± A x L __ _ , yW 

ica 2 x* —$ca*x r — c^/ax x 20-4*. And 
x—rf, the whole Surface deferibed by AMC^s 


Ex ' * 4 - y 

Suppofe the Catenary AM to revolve round tf 


ITQ Ktuicfiury jiivj. * 1 / a ruw vc f 

■*’ /fPj by Nature of the Curve zz=2tfx+ x * 5 


= V^+ Z2: > whence *: 


22; 


. Jik e *' 


i« 


y'tftf+zz 















v sjfisir 


i'i .iffiiTi pit 

vk 'id&o&fi j£‘l 
. w id enoixu'-t 
: , <4 v ban s3&. 
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j = Vz 1 — x' = — - aZ . Since s = cyz, aflume FIG. 

*Jaa- f-22 

l he Fluent s=zcyz — t (by Rule 8. Prop. X.) This 
put into Fluxions is s = ryi: -f- — t, or / = f2^ = 

razz . „ „ , , «- 

and (by Form the 3d) t = cay/aa+ 22 ; 

whence s ■=. cyz — = cyz — caa — rtf*. 

And when corrected j = cyz — cax. 


P R O B. XIV. 

2 $ find the Content of folid Bodies. 

In any Solid AMm, generated by the Space ABM i 3 0 * 
Evolving round the Axis AP ; fuppofe the Plane Mm 
to move along the Axis AP , and by that Motion to 
^kfcribe or generate that Solid ; and fuppofe a given 
J^fcangle B to move with the fame Motion along the 
Axis AP , and by that Motion to generate a 
J^rallelopipedon; the Fluxions of thefe Solids will 
^ as the deferibing Planes Mn and B drawn into the 
^locities of their Motions or the Fluxions of the Ab- 
cilTa AP. Nowfincei?xyfP= Parallelopipedon, and 
5 * Fluxion of AP = it*s Fluxion, confequently the 
. ^uxion of the Solid AMm = deferibing Plane Mmx 
,n *o the Fluxion of AP. 

Likewife if the Solid AMh be fuppofed to be gene- j^i. 
rate d by a cylindric Surface MHhm continually ex- 
ending it felf and moving along the Ordinate PM, 
mil retaining AP for it’s Axis; it may be the fame 
Wa y proved, that the Fluxion of the Solid AMHhmA 

HMEmH generated thereby is = cylindric Surface 
multiplied by the Fluxion of the Ordinate 
***- Therefore, 


20:8 

FIG. 


123. 


•132. 


‘fShe ±>:o.c t.R'HN E 

Vo find the Solidity (fa Body , /*/ the AbfeifaAP 
Or dinette 'PM=y, MH—u* ^.=13,1416 &c s =Jfbltd 
Content, ft hen >by the Equation of .the Gurve >exptoig e 
one of the indetermined ^antities (and .ids Fluxion) 
out of the Equation s — eyyx for the Solid A Mm* .or out 
of .the Equation szzzsKuyy for the ‘.cylindrical Solid 
AMHhm or HMEmh •, and then find the Fluent . 

Xxample .1. 

Let ABt) be a Cone , Height AC —a, CB or C& 

, ebbx t X , 

= b, then bx = ay *, therefore j = cyyx = —— ' * 
and s =± ~ — 5s , .^nd the whole Cone ^ 

3 ** 3 

— Bafe x 4 Height. . 

’Ex. 2. 

BFbea ,-Pirifmrid, ‘xebtfe .'Btifts are'tighUtmg^ 
(Parallelogram s ,, though ; not.fmilar. 

Let it’s -.perpendicular : Height AL zrth , AP 

yifinuJar .Triaog^ 


h : x :: s —d : 


s-~td 




x^gfjAndh :x:i m-4i. -y* 

• 4 T 


2 = /I?.; then;A7 a t, and tirHz=-P ^ 

'in-on . '. ^ ^ 

*—r ; <them Jrasli ^^7^^ 'X >« 4* ‘ * * ^ ^ 


.J-H 


afrsX'H-—+ J —~Eh * * ? 

—01 , S~~rd . L 

'therefore r=zrd/vc 4“ —^^ 
-fcr.the.SofaUfl/KF. , And when 

3 **> .. . 

1 then the whole Solid BF-= dm ■-{-'*/* l +;2;w + JZ^' 

x .' 3 " = : i,+ 'id *m I'x fh. 

Ex- V 
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Ex. 3. 

Let AMm be the Segment of a Sphere ; it’s Diameter 
^ fl, then yy — fly—yy, therefore s = = rflyy 

—■ cx r x. Therefore s = --— , for the Seg- 

2 3 

ment AMPm. And when y=<z, the whole Spheres 
cep 

— \ the circumfcribing Cylinder. 

Ex. 4. 


Lei AMm be the Segment of a Sphere of an exceeding 
v frail Height , here nearly, therefore (by Cor. 3* 

-j. Cflyy cyy 

1 r op. II.) } = cyyx = caxx \ therefore s = — = 
Nearly. 

Hence in any Solid of a finite Corvature, the Con- 
te nt of a Segment of a very 1 'mall Height, will be 
^°nnd to be half the Bafe drawn into the Height. 


FIG. 

130. 


Ex. 5. 

Let the Solid be a Paraboloid , where ax—yy ; then 130. 

caxx cyyx 

5 == cyyx — caxx *, therefore s = —-— = —— = 

* Bale x Height. 

And in general if x—y w , then X—tnjF 'y * an< ^ ^ cn 
J ^ »j^c= cm/^-y i and therefore j = ^ — .y ^ 

^ — y*y. Therefore in the conic Parabola, 

*»+ 2 •' 

Here w =2., that is when the Curve is convex to- 
Hrds AP , then the Solidity = — 4 Safe x 

^ight. 

Ex. 6. 

AmD be a parabolic Spindle , generated by the 1 30. 
P . ar abola AMD (whole Axis is DT) revolving round 
Ordinate -AT. * 

„ Let AT=b, DT=d, DH=v, MH=u, then AfP 
“''J'sai■*.*,, and niissWt by tiie Nattlre of the Cwvt 
1 £ e Whence 


2 10 


F I G. Whence y= —v= 


The Doctrine 
-2 uk 


-* 

-4 ciPyii -4.cn 1 11 


ent s = - 


-4 cdu l 


+ 


x d — 
4 cu s 


wherefore s = 2<r«)iy = 
—. Therefore the Fin- 


3 ^ 5 aa 

u—b ; therefore the Fluent corrected is j = 


130. 


: but in A where s is o, 
4cdP 


4 cdtO 4C1A 4c b s 8 cdb 1 


3 a 


- + 




3 a T $aa s aa l 5 a 1 5 a 
v — d, for the Solid AMHhm *, and when v and 
8 cdb* Scbdd 

» = o, the whole Solid ADd — 


15^ 15 

® the Bafe x Height. 

Ex. 7. 

LetAMm be an Hyperboloid, Tranfverfe=rf, Copj u ' 

bb - , . y 

gate = b. Then j?y = x ax+xx i and s = 09 * 

r&foc - 

—-x ax 4 -xx. 

aa ' 

cbbx i . 3^x+2xx 3 


cbbxx \ 
And the fluent s = —---r 


3 « a - ( e *P un S ir >& «) 

x Bafe x Height 


* 33 - 


Hence if x=o, then the Solid = \ Bafe x Height 
and if x be infinite, then the Solid =r 4 Bafe x Height: 
Therefore the Hyperboloid is always between 1 and* 
the circumfcribing Cylinder, and is nearly = ^ 
thereof. 

Ex. 8. 

Let the Hyperbola CM revolve round the ConjttgW 
AP , A being the Center, AC—b , Semiconjugate 

bb 

By the Nature of the Figure yyrzbb^ ** 1 


cbbx r x 


aa 


whence s = cyyx = ebbx -j- 

—^cbbx-\-^cyyx, the Solid deferibed by 


Ex. 9- 


•, and s—ebbx-k 
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^FLUXIONS. 

Ex. 9. 

Let the Hyperbola DM revolve round the Ajfymptote FIG. 
AP, let AB—b, BD—d, xy=zaa. Then s = <yyx 134. 

==-whence j =-, let the Solid begin at 

XX X 

a . ea 4 ca* 

P ; and then the Fluent corrected is j = -^7— 

>= caa x d —y. 

Note if CAB is not a Right Angle, s muft be di- 
^inifhed in the Ratio of the Radius to the Sine of that 
Angle. When jy=o, the infinitely long Solid DMPB 
=== caad = cddb = B de x AB. 

Or thus: Let AP=±Xi Pm—y , aa=zxy , then »=x= 

aa • • . r 

whence s = icuyy = 2 caay ; therefore s—icaay 

^ 2eyyx, for the infinitely long Solid AHMSfP. 

Ex. 10. 

Let DM the Log. Curve revolve round the Ajfymptote 128. 
AP t let Subtangent MP—a* then yx—ay i and i=s 

c yyx—cayy ; therefore j = = Bafe xiLP, for 

the infinitely long Solid, MPAD . 

Ex. 11. 

Let AM be a Spheroid , yf the Center, AE—a, AC 135. 
^ &, thenj[y=W-xx ; whence i = cyyx = cbbx 

cbbx 2 x , ebb .. 

- —-— •, therefore j = -—- = -jcbbx 

aa 3 aa 

} cyyx. And when x ~ a> then j = -* ebb a = * 

8 afe x Height. 

Ex. 12. 

£<?/ the Segment ADMN of a Circle revolve about the 136. 
$ke AN-, CD—r, CA=b, AP or C^- x, PMz^ y— 

— b ; then s — cyyx = exx rr -| -bb—xx 
*faxy/rr —xx } and the Fluent 5 — c xx rrLfbb—-^cx 
x Area CDMQ. the Solid deferibed by ADMP. 

E e 2 ^ x * x 3 * 

l _ 


212. 
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Ex * 13 ‘ 

FIG. In the Cijfoid AM revolving round AR—a , we have 
1 27 * 

y = —7=-=, whence s — cyyx — _— ex * 

V ax— xx a—x 

C(l*X 

—• caxx — caax -|- — —: Therefore (by Form 4 (Ac) 
cx l cax 1 

s - ----- caax — 2.302 flea* x Log* 

a—x: And when duly corrected j= — fex*—\catt 
— caax -+• 2.30258 Log. a: — 2.30258 Log. a—x ^ 
a 

2.30258 sea 3 x Log. — a z_ x - j ex' — 7 cax 1 — caaX> 

Ex. 14. 

138. Let the CiJJbid revolve round the Ajjymptote AT* then 
*= — ~y~ = u : Whence 5 — 2 cuyy — 2 cxyj ^ 

2 cy~~y x’a^Ly ' 2 -: Therefore (by Forms 10, 11 and 13) 

s = x Segment ACD -f .* r x <zy—$)*, for the infi' 
nicely long Solid ADM£K And the whole ABM& 
= cax Semicircle ACB. 

Ex. 15. 

139. Let the Chonchoid D Mr evolve about the Ajjymptote A?* 
AD—a, AC—by then b-\-y •Jaa—-yy=- xy, and iczzX* 
therefo re s — 2 cuyy — 2 cxyy r=2 cy x b+y </aa-Ayy ^ 
2 hcyAaa —4. 2 cyyx/aa —-y_y. Defcribe the Quadra^ 
ADK\ then (by 'Forms 10 and 13 (Ac) s~%cb* 

Area AKLR — f cx aa —yy ) 1 . And, duly corre# eC ^ 

5 — 2cb x Area AKLR + f ca* — jcx aa-yyY, for the 
infinitely long Solid ARMQP. 

Ex. 16. 

139, Let the Conchoid DM revolve round the Axis D^-’ 
here the Circle deferibed by RM~cxx, and 

* Fluxi° n 


Sed. II. of FLUXIONS. 

fluxion of DR or #—y is — ■ jj; therefore the Fluxion FIG. 

°f the Solid s = — x xaa—yy = 

-• r~i— 1 aabbcy <iaahc . . „ 7 , n .. 

x £_j_/y--- —y — aacy : Whence 


c --* , cbbaa 


—* X 2 . 302585 X 

e&ion 
aabbc 


+ y ~ - .. 

Log. 7—1««9>. And by due Correftion (when y=tf) 

__. _. aabbc 

J =4 r x£~Ky — \cxb 4 -a — - abbc-\-a*c 

a 

aacy 4. 2.30258 x 2caab x Log. — . 

Ex. ij. 

Let the Cycloid AMC revolve about the Axis RC , 
fet AR — a, AP=x t Rp—u , pM—y, Arch 
LB~z, then and x=.— y> and by the Na¬ 

ture of the Figure u = v -f 2, and u = v + Z = 

= =-j = 

V^j —yy *Jay+yy ay y 

then s r= ; and afiume s = + L this put 

ey*j 

mto Fluxions we (hall find / = cyyit = -■ =L =- ; 

50a* 

whence (by Forms the 10th and nth) / = 16 ^ 

^ g+ ,o^+ 2;fLx ^_- (puteing <p = 

^Seflors Cg«_ , xhere f ore j = rayy -(- |ca x 
aa J 

Seftor CBR — 1 ciy?<»+iofln+. 2 1 v Vj —Jff, for 

*he Solid defcribed by PMCR. And when >•=«; 
then j ~-±ca x Semicircle ABR* the Solid delcribed 
b y the whole Space AMCR revolving about RC. 


12 9. 


Ex. 18. 
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Ex. 18. 

E I G. Let the Catenary AM revolve about the Axis APi 
13°' hr z AP—x, PM=zy, AM—z, and zz=2ax-\- xx> 
whence (fee Ex. 8. Prob. III.) zy=zax. Now J = 
cyyx* and affume s =zcyyx 1 , this in Fluxions gives 

t = — 2 cxyy = (becaufe y — : 2^ x — ^ 

.ax 

(becaufe xx—zz—ax) — 2cay x z -—- — — icty 

x z—y = 2cayy — 2 cayz ; then aflume t — cayy —- 
2c0iz +this Equation in Fluxions will produce 
u—icazy—2caax , whence u— 2 caax. Therefore the 
Solid '2£-^yz4-2c^x. 


PROB. XV. 

140. Lhe Nature of the reflecting Curve AMn , <2;;^ the lumi¬ 
nous Point L being given ; To find the Focus F, or th* 
Concourfe of the neareft refiiCted Rays MF , nF. 

Take the Particle of the Curve Mn infinitely, 
fmall, and Jet C be the Center and CM the Radius of 
Curvature of the Arch Mn *, and on ML, »L, MF> 
nF let fall the Perpendiculars CE, Ce, CG , Cg ; alfo 
on the Centers L, F, deferibe the fmall Arches A#* 
j then the little Triangles M?«, M»r are equal and 
fimilar, and Mo—nr. By the Nature of Reflexion 
the Angle LMC-CMF , and LnC=CnF, whence 
CE=CG, and Ce=.Cg. Now if CE—Ce (that is, fl 
L falls in E or e) then will CGz=.Cg ; that is, thePoin c . 
F will fall in G or g when Mand n coincide: But 
Ce be lefs than CE , that is, if L falls below E , then 
will Cg be lefs than CG, and the Interfedtion F will 

then 
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then fall above G towards towards M \i and the con- FI G. 
trary. The Triangles LE$j LMr ; and Fon, rSG 140. 
ate fimilar, and E§fj= CE — Ce = CG — Cg — * 

and Mr = n 0, and PG = MG — MF= ME—Mr * 
therefore LM : LE : : (Mr : :: no : SG :: 

Pm : FG FM : ME — MF. Whence MF= 

J^MxME 

“2I M-ME ' 

Otberwife thus : Draw the Tangent MP, and the 
Perpendicular LP , and let ZM=y, ZP=ra, MZ=i;, 

and by Prob. V. MC= whence by fimilar Tri¬ 
angles vjr = -S-, or v# = therefore MF~ 

._ «yy 11 


tyii—uy 

i. Wherefore if CM be the Radius of Curvature 

r. 1 ' , . t i/r _ 1 TO hr tO IDS 


1. truer erore ij uc ^ *v- - - 

C£ perpendicular to LM ,, and LP perpendicular to the 
Tanged PM , and we make the Diftance of the radiat¬ 
ing Point LM—y, ME^v, LP=u : Then compute 

the Value df v by Prob. V. and take MF - 2 j — v * 
And when AM is convex towards L write — v inftead 
°f + v. 

2. Or find u from the Nature of the Curve , by Help of 
tyhich expunge u out of the Equation MF = 


lyii — uy 

Cor. The Curve FfH paffing through all the 141. 
Points F, or touching all the reflected Rays MF, tnf 
h called the Catacauftic or Cauftic by Reflexion _n 
which any Portion HfF of the Curve is == LM^Mt 
— LA—AH. For drawing mL infinitely near ML* 
m r perpendicular to mF, ML\ 

^o=rMr, therefore Lm-\-mf~LM+Mf, or 

— ov and adding fF, LM+ MF 

rpLm — mf^fF, but thefe Moments arc as the 

fluxions, and therefore the Fluents thereof 

^ual, that U the Curve HF~LM+MT—L ' 



FIG. Let AM be a right JJne , then v is infinite, 
* 42 . ^ _ vy_vy _ 


Or thus: u is a Handing Quantity and «'=o» 

J2V 


fore MF — —2 

2 yu 

Perpendicular PF 
refle&ed Rays. 


is the Focus 


MD be a Orcle , C the Center ; then 
^ • And when ^ is infinite, MF=it 
TT ) x 

And if MD be very fmall, MF =: — 

And if DC = CD, then MF= = 4 -MF = 


Ze/ MD be a Parabola , and let the Rays be p‘ 
to the Axis DR, then ^ is infinite, whence h 
ny 2.J 

=tQ. But by Prob. V. <u = 

. . 2 ^ 

(putting r sr Latus Re&um) alfo = 

therefore -y, and <gF=i«y=rMF, and the 
F is the Focus of the Parabola. 


Z.e/ DM be a Parabola , and let all the I 
perpendicular to the Axis D^. Let DP=*> * 
M§=j, and rx=zz. Then by Prob. V. A 

4JJZ r 

= rr , and jj=zz 4 - 4 rr by the Nature oi 
gure: Whence MF= ±± ** 






VI ^ 
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Ex. 5. 

Let DM be the Log. Spiral , the Center L the lumi¬ 
nous Point. By Prob. V. v=y, whence ME= 
vy 

2 y- — v -y- 

Ex. 6. 

Suppofe DM to be an Ellipfis , L the Focus, the 
* ranfvcrfe = 2r. Conjugate = 2f ; then by the Pro- 

c y 

Petty of the Curve PL or u = —-===-- , and # 

Vzry—yy 

^ - ; whence ME = —=' 

2ry—jjyl* 2 ^« — 

~ 2r — y » confequently (fince the 

^ n gle^CMP== FMT) the Point E is the other Focus. 

. And in like Manner it will be found that Rays ifiii- 
* n g from one Focus of an Hyperbola, and reflefted 
b y the Curve will diverge from the other Focus. 


PROB. XVI. 

^he Nature of the ref rafting Curve AMn, and the lu- 148. 
Pinout Point L being given ; to find the Focus E, or 
the Point where the neareft refrafted Rays MF ,, nF 
concur \ and where they meet the Axis of the Figure. 

1 ^ppofe the Arch Mn to be infinitely fmall, and 
j 1 C be the Center and CM the Radius of Curvature 
I? and let fall the Perpendiculars CE, Ce on the 
JvJVs of Incidence LM , Z«, and the Perpendiculars 
o. » Cg on the refrafted Rays ME, »E; and let the 
J ne of Incidence CE to the Sine of Refraction CG be 
. % to n. On the Centers Z, E, deferibe the fmall 
rQ he$ Mr Mo. Now fmee Ce exceeds CE, therefore 
Ff c g 
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FIG. CZ exceeds CG , they being in a given Ratio •, whence 
MF, nF interfeft beyond G. 

The Figures GCME and on Mr are fimilar; 

MGxMr 

therefore ME : MG : : Mr : Mo = —-» 

to x Mr 

and LM: L^-. : Mr: Qe =- 1 M ~ ■ And by 

the Property of Refraction, m:n :: (Co : Cg :: CE ■ 

nxLFfxMr 

CG :: Ce-CE : Cg-CG ::) e ^:Sg = mxLM ~ > 

and by the fimilar Triangles FoM, Fg s , Mo—Sg 
in x MG 1 x LM 

: Mo : : MG : MF= m x j^GxTM— nxLQxME ’ 

Q Produce MF till it interfeft the Axis of the Curve 
in 0 , and let AO— fi LM—y , MOr=zS, 

AH—x, MH—z, then y = yz 1 +d+x\ and 5 = 

148. y/zz+f-x . And it is jy : -s : : rn : on : : m : n, 

. nzz+ndx+nxX 

and »v = - m f or »V = - m s, that is — 

zz-\-d-\-x 

,nfx-mxx-mzz ThtK ^ 

\J ZZ j J _ x 

149. J* To find, the Focus F, let CM he the Radius of 
** ' Curvature, CE perpendicular to LM-> and CG to MG, 

ME—V, MG—u. LM=zy, m and n the Sines of Inci¬ 
dence and Refraction. Then find v and u by Prob. V • 

and take MF - --. If AM is con- 

cave towards L, write — v for v, and — u for u : And 
if the Rays converge when they fall on the Curve AM* 
write—y for y. 

2. To find the Point 0 where the ref railed Ray meet 
the Axis of the Curve, let LA~d, AO = /, AHrz. 
MU = then by the Nature of the Curve expung 6 
, . nzz-\-ndx-\-nxx ^ 

x or z out of the Equation _ _^ 

and by Redikfwl M 

y/zz+fr' when 
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when the Curve is concave towards Z-, write — x for FIG. 

+ fcfr. , .. . 

Cor. The Curve NfF patting through all the 
Points F , or which touches all the refracted Rays KN , 

MF, is called the Diacauftic or Cauftic by Retrattion. 

And any Portion of it NF = FM -J- — ML—NK — 

~~~KL. For fuppofing Mn infinitely fmall, and draw¬ 
ing Mo, Mr, Perpendiculars on fn, nL ; then by 
the Nature of Refrattion m : n : : rn : on = ~^rn, 
therefore o» = ~-r» = o; that is Mf — nf — 

x Ln—LM = o, and adding F/ ; we have F/=: 

MF_ nf _- 2 - x Ln —LM , but thefe Moments are 

as the Fluxions, whence the Fluents will be equal, or 
FN = FM — KN x LK—LM. 


Example 1. 

Let AM he a plane Surface , then v, u are infinite, 151. 


whence 


muuy 


muuy 


Now let 


muy — nvv—nvy -nvv 

r = the infinite Radius of Curvature, the Perpendicu- 
lar LA—p, then by the fimilar Triangles LAM % 

MCE, v = —; alfo mm x rr—•«« = nn x rr— w, 
>y the right angled Triangles MFC, MGC: Whence 
-ytf •, therefore MF = 


„ mm —. 
uu rr- - -— rr + 


mm 

•muuy mm-nn ny 

nvv — mn&JV J 
n 


m 


mntf 

n m 

-^y. And near the Point A , Af =- ■pf’P- 


-f. 


Ff 2 


Ex. 2. 
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Ex. 2. 

FIG Let parallel Rays fall on the convex Side of the Sphere 

muuy 

I52, AMi then y is infinite, and MF — muy ~ nvv _nvy 

— -- anc j near t h e Vertex A, uz=.v — AC » 

— mu—nv 5 

, mxAC 

whence AT — --. 

7 m-n 

Ex. 3. 

153. Let parallel Rays fall on the concave Side of the Sphere. 

AM', then y is infinite, and v , u are negative*, 
muuy muu an£ j 

whence MF ~muy~nvv-\-nvy ' nv -—mu 

mu ^ 

at the Vertex A , v=u = AC, then AF — 

—^— AC. 

n-m 

Ex. 4. 

154. Suppofe the Rays proceeding from L, to fall on the convex 

muuy 

Side of the Sphere AM-, then MF = 

muy ^ 


And in or near the Vertex, MF = 

mry 


m-n xy-nu 


m-nxy-nr 

And to Jind where the refratted Ray meets the A# 
of the Sphere , zz — irx — xx, and zz — rx — xx, ft 
which expunge z and z out of the Equate 
nzz-\-ndx-\-nxx __ mfx— mxx —mzz anc j t her e 

\/z2 + (5+* ‘ \/zZ+]—X 

nr-\-nd mf—mr 

ailLS jirx+zdx+dd ” y/zrx-ifx+ff \ % 

Reduflion of which f is found. And in the Vet 

mf — mr nr -\-nd f ^ 

A where x is o, —- = -3-, or I 

mdr J d 


n-n x d-nr 


Ex 5- 
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Ex. 5. 

If Rays fall on the concave Surface of theSphereAM, FIG. 


muuy 
— muy — nw-\-nvy~ * 


And near the Ver- l55 ‘ 


mry 


then MF-' || 

muy 

tex, MF = ■■_ -— —— 

/ n — mxy—nu n — mxy—nr 

To find where MF cuts the Axis , here zz-2rx 
*— xx : put the Equation into Fluxions, and write 
— X for x, — xfor*, — r for r in the Equation 
« 2 z_| -ndic-t-nxx __ infix — mxx—mzz 

*\/zz-\-d+x y/zz-\-f- * 

, —mr—mfi 

have --- 


ajdd—idx+irx 

• , 

*h the Vertex -^— 

mrd 


a k /ff+ 2 fx+ 2 rx 
— mr—mf 

, j , 


and we 
*, and 

or / = 


^ W X -jj 

Cor. Since by the foregoin g Equation _aj c r— 
xff+ 2 fx+ 2 rx = W* X r+/ a x —2*&+2r*, and in 

the Vertex n 1 x = w a x/+r\ « r; 

then, in the Vertex, / =-^— r > and fince the 

feme Value of d an d / fub fti tuted in t he other Fart of 

Equation n z xr — d z x ifix+ 2 rx ==™ * r * 

2 I —1 m 1 x r+f, will (till rnake 

l r X- 2 dx, or » X r « — m * ’-Therefore it fol- 
b oth Sides of the Equation equal : Therefore a.™ 

Ws, that when <i=—i—r, then will/—- m r » 
for all Rays fall on all Parts of the Sphere ; and there¬ 
fore F or O wiff be a geometrical Focus. 

, And on the contrary, Rays converging:to 3 , ana 
falling on the Sphere, will all be accurately retrace 
t0 their Focus L. 


Ex. 6. 
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FIG. 

i 5 6. 


Ex. 6. 

Let parallel Rays fall upon the Spheroid AM, ^ et 
Tranfverfe = b, Parameter = a, then zz == ax 

xx, and zz = \ax - j xx *, and fince d is infinite 

therefore the Equation for AO becomes n & 


mf — nix - 


= —, whence/ will be found > 


**+/—* 

and in the Vertex where x = o, mf — \ma = if, ° r 

f—JH 1 . 

* m-n _„ 

Cor. If£ : a :: thena = - 


and —z= Diftance of the Focus from the Cente f » 
im 

in m-X-n _ ,. ^ 

then /= — = xJ = - J + -^r ^ 

Diftance of the remoter Focus from the Vertex ; an 
fince the fame Value s of a and / fubftitut ed into tn 

general Equation n\fax - xx + /—x ■=. mf ^ 

- mx -f x , keep both Sides equal; the*** 

fore when parallel Rays fall upon a Spherotfjn * 

Direction parallel to the Axis, and a = - 

then all thefe Rays falling on all Points of the Sphero* 
will be accurately refradted to the further Focus of 11 

And on the contrary, Rays ifiuing from the furtl^ f 
Focus of this Spheroid and refradted at the Surfa ’ 
will all emerge parallel to the Axis. 


m z 


PR 0 0' 
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FIG. 

find the Center of Gravity of any Line , Surface or 
Solid. 

The Center of Gravity of a Body is that Point up- 
which, if it were fufpended, it would reft in any 
&iven Pofition. „ , . 

. Let MAT be any Figure or Solid Body, regular or 157. 
Regular *, C ids Center of Gravity ; and hjppofe it 
10 be fufpended in C upon the horizontal Line 6C, 
f the Axis of Sufpenfion to pafs through S , parallel 
!° the Horizon and perpendicular to SC. Let all the 
^finitely fmall Particles of the Body be reduced to 
Line SC, fttuated refpetfively in Planes perpendi- 
^arto SC i and let the Magnitude of every two 

Articles of the Body taken on different Sides ot C (as 
« and p-, h and h, d and i, &c) be reciprocally as 
Jjcir Diftances from C; then is C ftill the Center of 
Cavity of each correfponding two, as tt is ot the 
Hole MN. Therefore we have Caxa_= L g x £’ 
tl >« i s XC--Saxa=.Sg—S£xg, or a-\-S x SC— 

*11 xa + Srxg. In like Manner b+b xSC-SOxD 
+ Sb x h , and d+ixSC = Sdxd + Six i &c, whence 
H^A-d+e+f+b+i+k x SC^Saxa + ShxK + 

*4x d + Sexe + Sgxg+Sbxb+ Sixi + Skx&,& ’ 

T Sax a+Srxt+Sbxb+Sbx b &c 

c °hfequently «SC = — o' + g + b + h &c 
Now if any one of the variable Diftances as Sb be 
">Hed *, the Body MN, s; then will Sb x b = xs, 

**4 the Sam of all the Saxa + Sbx b &c = Sam of 
the xs, or the Fluent of xs : And the Sum • 

^a + i + g ^= Sum of all the a, 
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FIG. Fluent of / that is the Body MN> therefore SC& 

Fluent of xs r 

——-— T-ry-f -. Therefore 

Body MNor s 

‘To find the Center of Gravity ; let s Line , Surface 
or Solid: Multiply the Fluxion of the Line , Surface or 
Solid (s) by the Dijlance (of the Center of Gravity of 
the generating Point , Line or Plane) from the Axis oj 

Sufpenfion ; and find the Fluent z •, then -y = Dijlance 
of the Center of Gravity from the Point of Sufpenfion- 
Ex. i. 

Let SB he a right Line or Cylinder , S the Point 0 
Sufpenfion ; SB = x ; then z = xx 9 and z = ’ 

therefore -j- =s for the Diftance of the Center of 
Gravity SC. 

Ex. 2. 

In the Triangle SgD, whofe Point of Sufpenfion is S'* 
let SF biffedb the oppofite Side then the Cents 
C is in the Line SF ; draw AE parallel, and SG 
pendicular to QD, put SF~a, SBzsx, SI=v, SG ' 

QT)z=b 9 AE—y. By fimilar Triangles v = -y» an< * 
hx . . bhxfiJc 

v -—pr>y = —» then 2 = —kjT 

hhx 1 . ■. . . M** 

Alfo = — 


* 5 »- 


159 - 


and z = • 


bhx x 


3 aa 


and -! 51 


. Therefore- 
iaa 

— *a = SC. 


■ = - 3 x> and when x = a 9 


Ex. 


160 . 


Let AM he the Arch of a Circle , s its Center, ^ 
= *, AM=zv, Bi\l~y. It is evk*" 

the Center ot Gravity of any Arch AEG is in 1 
Line SE that biffedts it. Whence (by c , e 

Nature of the Circle) — ry •, and z = — ry \ and t 
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Z 

Fluent correfted is z = bf — ry. Whence y = FIG. 


rb — ry , z rb , 

--—, and when y = o, -r =-—= o C, the 

Diftance of the Center of Gravity of the Arch AEG 
from 5 . 

Ex. 4. 

For the Seel or of a Circle MmS> whofe Center and 161. 
Point of Sufpenfion is S ; let Arch Mm—c> Radius 
SM—r, Mm—a, S$=x, g>Dq=v. Then % = 

-y-, and by the laft Example, the Diftance of the 

Center of Gravity of the Arch gDq from S is = 
ax 1 . ax r X , ax* , 

-py , therefore z = —~— > a °a 2 = > there¬ 
fore —_—- = *, and 

s ~~ %rx\x v 3 rv 3 C 

2 ar 

when x = r, then S C = 

Ex. 5. 

For /F? Circular Area PQD. Let SD or SE = r, I 6 2 . 
PQj=c, SB—x, PA=v , AB—y, by the Na¬ 
ture of the Circle y = -v/rr— xx » then 2 ~y*X == 
xx^rr—xx, and 2 = — 4 x rr—xx ■ * 5 corrected 2 = 


r r~bbV r — rr-xxl - 


Alfo j = Area 


whence-j- =|x 

= Sc. And the Diftance of the Center of Gravity of 

, • 2C J 

*he whole PADQ, from S is == ^vr-^cb ' 

Again in Refpeft of the Axis of Sufpenfion SD ; 
fWe the Center of Gravity of the deferibing Line^-, 
Is in the Middle of BA, therefore z = iy = 


whence z 


— . But (in gj, 
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t\G x-K z — o) the Fluent correfted is z = 
" a 

2 r J 


and when x = r, 


-— = Diftance of 

— gru—3^ 

the Center of Gravity of the Semi-fegment PAVk, 
from QD. 

Ex. 6 . 

C- In the Parabola rx—yy, let SP~x, PM—y , then 
6 ' in Refpeft of the Axis_of Sufpenfion ST, z—yxic=z 
xx</ 7 x ; and zz=.\ xxjrx : And j = 4 xy = \xjrx i 

therefore y = \x the Diftance of the Center of Gra¬ 
vity from ST. v 

Ao-ain in Regard to the Axis of Sufpenfion br > 
becaufe the Center of Gravity of the defcribing Line 

j } y 

is in the Middle of MP , therefore z = \yyx—yT' 


y 4- 

and thence z = — i and i = 
4 ; 


—: Therefore—7" 
3 r J 


364. 


— ly, the Diftance from SP. 

Ex. 7. 

Pi?r /i&f hyperbolic Area BCMP , between the tff" 
fymptoies. Let SP=-b, BC — c, SP=.x, PM^Ii 
cb-xy. Then in Regard to the Axis SD, z~y»* 
- -cbx, and Zzzzcbx, but in B t x = b, therefore W 

_ -7 . j Z ebxx—b ^ 

Corre&ion z = cbx x — b. And — — Area BC jtfp 

Again for the Axis of Sufpenfion SP, z — ^yy*^ 
ccbb . , -ccbb -cby 

2XX * 


and 2 = - 


corretted % : 


cb - , z cbxc—y 

— xc-y and — = 2 Area BCMP 


Ex. 
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Ex. 8. 


Let A MB be an Ellipfts , 5 the Center, AS—a, FIG. 
SB = b, SQ—y, QJW = x = -y- *Jbb—yy, then for 

the elliptic Space, z = xyy = Vbb — -yy ; and z 

a _ abb a 

= — -Jf xbt—XfW correaed z = —-p- 

z — axbb —p* 

Xgrp* : Thence — = p x Arel • 

Likewife for the Diftance from ^ 5 , Zz=.-~xxy — 


day 


.-Jg-**.* 

ibb'ay — aay % 


aay aay 1 


"OT 


; whence 


«* bbb x Area 

Ex. 9. 

irf SAfP the hyperbolic Space , Tranfverfe = 2*, 165. 

Conjugate = 2b t SP = x, PA/ — y = V 2 ^x-}-xx, 

Whence xx = 2tfrf -f -jpjy — ~j— Vbb+yy, xx = 

. • aa * * 
m * whence z =■ = ^ 

•-^--,a;dz = ^--l^ + 


dab 


b^bb -f. yy 


x 2.30258Log .y + *Jbb+yy :, whence f 


— Diftance from ST. 

Then for the Diftance from *$P, we have z — 

VVV hhv _ bbxx 

^ = —— X 2 ax+xx, and the Fluent z =-^ 


+ > therefore — = 


iabbxx-\-bbx* 


s — 6 aa x Area srm 

G g 2 Ex ' l0 - 
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FIG. 

166. 


Ex. io. 

For the Surface of a right Cone , let SD~f, crz. 
Circumference of the Bafe, Axis SB = d, SM—v* 
SF~x. Then it is plain it’s Center of Gravity is in 

the Axis SB. = Circumference of the Circle 

a 


MQj, and by fimilar Triangles v — -j -, and v = 




; therefore z : 


cx tc b 
d dd 


cfx z x . cfx* . 
• in<iz —Jdd ’ 


alfo 


, Therefore —• — SC- 

2 d 2 dd } 


Ex. ii. 

166. For the Cone (or Pyramid) SDE, let the Bafe = b* 
the reft as in the laft Example; then the Circle MQ, 

bxx , . bx'x . bx 4 i r . 

-; and z = —^ , and z = * a 0 * 


— dd 


: Therefore —- = tx = SC the Pittance 


of 


the Center of Gravity from S. 


Ex. 12. 

167. Let SMD be a Sphere, SP—x, PM=zy , Radius 

— r, 3.1416, then y = \t 2 rx—~xx, an dz—cy l x# 

2crx l cx^ 

— icrxxx — cx % x *, therefore 2 -—- : 

3 4 

cx * 

and s = rn 4 -- (by Ex. 3. Prob. XIV.); there- 

fore —----- for the Diftance of the Cen- 

s 1 zr —4* 

ter of Gravity from S. 

Ex. 13. 

jr'-. For the Spheroid SMD, whoje Center is C, let SC^ 
' a , CF—b, SP=zx, PM—y, c— 3.1416, then^^ 

M * . ebb -^-r- . 

-x 20.x — xx : and z = cyyxx =-x zaxx~x x> 

aa ua . 
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ebb 


ebb 


and z = x \ax'-\x* and j=— x ^ » FIG. 

and — — ^ ax — 3 XX • 

s 12 a — 4X 

Ex. 14. 

To find the Center of Gravity of the Solid SBDniy 16S. 
generated by a ■partial Revolution of the Parabola SMD 
about the Axis SB. 

Let s be the Point of Sufpenfion, let SB=zd , 

BD = by SP = x y PM = y/x = yy , Arch 

P>d~C'y then Arch Mm — -yp *, therefore z = 
cyy cax r x , 

tr** = “IT - 5 andz=— 6 ^-:andjr=:- 


4 ^ 


therefore -y- = 4 *, the Diftance from 5 ST. 

Again for it’s Diftance from 55 , let Chord Dd—fy 
then Chord Mm = -^y- ; and by Ex. 4. the Diftance 
of the Center of Gravity of the Sector PMm from 

2 fy . = and 


P = - 2 £L. • therefore z = 

3 f 


3 b 


■ 2 ^ r-» therefore -y = 
15^ •* 


8 // 


tab 

— 15^’ 


1 ^ut / •> i £)Caax ~ • j ~ m 

the Diftance of the Center of Gravity from 5 P, and in 
the Plane that pafies through the Axis and bifiects the 
Bafe. 

Ex. 15. 

Let the Hyperbola CM revolve round the JJJymptote 169. 
SP, W deferibe an Hyperboloid CMB: Let SB—by 
Bc~dy S P—Xy PM-yy C = 3,14 1 6. W = xy ; and 
bbddcx 


2 = 


cyjyxx =' 


whence z = Log. * : 
And corrected z = bbddc Log. -7-: Alfo s = 


c bbddx 


; and J = - 




and corre&ed s — 

cbbdd 


XX 


X 
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fig. cbUdx ; therefore - 2 - = 

__ Diftance of the Center of Gravity of the Solid r 

T7 6 

Ex. 16, ^ 

Let the Solid he an Hyperboloid , Tranfverfe ^ 2 ’ 
Conjugate = 2^, c = 3.1416, SP=zX r PM—J 1 
l _, . . cbbx ^ 


163. 


a __ cbbx -rtt* * 

~J2ax+xx •, whence z = eyyxx = ^ 

^ _7.k . 


_ . ebb ^ 

whence z = * T^+i* 4, » a ^° J = 


__ ^ 

- x '» therefore f 


2ax-\-xx ; and s 

to+3** __ p iftance 0 f t he Center of Gravity ^ 
i2rt4-4* 


I2rt+4-* 
the Vertex 5 . 
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P R O B. XVIII. 

<To find the Centers of Percuffion and Ofcillatto* 

■ <b 

The Center of Percuflion is that Point in the A*, 
a vibrating Body, whichJtrikmg agamft an m ^ 
ble Obftacle, the Body lhall incline to neither 
but reft as it were in Equilibrio, on that Point. (V 
And the Center of Ofcillation is the Pon ^ 
Axis of a vibrating Body, in which d 
or Particle be placed, it lhall perform it s ,yF 
after the fame Manner, in the fame Time, a 
the fame angular Velocity as the whole Body. ^ 
To find the Center of Percuflion; throug ^4 
Point of Sufpenfion C, and Center of Gravity» $ 

the Axis of the Body CO * and fuppofe 0 to ^ 
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Center of Percuffion ; through CO draw the Plane in FIG. 
^hich the Center of Gravity moves, and imagine the 
^°dy to be divided into innumerable fmall Prifms, 
a U perpendicular to this Plane, and let them be fup- 
P°fed to be reduced to, or fituated in, the Points where 
*hey interfed this Plane ; and let p be one of thefe 
foiall Prifms. Draw pf perpendicular to CO, and 
M perpendicular to Cp *, then pd will be the Diredion 
p’s Motion as it revolves about C; and the Body 
being ftopt at 0 , p will urge the Point d forward, 

^ith a Force proportional to it’s Magnitude and Ve¬ 
rity, that is as p x Cp ; therefore the Force where¬ 
with p ads at d in a Diredion perpendicular to CO, 

Will be p x Cf. And the Force by which p endeavours 
10 turn the Body about O, will be as pxCf xdo, or 
PfCfxCO — Cd, that is as pxCfxCO —pxCp\ 

.^°w fince the Sum of all thefe Forces to turn the 
^°dy about O mult be =0, therefore all th epxCfx 
CO-Ip x C p* — G> or all the pxCfx CO = all the p x 
p Su m of all the pxCp z . 

■P i therefore CO = Sum of all the px cf 
For the Center of Ofcillation. Through the Cen- x y It 
ter a of Motion Cand Gravity G draw the Axis CO, 

* n d let O be the Center of Ofcillation. Draw the 
horizontal Line Cr , and Or, Gg, pn perpendicular 
hereto, and pf perpendicular to CO. 

^ % Reafon of the equal angular Velocities of all the 
Articles of the Body •, the abfolute Motion of any 
ar ticle q (and confequently the Force that generates it) 
be as Cqxq\ and a Force ading at n that can 

derate that Motion in q is as —let Sum 

*>11 theCfx q in the Body, and let this be as (the 
height of) the Particle p. If the Weight of the Par¬ 
ole p generates any Motion in the whole Body JD, 

«>en _ that p art 0 f t he Gravity of p 

'"hich generates the Motion of the Particle j > and 
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F I G. the Motion of q generated by that Force is * 
1 7 I * - X —or an d the Velocity of q i s 

C nxCqxp ._ Cnxp 

A frpf* 


, and its angular Velocity - 


the fame Manner any other Force ^ ^ P 

at //, will generate the fame angular Velocity in 
any other Particle and confequently the Sum of 

all the Forces Cq* x q , . . 

------or the Weighty will generate 

the fame angular Velocity in all the Particles q toge¬ 
ther or in the whole Body. Now fince the Weight 
of any Particle/* will generate an angular Velocity in the 

Body AD about, C,which is as ; 

therefore the angular Velocity which all the Particles 
the Sum of all the Oxp T 
P can g enerate 15 as ~iTum ofaii the Cf xp ’ 1 

like Manner the angular Velocity which the Gravity 
of a Particle p placed in 0 would generate in itfelf i s 

as ~ 7v u -or as ~vy~>i • But becaufe of the E' 

CU xp LU 1 

quality of the Vibrations and correfpondent Accelera¬ 
tions, this laft muft be equal to the Sum of all the for- 
Sum of Cnxp Cr _ 

mer! whence Sum < T C/x ? = W : BuI 
the Nature of the Center of Gravity, the Sum of a " 

the Cnxp = OxBody = -ppr-xCG xBody/^ 
Cr Cr 

= ~cq~x Sum of all the Cfxp. Therefore ■ qq ~ * 

Sum Cfxp Cr L ^ ^ ^ 

Sum Cp'xp = -C 03 - ■’ whence C0 " 
Sum of all Cp r xp cn r 

— SuiiToTail Cfxf- ■ And therefore the Center of t»- 

dilation is the fame with the Center of Percufiion. 

Since 
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Since Sum of Cfxp =t CGx Body AD\ therefore 
™ Sum of Cp 7 - x p 
~ CGx Body AD ’ 

Alfo fmce Cp*=.CG*A r Gp t -2.CGxGf, therefore the 
Sum of all Cp * x p = Sum of all GC 1 -\-Gp 1 xp - Sunl 
of all 2 CGxGfx p. But by the Nature of the Center 
of Gravity, the Sum of all the Gfxp — 0 *, therefore 
Sum Cp z x p = Sum CG 2 x p + Sum Gp x xp — CG t 
x Body AD + SamGp'xp. Therefore CO =5 
Sum Cp z xp __ rn I ^urn Gp z xp 
CGx Bodyy/i 3 — LU + ~CG x Body Aff" And 
Sum of all Gp z xp 
G0 = CGx Body AD 


Therefore if s ±= Body, Cp—x , Cf—v, Gp = 2:, 
then the Sum of all the Cp* xp = Sum of = Fluent 
of xV, and Sum of Cfxp = Sum of vs =. Fluent of 
Vs. And Sum of Gp z xp — Sum z z s — Fluent of 

. r Fluent of x 2 / Fluent of x 2 / 

z z s ; therefore CO — - 


Fluent of vs 
Fluent of z*s 

~ CG + CGx Body/fZ) ‘ 


' CGxBody/ZZ) 


2 33 

FIG, 

171. 


R U L E. 

Suppofe the Body to be defcribed or generated by a 
Plane perpendicular to the Axis of the Body\ or parallel 
to the Axis of Motion. Then 

1. Muliply the Fluxion (or if the Cafe require , the 
fecond Fluxion) of the Body by the Square of the Diftance 
(of the generating Plane) from the Axis of Motion , and 
find the Fluent (once or twice, as there isOccafion) by 
Help of the Equation of the Figure ; which call F. 

Or thus: Imagine a Line drawn through the Center 
of Gravity of the Figure parallel to the Axis of Motion ; 
then multiply the Fluxion (or fecond Fluxion) of the Body 
into the Square of the Diftance (of the generating Plane 
&c) from this Line , and by Help of the Equation of the 
Figure, find the Fluent (Once or twice) which call G. 

IT h 2. Multiply 
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FIG. 2. Multiply the Fluxion of the Body by the Difiance 
from the Point of Sufpenfton to the Point where the ge¬ 
nerating Plane (or Line &c) cuts the Axis of the Body *, 
and find the Fluent M. And let d = Difiance from the 
Point of Sufpenfion to the Center of Gravity , and B = 

the Body. Then or . ^ or d + —^ will be 

the Difiance of the Center of Percuffion or OfciUalion 
from the Point of Sufpenfion. 

SCHOLIUM. 

If the Center of Percuffion or Ofcillation be made 
the Center of Sufpenfion, then the former Point or 
Center of Sufpenfion becomes the Center of Percuffion; 
if the Plane of it’s Motion remain the fame. For 

-g- = d x Diftance of the Centers of Gravity and Per¬ 
cuffion. 

Cor. The Center of Preffiure of any Plane immerfed 
in a Fluid and fuftaining that Fluid, is the fame with 
the Center of Percuffion of that Plane ; the Axis of 
Motion being the Interfedtion of this Plane with the 
Surface of the Fluid. The Center of Preffure is that 
Point againft which a Force being applied = Sum of 
all the Preffures, ffiall juft fuftain them; fo as the 
Plane ffiall incline to neither Side. 

172, Through the Center of Gravity of the Plane draw 
AO perpendicular to AS the Interfedlion of the Plane 
and Surface of the Fluid, and let cd be parallel to 
AS. Then the Preflure againft any fmall Part cd 
is as c d x Ab> and it’s Force to turn the Plane about 
O the Center of Preffure is cdx Ab x bO = cdxAb 
x AO — cdx Ab x 9 and the fum of all thefe muft be 

. , „ Sum of cdxAb z . „ 

equal too, therefore there- 

fore 0 is the fame with the Center of Ofcillation and 
Percuffion, and confequently is to be found the farnfi 
Way. 


Example 
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Example i. 

Let CB be a right Line , CB—x, then F — x*x, FIG. 
and F =—; alfo m — xx, and M ~ ; ' 73 ' 

F 3 

whence == £ x — CO. 

Ex. 2. 

In a Parallelogram where the Axis of Motion is in 174. 
the Plane of the Figure, CB—x , BD=b. then f — 
bx 1 

fo 4 *, and F = — - » alfo jif = £x£, and M — 

fo* F 

-; whence -jj = * = CO. 

Ex. 3. 

Let AD be the Arch of a Circle, the Center C the 175. 
Point of Sufpenfion, and the Axis of Motion perpen¬ 
dicular to it’s Plane ; let Arch ABD = .f. Cord AD 
= c , CB = r. Then F= rrs ; and by Ex. 3. 

rc , r F F 


dB ds 


Prob. XVII, d = ~ ; therefore 
rs 
c 

Ex. 4. 

Fe/ AD be a right Line , the Axis of Motion per¬ 
pendicular to the Plane palling through it. CB=d , 
BA—y , then and F = iddy+^y* \ 

alfo M—rdy, whence-^ 

Ex. 5. 

For the Periphery of a Circle , let CD = Radius 
AJD—r, Circumference = r. If the Axis of Motion 
be perpendicular to it’s Plane, then G = rrc 9 and 
j , G , . m , , rr 

d+ lB = d + ~3T = dJr ~T ■ 

But if the Axis of Motion be parallel to the Plane 
of the Circle, let DE = z, = *> then g = 

FI h 2 = 


176. 


i77. 
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' ^rr^—zz 


and the Fluent G = 


for the whole 


Circle : Therefore d + -jg = ^ • 

Ex. 6. 

For the Plane of the Circle, the Axis of Motion per¬ 
pendicular to it’s Plane, DE—z, Circumference at E 
cz , . cz '& , _ cz + cr J 

= —. ‘hen and G = — = -j- • 

G 

Then * + ~ir= d + imb = A +■ 

And if the Axis of Motion be parallel to the Plane 

_ cr i , 

of it, G = 4 z z z^rr — zz, whence G = —g— j and 0 

G j . cr * j , rr 

+ dB " d + 8JB ~ d + 4 <i ’ 

Ex. 7. 

For the Periphery of the Circle , parallel to the Hori¬ 
zon, let the Axis of Motion be parallel to ED, Ra¬ 
dius D 5 =r, BAz=. v, DL — z, CD-=zd , then 

4.rzzz tore 

azzv —-==—, and the whole Fluent G = -r*» 

*jrr —22 2 


then + -35- = • 


= i + 


the Plane of the Circle , whole Point of Suf- 
penfion is in CD perpendicular to it’s Plane. Let AE 
—X, the reft as before, then v = xz, and g = 4xz 1 & 

cr* 

= 4z*z x Arr —22, and the whole Fluent G — > 

, , G , >r 

an dd +iF = d +-^r- 

Ex. 9. 

In an Ifoceles Triangle, where the Axis of Motio 11 
is parallel to the Bafe, let CDzza, CAz=x , BE-^fi 

then 




• 79- 
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then IK= and P= All. ; whence F=^~ 
a a 4 a 

fx'x .,,/*> , . P 

= ~~a ’ and M — Hjj- i therefore = 


alfo m — „ , — _ 

4 * — 

if the Axis at C be perpendicular to the Plane of 

the Triangle, \ttAQ~v, then p = xx+vvxxv y and 

v*x r f x v fx’x 

F=x l xv +-— == (becaufe v = ^ + 

therefore ==l* —. 
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FIG. 


Ex. 10. 

i;i the Parabola CAF , AC—x, AF=y\ AQjpiv, 
ax—yy •, let the Axis in C be parallel to AF y then /= 
yx*x, = x l Xy/™, and F=y*y^; and M=zyxx 

p 

= xxfax, andM=^. Therefore 

If the Axis be perpendicular to it’s Plane *, then f = 

y^x 

ATX+W X XV, and F= x*vx + —— = yx'x + 

_ 3 3 

= *, whence F = + 

P 

tWV". Therefore-^- = ’.v+ 

Ex. 11. 


Let AB be the Surface of a Sphere , FF—z, 

Radius = r, c = Circumference. Then Circum- 
f cz , . cz J i cz 3 

ference of BE~—pr, and G =—-— = —-— x 


__ rz 

>/rr—zz 



2 cr z 2cr z 

- : whence G = *-- 

3 ' 

Q 

And F=rc 5 therefore d 4 -^g - 


- Jrr-zz 

3 

irr 

~= d +~3 <t~ 

Ex. 12. 


180. 


181 ; 


'JH 
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Ex. 12. 

FiG. ^ ei AtBQD be a Paraltelepipidon , the Axis of Mo- 

« ' tion perpendicular to the Plane ABgD \ let ABr=x 2a, 
1 AD^2h y Breadth = c, GS=x , SZ=y 5 then g = 


183. 


xx+jJ X 4txy, and G = 4cx 2 yx -f 


4cy'x 


== 4chx t X 


4- ±eh'x : Therefore G = 4 ^.x 5 + + 

Q 

^ch^a ; alfo Rzz4ach : Therefore d 4 —tc- = d 4 * 
aa+bb dB 

Ex. , 3 . 

1 n a Cylinder let CA—x, ADz=r, Ae-=y, 
the Axis of Motion parallel to AB ; then F= xx+yj 

+ 


x ^xy^rr—yy, and the whole Fluent F— 

r z cx A , ’ rex 1 r*cx 

And F=- t ~ + —- 

rex' — rca 1 r'cx — r'ca 


rcx % x 


8 


; which corrected 

and B ss 


gives F = -g--t--g 

- rc , ... F 2x'-2a' rrx-rrfl 

x—a x-, then will -tf- — — *- 4 - —-—-yr 

4 dB Y^ 3 aa ’ 2x -2 aa 

- 4 Xx 4 - 4 ax 4 - 4 aa- 4 -%rr 

6 x+6 a 

Ex. 14. 

« Let CKB be a Pyramid, whole Bafe is a Parallel 
gram, and Axis of Motion in C perpendicular to th e 
Plane CEF let it’s Altitude = a, AB—f y AD^- C > 

CFL—X, HL—y , then KI~ and EF— and 

- exxy , cx'x exxy' . 

F=zxx+yyx-f--, and Fz=z—-y -f ■-— - 


cfx 4 x 


+ 


Cpx 4 x 


And F : 


... . cfx'x 

Airo «=-V- 


{/x 5 

5 ^ 


3 ^ e 

“T 6ort 4 


and M — 


ff izaa 4-// ' 

— *v j- —- x- —■-! /i- 

1500 1 5a 


cfx 4 Jl 

— ; whence 


Ex. i5 # 
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Ex. i 5 . 

In a right Cone , let- CA—g, Altitude = a, Radius FIG. 
°f the Bafe =/, AB—x, BI=z , c=z 3,1416, then 185. 


BE or BD = -^~, 1 E=X~ 
a v aa 


- zz ; then F = 


£-f 4 - 2:2 x 4*2 x •— 22 , and F = g 4 -x* 

fequ 

ff 


* + - f ^a ~r~» c °nrequencly F= : + 

“ / ff _ 

-i alfo iiir=^4-x x 


"^T" , and M- : t£«< ! + | « 4 : x ; 

Whence— = 2 °g+ 3 Qg a + »^+ 3 ^ 

7 k? 20^4-15^ 

Ex. 16. 

For the Sphere AS, draw the Diameter AS parallel 181. 
t0 the Axis of Motion at C% let AD—r, DE—x y 
&f=.z, EB—y, £=3.1416. Then g = 2£2 j x , 2, and 

a cz+x . cx —-:—- 

G — —_— — icy*x = —x r 4 — 2rr.xx -f- * + ; 

Mience G = fcr 4 # — f*rV 4- T V^. Alfo £>>jx = 
fluxion of the Solid = cx x rr— xx. Therefore the 

^olid = crrx — j cx 1 — B. Whence —— — 

• and for the whole Sphere 

3orr-ioxy : x d 

G orr 2rr 

22 =^=,DO; and CO = ^ +lr . 

Ex. 17. 


if? a Paraboloid ; CA—a, A B—x, BD—y , jg6, 
^f=2, £=3.1416, Then F= : *4-** 4-22:x 

**2 x i therefore F =x 95a 1 +—* = 

*¥? x tr*# 4- £crVX5 whence F~ 'xaarxx + ^carx* 


+ 
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FIG. + \crx* + T \crrxK Alfo i=^x cfx 

crxx, and M = \carx 1 + jcrx\ Therefore "jg " 
6a* -f 8ay + rx + 3*-* 

+4* 


PROB. XIX. 

fi& 

187. 2*0 the Law of centripetal Force requifite to & 
Body to move in a given Curve BF- 

. t b« 

Let 5 be the Place of the Body moving 1 £ C 
Orbit BF by a Force diredted to the given ^ 
Draw the Tangent BT % andthe Radiue*CS, 


an° 

&* 


finitely near each other, QR parallel to CB , 

Q]t Perpendiculars to BT. Let the Diftance ^ Jfl 
Perpendicular CT==P, then the infinitely fin * 1 ^ 
QR will be as the Force and Square of l " c Q [ $ 
conjundlly, that is as the Force and of 

Area CB^j therefore the Force is as 
m§§ pr. that is (becaufe P : D :: 8 t ■ $ 


p -'i as $B' x P> ■ " Ul js 

Curvature in the Point B , and the fame Rada 1 ^ 

-P?- by Prob.V. wherefore the Force is aS 

p . • ,, fi/| 

that is (fuppofing D to be given) as the 

of TF' 

‘Therefore to find the Law c,. x 

D = Difiance from the Center of Force 9 P i 




9 
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dicular on the Tangent: Compute the Value of P in FIG. 
Terms of D, by the Nature of the Curve j then find the 

Fluxion of p p-, making D — i, and 1 then expunge 

all Quantities as far as pojfible , except D, and you will 
have P, the Law of centripetal Force required' 

Ex. i. 

Let C the Center of Force be in the Circumference of t qo 
the Circle CBD ; DiameteV CD=2r, the Triangles 


CBD and CBY are fimilar, whence P = 


DD 


Fore 


-i -4 rr 

TF — ~D r 


therefore. F a 


2r there- 
16r‘z> 


D* 


D 5 '• 


that is, the Force is reciprocally as the fifth Power 
of D. 

Ex. 2. 

Let DB be a Circle j and C at an infinite Distance 


AE—x, EB=y t ADz=.r , then P = 


Dy 


189,' 


and 


PP 


^ “Dir/ 4 * whofe Fluxion (becaufe D is a Handing 
Quantity) is therefore F a -jy-y~ l or 

*cc4. 

Ex. 3. 

£*/ PP be an Ellipfis \ C the Focus, E the Center; 
t^aw BE and it’s Conjugate AE, and let the tranfverfe 
^xis = 2r. Conjugate = 2c, then by the Property 
^ the Ellipfis 2 rD — DD the Re&angle of the focal 
Miftances from P, is = AE\ alfo AE or V irD-DD 

'' c •: D : P 5 and - _I - 2 '' I5+Z,^) 


I9O. 


y/zrD^DD 


—1 

PP = rrDD 


I i 



2 rD 
ccDD 5 


therefore 


whofe Fluxion is 


ccDD Ul DD 


Let Cbe the Center of the Ellipfis \ then by the Na¬ 
ture of the Figure AC X + CB Z = rr + cc , and AC = 

»Jrr-\-cc-DD ; alfo AC: c :: r : P = 

T *Jrr-\-cc-DD 

- - 1 -rrwr+DD 


therefore 


tt/r 


on is ; therefore F 1 CX 

ccrr 

the Force is as the Diftance. 


ccrr 


Let BA be an Hyperbola, C the Focus. Proceeding 
as in the Ellipfis, we Ihall find P 


^2 rD-\-DD 


ccDD 


whofe Fluxion is 


therefore Fa 


And after the fame Manner if the Force be in th tf 
other Focus, there will be found P = —==== 1 C 1 


and the,Force Fa CX -pypf 5 and is there* 

fore a centrifugal Force. 

Ex. 6. 

Lei AB be an Hyperbola , C the Center, Tranfver^ 
~2r, Conjugate =2 c, b = half the Conjugate belong' 
ing to CB. Then by the Property of die Hyperbo^ 
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^ DD—rr cc, and * = ,*^=5+2327, and FIG 
b • c . . r . p _ ^ 

" ’ ~ Vrr^^'tlT' Conf eq“entIy — 

-rr+cc—DJO 


, whofe Fluxion is 


. -2 


therefore f0(- 

c 

c entrifugaJ Force. 


-0> and is therefore a 


Ex. 7. 

A B be a Parabola , C the Focus, r — Latus 
Medium ; by the Property of the Figure P — 


"uence—~pp" 

therefore Fa - 


= 777“> whofe fluxion is . 
riJ rDD '■ 


*n Le ‘A B tt/ Par . aM , a > c the Center of Force ac ior. 
'* infinite Diftance in the Axis. AD—x,DB=y y 

f *=yy, then P = --=£L=- and _lL_ _ 

£ v/4 xx+ax PP 

^ 4 x x-ax __ -4X ! 

B>Oyy — ~aDD HD - ’ w ^ e Fluxion is 

. Sxb b 

a £>D + aD l + ~JJT = (becaufe— x— d ) : 


«Se + 


■ : x b ; therefore F a 


4F xa 


f (t>ecaufe D is infinite) a -A £-, or Fa -ir- a 

^Quantity. 

Ex. 9. 

C fe Tirrfc* 0/ the Parabola, CA=x, JB=y, , Q 5 
"-JO’ i by fnnilar Triangles TB : JB : : PC or x ■ 9 

^ or P- ** . . 1 

‘i 


I i 2 
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FIG. txx+yy 
xfcyy 


1 4# 

-•, whofe Fluxion is ■—r 


+ But DD=xx+ax, and thence x = » 

a-?-- 


Ex. 10. 

2>/ be an Ellipfis, C the Focus \ and let tht 

Curve VB^be formed from the Ellipfis, thus *, take Cd 

— C£, Angle VC A to the Angle V Cb, ^ 

to n, for all the Points of the Curve. T0 find the Lajjj 
of centripetal Force of a body moving in the Curve VBxs 

Let the Tranfverre of the EHipfis = 2 r, Conjugate 

— 2 c. By the Property of the Ellipfis the Perpendi' 

cular Cp "> alfo ^ = and 

— —/fG?. And by fimilar Triangles —^ 

n dLcpxTA p ^ 

, s = __ r0 =-p-, is —rf 


mfir'D — DD — cc 

_ n x c x D 

PP— 2 rnrD — nrD 1 - 
- irm 1 t w* 

~ “ 7 TJn 1 


1 —’ that ,s yrm? 

•, whence by Reducli 011 


^1 

whence-^/ 


wV a D ^ 
irm x b 

IS -TTT7Tr" + 


■-—-:—— V . ; WUIMWW iyr 

-m z D —w'c z -f«V ’ 

_ : whofe Flo*!' 

n x c % n x PD t 

th ' refore Fa -dp 


4 - —- - r ”l - cc. In the fame Manner if C were the 

rL ~> 1 p js 

ter of the Ellipfis, it might be proved that the For** 


Sea. II. o/FLUXIONS. 


2 4 5 


Ex. ii. 

Suppofe AB to be the Logarithmic Spiral ; fince the FIG. 
Angle CBT is always given, there is given the Ratio j gg m 

of CB to CT fuppofe as m to n. Then P — D ; 

m 

3nd -TF = -SSr- wh ° fe Fluxion 


therefore F CX ■ 


D i 


Ex. 12. 

Let CB be the hyperbolic Spiral % draw CT perpen¬ 
dicular to CB, and let CB=y, the given Subtangent 
CT—a. By fimilar Triangles *Jaa-\-yy : y :: a: P 

_ ay . i i i 

</aa+yy PP yy 9 


199. 


'vhofe Fluxion is —■ 


y\ 


0c * 

Z>* 


= therefore Fa 


P R O B. XX. 

^ "Nature of the Curve ABD forming an Arch being 2 oo. 
; to find the Nature of the Curve RST bound¬ 
ing the Top of the Wall ATRD fupperted by that 
Arch ; by the Prejfure or Weight of which Wall, all 
the Parts of the Arch are kept in Equilibria without 
falling. 

1. Let feveral equal right Lines AB, BC, CD, &V, 201. 
P^ced in a vertical Plane, be movable round the 
^ n gles A, B, C, D, whilft the Points A, G, at 
the Bale remain fixed and immovable. Through 
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FIG. 5 , C, A &V, draw the Lines Bi, Cm, Dp, &V, 
20.1.. perpendicular to the Horizon ; and complete the Pa¬ 
rallelogram Bhik, and make Cl-=Bk, and complete 
the Parallelogram Clmn. In like Manner make 
Do—Cn or lm, Er—op, Ft—rs, and complete all 
the Parallelograms in the Figure as at firft. 

2. Let feveral Weights which are to one another as 
the Lines Bi, Cm, Dp, &V, lye refpe< 5 lively on the 
Points B, C, D, &c. Now the Force Bi, is equiva¬ 
lent to Bh, adling in the Dire&ions BA, BCi 
the Force Bh is deftroyed by the Refinance of the 
Point A ; but Bk endeavours to move the Point B to¬ 
wards C. In like Manner the Force Cm is equivalent 
to Cl and Cn \ the Force Dp to Do, op, &c. Now 
the Forces Bk (atting towards C) and Cl (adling to¬ 
wards B) being equal by Conftruttion deftroy one 
another. In like manner the Forces Cn, Do *, Dy 
and Er ; Ev and Ft, &c, deftroy one another ; and 
the Point G being fixed, it is manifeft the Figure 
ABCD , &c, will not be moved by the incumbent 
Weights Bi, Cm, Dp, but all it’s Parts will re¬ 
main in Equilibrio. 

3. The Force Bh : Force Bk or Cl :: Sine L hiB 

or iBC:S. lABi :: : -JJgC ot 'SjnCB ’ 

Likewife Force Cl : Force Cnor Do:: S.mCD or 
pDC : S.mCB :: ,~ c g- : - 5 —^ or 1 

and fo on ; whence it is plain in general, that any 


Force Cl is as 


~ Z vi CB ' ^ 0W Fnce C m 


S. Clm x Cl S. BCx x Cl 

~S.CmT ' = S. mCD ; therefore the ForC<5 

„ „ S. BCx 

Lm U ~S.mCBxS.mCD • 

4. Now let the Number of the Lines AB, B& 
CD, i£c, be increafed and their Lengths diminished 
*d infinitum y that the Figure may obtain the Form of 

a Curve, 
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a Curve, and the Preffure will then aft bn all Parts of 
lf r r " e An S ,e will then become the Angle 
oi Lontaft, and the Sines of mCB and mCD become 
2 J ua to the Sine of mCx : Therefore drawing the 
Pangent An (Fig. 200) the Preffure on any Point A 

0 Pl erve j h * L lT br , lum will be as the Angle of 
Contaft at ^direflly and the Square of the Sine of 
he Angle mAn reciprocally. But the Angle of Con- 
taOlis as the Curvature, or reciprocally as the-Radius 
01 Curvature. Therefore the Preffure is reciprocally 
as that Radius and the Square of the Sine of that An- 
rn mAn. 

5. Let B£z.x, AC—y , AB—z. Radius of Cur¬ 
sor 6 in A=R. Then if z be given, S. L TAN a 

y* an d s t TAN a * Then the Weight or Pref- 
^ Ure on A = ATx y, and that (as has been proved) 

ig ao . * _ I . _ I 

RxSSAN • a therefore AT a yjyji 

0t in general AT a . But when x is given 


Z* T • L • n 

or *y be given R = ^- 


there¬ 
in 6 AT a if % be given ; or AT a -4-, if y 

oe given, y y 7 

Wherefore to find the Curve ST, let BC—x, ACz=.y, 
^=2 i then by the Nature of the Curve AB, com- 

* Ute — yf - if x he given, or -jr if y he given, 

take AT proportional thereto. And x may be ex- 
ftnged out of the Value of AT, by Help of the given 
l ln f BS, and thence the Nature of the Curve ST will 
e known. 

Ex. 




^ et BA be a Circle, Radius AR—r, BC—x, AC—y , 
a * x given. Then y —^2rx-xx, y = 


^zrx-xx 

y- 
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FIG. 

200. 


202. 


-rrx z 


248 

FIG .y = 
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X —x.v] 


-; then will 


__ 


rrx* 


r-x x a; 5 


f 

therefore AT CC 


2 rx—xxb 3 - 
rr 


or = - 


And expunging *, S 

■/i-r + jrr—yy, fot 


202. 


(AT-~CS = ) 

rr—yy\ 

the Nature of the Curve 57 *. 

Hence the Curve S T runs upwards ad infinitum , 
and the Perpendicular is an Affymptote to the 
Curve. 

SCHOLIUM. 

If ST had been a right Line, then the Point / 
■would be preffed with too little Weight, and B wit 
too much: And hence appears the Reafon why circU' 
]ar Arches commonly break about the Top, by being 
loaded there with more Weight than their due Pi' 0 ' 
portion. 

Ex. 2. 

Let the Curve DAB he anERipfts ; BR=r, DR =** 
CB=x, AC=y, BS=a, xgiven. Then \y=^jjirx-**’ 

heo c£ 


CX 

y = — x 

-xy _ 

f 


<Jirx—xx 
r 4 




, which is as 


- 3 -: w 


2rx — xx\ 

At-, thereto 1 * 


cc x r—x 

ATe=-=r. Then $—=?, 
r—x r—x 

c'a 

= (expunging x) 


cc—yyv ” 

for the Nature of the Curve S T , being of the " 
Kind with the Foregoing, 


a — r -p Jccrfl' 


&x> 2 ' 
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Ex. 3. 

Let AB be a Parabola, BC=x, CA=y, SB=a, FIG. 
rx —yy, y given. Then x = - 22 L, x= ill, and 2 ° 3 ' 

X 2 

Jr =—, a g' ven Quantity, therefore AT is every 

where the fame, and S T is the fame Parabola placed 
in a higher Pofition. 

Ex. 4. 

Let BA be an Hyperbola , Tranfverfe = 2r. Con- 203. 
jugate = 2f, BC—x> C^=y, &$=a, _y given. Then 

= -77-* whence r+x zz-rjcc+yy, x — 


H y 

c * Jcc+yy 


=rr- ; wherefore AT a 


= ; -==v"> and ATz=- == —. 

y cc+yyV cc+yy\± 

Hence the Curve S 7 continually approaches nearer 
and nearer the Hyperbola: And S<$j= [a+x—AT—') 
r ,—-— c'a * 

r + ~V ccJ ryy -—u , exprefies the Na- 

c cc+yf* 

*ure of the Curve S T, 


Let BA be a Cycloid , BC-x, CA—y , BD-s, 204. 
BF—a, x given. By the Property of the"Curve y — 


t+i/ax—xx, but j=—==*=-, then 1 
2^ ax—xx y 

zax—2xx y,ja—x , _ —ax x 
^T 7 ~ = x v -9 and 5 —-- . 

Wax—XX * J IXy/TZ^r » 

therefore —^7- = -=7- '* Therefore AT ot 

J 2 xa-x 


Therefore AT ot 


Ex. 6. 
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Ex. 6. 

p j G. Let BA be the Catenary BCz=x , CA=y, BA—z, 

20 3 * BS—a, x given *, then z = V^rx-l-xx, z = ■ -t X, 

^/zrx-txx 

_____ ^ 

therefore y — ( —■#* = ) —;—-> and y zz 

J ' y"2 rx+xx 


~rx*xr-\-x . -xy r-px 

— - ■ ; whence —-7— =-, therefore 

2>x+xxl‘ y J ^ 

AT is as r+x, or AT— ~ x r+x. Hence, 

1. If <z=r, then AT—a + x — CS , and then 
5 T is a right Line pafling through S. 

2. If BS is very fmall, draw At perpendicular to 

the Curve, and by fimilar Triangles ( z =) : 

y/zrx+xX 

y = ) 7*'*+** :: V T =)^r xr~*--4'* 

a = BS-, therefore the Arch is of the. fame Thicknefs 
every where : Confequently a heavy flexible Line put 
into this Figure would fupport it felf. 

3. For the Nature of the Curve ST, we have S £L 

— ( a + x — AT —) x -— . Therefore if ** 

is lefier than r the Curve is concave towards /?, and 
a is greater than r , it is convex towards B. 

Ex. 7. 

Let AB be the logarithmic Curve , G D it’s A^' 
fymptote, BS — a, BD — r , Subtangent = ^ 
BC—x, CA—y, AG = r-j- x, then by the Property 
tx 

of the Curve y — , and if x be given, y ^ 

whence _ Jj ^+L - J±L , 
rJ c x T r-\-x xt*x* & 

whenv^T Of r+x, or AT— — x 7 +x, the famea s 
in the laft Example. r ^ Q( 
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For the Nature of the Curve, Sj^,= (tf + I v — AT FIG 

=== ) x — therefore if a— r, then ST becomes 

the Affymtote DG , and if a be lefs than r, the Curve 
S T is concave ; but if a is greater than r, it is con¬ 
vex towards B. 

Or thus for the Nature of the Curve, GTz=z (r-f.v 
r—a 

"-AT—) r — a+ ——#, for the Relation of 
^ T to the Affymptote GD. 

Ex. 8. 

Let AB be the Ciffoid , whofe Equation is axx—yxx 206. 
in Fluxions 2 axx — lyxx — x t y—^y L y i this 
a gain in. Fluxions (making x = o), iax z — 2 yx z — 

2 xxy — 2 xxy — x z y = 6 yy z + qfy ; from the former 

t? - — 2VX 

Equation y = Xi and from the latter. 

Now if a—10, 

; fuppofe yz= 2, x=i, to find AT ; here y — 

i ts —xy 

■*>» >’ = — ,54 6 2 > whence —= ,293 for the 

^alue of And to find it in the Vertex where x 
an d y are o, and y infinitely greater than x ; we (hall 
> . 2 ax ,a .. 2tf-4#y-6yy* 

^ve axx — yK y =-= 4 y—, V—- 

• ' 327; 7 axx 

^ '-'2* , 3 T r . 

•>?:- i whence —= —7— = Infinity. 

; 9 tf _y 5 4 

.M?n? generally thus: 

Since tfxx— yxx=y\ in Fluxions 25 XX 1 — 2j/xx 
^. ,. . 3 xvM-x 5 . 

\y = a>7» whence x 1 cr:-— 3 -_y, this again in 

^UXi ons and r educed (mak ing y invariable), x = 

1 v y l +x z yxx—xfy — x l x y . 

*-^5— z -xy = (expunging **) 

K k 2 iy 


Kk2 
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F IG. {v x -- = (expunging x) 

yy x _y 4JVJ x 

(expunging x) -=~^-====-\ whence 
J X 4 Jay—yy 


Zaaxf^ 


107. 


3 ^ 


^ x 4^ <zy —yy 


-: Therefore/fra — 


i/yxa—1 


P R O B. XXI. 

i^j/l 

C«rw R/f being given, bywhofe Revolution ^ 
the Axis B C there is generated a eoncave Su?r 
Vault •, To find the Height AT of a Wall fi^l 
on the fame , and fupported by that Surface, J° 
all the Parts may remain in Equilibrio. 

Let PBQ be an infinitely fmall Part of the S u J f ^ 
contained between the Planes PBR and j t elf 

the Ordinates DC, AC ; and take Dd, Aa 
fmall equal Parts of the Curve. Let 2 ?C=x» $ 

BAzzz : By the Reafoning in the laft Proble ^ 
Weight infilling on the fmall Part of the b ^ 

ADda will be as when the Particle 

Curve is given. But this incumbent Weight 1* ^ 
AD x AT, but AD a y, therefore the Weig 1 ^ 

AT xyy and this a , whence AT 


Or in general AT a 


z* 


Pulling B C=x, CA=y, BA=z. f*** A '‘ 
-fjjr if x be given , or AT<X -fr~ i/y ,l ^ j 


Whence 
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•And the Nature of the Curve S T will he known by ex - FIG. 
lunging x. 

Example i. 

Let BA be a cubic Parabola , r 2 x — yi ; then r 2 x 203. 
= 3 y'y, and (ifj be given) = 6 yy\ whence -4- 

== —•» therefore is as a given Quantity: 

Confequently the Curve 5 ST is the fame Parabola with 
8 A, but placed in a higher Pofition. 

Ex. 2. 

Let AB be a biquadratic Parabola r 3 x~y\ and 208. 
y given. Then r*x = 4y*y 9 and r r x = 12y 4 y% where- 

fore W = whence or ^ 

Ex. 3. 


£<?/ BA be a Circle , j = Jirx—xx y x given ; 20 nf 
—xx „ — rrx 1 

<nen y = - . ^ ^ = — — N i *, whence 


*-Xy 

■" 5 *" 


^2rx—## 
rr 


y xr-Jf 


2rx—xxV 

; therefore AT QX- 


that 


yxr-x 


Whence the Perpendiculars RS y 


ACxCR} ‘ 
arc Aflymptotes to the Curve S T. 


prob; 


!The Doctrine 



P R O B. XXII. 

IG firtd Me Refinance of a 'plane Figure or Solid moving 
in a Fluid , in the Direction of it's Axis. 

IOt Let AB^be any plane Figure or Solid whofe.Axis 
is A£^\ draw CBf parallel to the Axis A an b gR 
and Ordinate BE Perpendiculars thereto ; BD a 
Tangent at B, and Df perpendicular to it. Call AEr 
X ; EB , y\ AB ,' z ; Bn , z ; Br , *, r«, j). 

Let fB reprelent the Force or Refiftance of a Par¬ 
ticle of the Fluid, ftriking againft C with a given 
Velocity, then will/Z) be the Force againft the Curve 
Line or Surface at B in Direftion/D ; and fg will 
be the Force or Refiftance againft the Curve in Db 
region BC , which alone is the Refiftance that hinders 
or oppofes it’s progreflive Motion in Di reft ion of the 
Axis. But by fimilar Triangles fB : fg\’fB %: 

fD 1 : -. BB‘ -. Dg' : : z‘ :y\ and fg = -|r *f B - 

Therefore the Force of a Particle againft C and B are 

as fB and -y- xfB* that is as i to Now the 

J % ' 2 » , 

Quantity of Fluid ftriking againft B n inttie‘Curve * s 
as y and againft Bn in the Solid (generated by AB x& 
velving round it’s Axis) a &yy : Therefore the For^ 
againft the Bafe : Force againft the Curve : : y. t0 

-X-. nr as « fn -- . - A . or as V to -, th at 
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. Note, by the Refiftance of a plane Figure moving 
In a Fluid is meant the Refiftance of a prifmatic Solid 
of any given Depth, and whofe Bafe is that Figure: 
And it is fuppoled to move in a Direction parallel to 
that Bafe. 

Hence to find the Refijtance ; by the Equation of the 
Curve, exterminate x z out of the Quantity - ^ 

1 + ~y r 

for the Curves and find the Fluent F\ or out of the 


Quantity 


yy 


I -f 


x z 

IT 


- for the Solid , and find it's Eluent 


G. Then will the Refiftance againft the Bafe : to the 
Refiftance againft the Curve : : y : F. Or the Refiftance 
a gainft the Bafe : to the Refiftance againft the Solid : : 
°sy z to 2 G. 

Ex. i. 

Let there be a?nangle (or prifmatic Solid) A RS 
Moving in Direction QA. Let AQ=.b, QR—c, AR—d , 

4 E=x, EB-=y ; and by fimilar Triangles x = — 


Whence x z = 


bby 


cc 


therefore - 


J _ 


i+' 


bb 


+ * 

* ffw = i ’ whofe F,uent F =-IT ■ 

Whence the Refiftance of the Bafe to that of the Side, 

* s as y to 


that is as dd to cc. 

Ex. 2. 

Let ARS be a Cone , whofe Axis is AQj, then x- 


* > ** - yy. J 


1 + 


£ 


1 + 


bb 


ccyy 

cc+bb 


2 55 

FIG. 


2 11 . 
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FIG. 
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-£&f = ■ £ S _ ’ whofe Fluent G = and 

Therefore the Refiftance of the Baft 


cc+bb 

„ cc yy 


to that of the Side is as yy to -., or as dd to cc. 

Ex. 3. 

Let AB R be a Circle , Radius AQj=. r, = #» 

.yy_ aL 

V"—^ ’ "" f 

j __i_ 

‘ . 

'+T 


EB=y. Then x = = ■■ . ^— , and 

y r—x *Jrr—yy 


yy 


rr—yy 


i therefore 


I + _S- 

1 + rr-yy 


= rr r ^ ~~y* whofe Fluent F=y — . Whenc c 

the Refiftance againft the Bafe, to the Refiftan^ 
againft the Circle (or cylindric Surface; is as y to) 

— -~r, that is as 3 rr to 3 rr~yy : which when^^’ 
is as 3 to 2. 

Ex. 4. 

Let A BQ^ be an Hemifphere , then-—^ 2 —- ^ 

; + f ( 

ILJLxyy, whofe Fluent G = ^- 

therefore the Refiftance againft the Bafe, to the W t 
fiftance againft the convex Surface, is as y 1 to ) 

y ♦ / 

-2rr”’ or as 2rr t0 2rr —yy > which whenjys^ 

is as 2 to 1. 


Lai 


Ex. 5. 

Let ABRQbe a Spheroid , j^the Center, QA 
llus kc&um = 2 r, AE^x, BE~y, §Ez=u^ a 7$ 
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then uu — aa - ~ryy y and x = — u = — 


ryaa-~yy y 


therefore 


y V 


i +‘ 


x z 


-ryy 


rra+a-rxyy 


‘yy-- 


whofe 


Fluent, by Form the 4th and nth, is G = 


.ryy 


, \rraax 2.30258 T rra + a-rxyy 
i- -=1-x Log:-—— 


2a-2r 


: Whence 


the Refiftance of the Bafe to the Refiftance of the 
convex Surface, is as^y to 2G ; and when y = 

• o>r cl 

it will be as a—r to-x Log: — : — r. 


Ex. 6. 


Let ABE be an Hyperboloid ; denoting the Quan. 
tities as in the laft Example, uu — aa + — yy , and 

1 + 


rra •+■ /ryy 

x z -vy, Whofe Fluent G 

x rra + r+a xyy 

y x 




r +a * - r +a 
Therefore Refiftance of the Bafe : Refiftance of the 
convex Surface : :yy to 2G. 


Ex. 7. 

Let ABE be a Paraboloid , AE = x> BEzzy, 
v*u* 

and - dL.. _— 


r *=yy> then ** = 


1 + 


X* 


y x 


~r+yy J w ^°^ e Fluent G = 2.3o25rrLog; *Jrr+yy: 

L 1 And 


2 57 
FIG. 
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[G. And by Correction G ■=' 2.30258 $rrx Log : v ! . ^ ; V _ 2 : 

And the Refiftance of the Bafe, to the Refiftance of the 
Surface of the Solid, is as yy to 2. 3025B5 rr x 
rr+yy 

Log:—— : 


Suppofe AB to be a cubic Paraboloid r*xz=y*, 
then & = whence= 

I+ / 

„ , , ,oi74*rr 

whofe Fluent G (by Form the 5th) = - r~ - 


x Degrees in the Arch whofe Tangent is -; 

and the Refiftance of the Bafe : Refiftance of the 
Surface : : as;;y to 2 G. 

Ex. 9. 

Eet AB D ^ be the Solid generated by ihe Cycloid 
ABD revolving round A D^=a, AE = x, 
EB—y , AB—z\ by the Nature of the Curve'y'= 

22 ... zz yy 

z — ---, and y = z -i then-- J ^ 

4 a * s 2 a 9 x z 

_ t _ l _ + f 

yy x y l yy x2 #— z a —y x yy 

z* 4 aa a 


whofe Fluent G = —- 


Whence the 


Refiftance of the Bafe, to the Refiftance of the 
T Surface : : as yy , to yy -, or as 1 to 1 ^ 


or as 1 to 1 


-—, and in the whole Solid it is as 2 to 1. 

ta J 
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. The Problems delivered in this Sedion are exceed¬ 
ing general, each of them comprehending an infinite 
Number of particular Cafes, and are fufficient here to 
Hiew t he Method of inveftigating general Problems 
by the Method of Fluxions. I (hall now proceed to 
exemplify the fame Dodrine in the Refolution of a 
few particular Problems belonging to Phyfics or 
Natural Philofophy; and the rather becaufe thefe 
Sort of Problems have not been fo common amono 
the Writers of Fluxions. 



LI 2 
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SECT. III. 

"The Solution of Phyfecal Problems , orfeuch 
as occur in the Phenomena of Nature . 


FIG. 

213 


P R O B. I. 

To find the Curve which a flexible Line QAR 
is put into by the Wind or any Fluid moving 
againfi it . 

5 TT E T AE be the Axis, and BE , Cf Ordinates 
infinitely near, Bd parallel to AE. Call AEi 
1 J EB,y-, AB, z •, Bd , xCd,y-, BCfi 
and let z be given. The Force of the Fluid adting 
perpendicularly againft the Particle of the Curve & 
is as the Quantity of the Fluid adting on it, and th 6 

Sine of Incidence, that is as j x - 4 -, or that is & 

X- ; And (by Ex. 16, Prop^LII,) that Force 

be as the Curvature in 5 , or reciprocally as the R 3 ' 
dius of Curvature, that is (by Prob. V. Sedt. II.) aS 
k % — y y % — dy 

therefore -**— CX • —, or -* 4 — — 

J2X 


zx 

-y- 


therefore — = 


- a y 


, and the Fluent is 


-yy_ 

X 

X 

z 
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d 

y -; but in A, y=z> and #=o, therefore the cor- 


re &ed Fluent is - j- = ~y 

az- — ay , therefore a-\-xxy = 
^ or 2 ax + xx x z* = 


-whence #y = 

#s, and tf-f-.v 2 x z r -x x 
a-\-x 1 xx t , and z = 


261 

FIG. 


*-^±£^ 2 =- ; and the Fluent z = ^ 2 ax+xx ; an 
V 2 ax + xx 

Equation to the Catenary. 


P R 6 B. II. 

To find the Motion of a mufical String , vibrating at very 
fmall Dijiances. 

1. Let AB be the String, and let it be drawn toC, 214. 
*nd there let go•, now fince the Force to move the 
^oint C, by Mechanics, is as the Sine of the Angle 
ACn, or as that Angle it felf when it is very fmall ; 
therefore the Point C alone will firft begin to move, 
prefently by the Flexure of the String in d and e 
thefe Points will alfo begin to move, and then the next 
Joints to thefe, and fo forward. Now by Reafon of 
the great Flexure in C, that Point will at firft be very 
*Wtly moved *, and the Curvature in d and e being 
thereby increafed, thefe Points are continually accele¬ 
rated *, and the Curvature in C being diminifhed, it*s 
potion will be lefs accelerated. And univerfally thefe 
Joints that are too flow being more accelerated, and 
thofe too fwift being lefs accelerated, it will come to 
Pafs that, the Forces being at length rightly ad- 
>l u fted all the Points of the String will acquire fuch 
potions, as to be carried to the Axis together; and 
^ill continue to go and return together ad infinitum. 

2. Now 
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FIG. 2. Now that this may be regularly performed, the 
214. String mull always have the Form of the Curve 
AFXB , whofe Nature is fuch, that the Angle of 
Contadt, or the Curvature in any Point F, will be as 
the Ordinate FE ; for then the Force at F being as 
the Curvature that is as FE , the Velocity generated 
will alfo be as FE the Space to be deferibed and the 
confequent Accelerations and Velocities, and the Parts 
of the Ordinates deferibed, and thofe to be deferibed, 
will be as the wholes; and confequently any cor- 
refpondent Parts of the Ordinates, and therefore the 
whole Ordinates will be deferibed in equal Times. 

3. To find the Radius of Curvature ; Let A B ° r 
2 AZ-=a, ZX—b, AE—x, EF—y , AF—z, <?rrRadiu s 
of Curvature in the middle Point X. Let z be given; 
and by Prob. V. Sedt. II. the Radius of Curvature in-c 

= —; therefore by the Nature of the Curve v • ^ 
x J * 


be z y 

: : e : — = -e-, and ebx = 2yy, and the Fluent > s 

ebx — but in X, x=zz, andy— b: Therefore 

yy—bb 

the Fluent corredted is ebx-ebz =- z , and ebx^ 


yy~bb . 2 eb-\-yy-bi 


V**+_y 2 > and by R^ 


ebz + - 

. . leb 4 - yy — bb x y . 

duclion, x = —■ -.■■■■■ _■ - r^ 

\eb l — 4 ^jy l —jy 4 — £ 4 -}- 2^/ 
zebj 

= (becaufe e is vaftly greater than £ or jy) ——.- 
=—■. Whence (by Form the 10th) ^ 

<Jbb-—yy 

1 - y 

Fluent a; = Jeb x Arch whofe Sine is ~ , Radius 

£ ^ 

and when y — b, thenx = i^, and then # = / 

2 
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4lHi6 c — 

2 =: putting c = 3.1416. Therefore 

whence * = ~f, the Radius of Cur- 
at ure in X. Tnerefore the Radius of Curvature in 
£ a “ 
ccy * 

. 4- To find the Motion of any Particle of the 
J r >ng as fuppofe of X the middle Point. Let — 
ie nfi on of the String, or the Force that extends it *, 

• == Weight of the String •, JZ = x, v — Velocity 
M / = Time of defcribing X7; x, /', the Mo- 
^ en ts of x y Vy and t. The Radius of Curvature in 

7lS=: "^T"- By Ex * l6 * Prop. XIII. the Force 
^herewith any Particle of the Curve at 7 is urged ; 
lo the Tenfion of the String (p) : : as that Particle 

^ : to the Radius of Curvature in 7 ( ). there- 

r pccx'z CCX 

°to the Force ading at 7= -. Now by Me- 

cK • 1 

^nics or the Laws of Motion, the Velocity C( 

o°ment of Space 

MSST ent ot j.’ime umvel ' faII >'’ and likewife the Mo- 


^ e nt of Velocity CC _ Force * Mom ent of Time _ 
\i 1 Matter 

before the Velocity x Moment of Velocity a 
s^Joment of Space x Force 

Wdght-- (fince the Weight is as 

( , e Matter) ; and this is an univerfal Proportion for 
e | e Quantities. 

^ ^ovv it is known that any heavy Body falling 
j L° u gh i6 f V or / Feet gains a Velocity of 2/in 
i^°nd ; therefore x = Velocity generated by that 
W in ^ a,lin S throu g h x with that Velocity 2/, be- 
tL le the Velocities generated are as the Times, or as 
Spaces (2/ and x) uniformly defcribed with the 
en Velocity if. Therefore, in this Cafe of falling 

Bodies, 
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FIG. Bodies, we have the Velocity x Moment of Velocity 
21 a , ... . r Force x Moment of Space 

4 ' = : and hkewifc--w^gHt-' ^ 

= *. Laftly, in the Cafe of the vibrating String 
*uv = Velocity x Moment of Velocity. And, becaufc 
the String is homogeneous a : n :: z : = Weigh 1 

of z ; and —x =. Moment of Space. Therefore (W 
the Rules Prop. XIII.) we get this Analogy (fro^ 
the general Proportion before laid down) zfe :x 

-xxpccxz .... . -ifpccxx 0( 

w :-—7—. Whence vv = — -, 

tiz na 


_-2 fpccxx 


whence the Fluent is vv = 


-2 fp cc £ : 


ru* Uif . 

but in X , v=.o, x=.b ; therefore the Fluent corre^ 
(by Prop. XII.) is w = x bb-xx. And* 11 

Z, where *=o, v = be ^ 3 ^, the Feet deferib^ 
in a Second. na 

5. Laftly for the Time. Since the Moment of ^ 
Moment of Space . _ „ . , ; n t 

Time a- Ve]oc|Cy -umverfally. And^ 

falling Body, 2/(Space): 1 Second (Time):: x (Sp 3 ce ) 

= Time of deferibing x by the falling BoM' 


And likewife — 

2 f 


Space 


therefore 


Velocity * 

the general Analogy, we get t' 

- - then the Fluent / =--Jfr 

— xx c vn* 

(putting A = Arch wbofe Sine is -y- and Radi^j, 
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And^by Correflion (for in X, / - o, * - b ,) , _ 
fp (P utc 'ng B = Arch whofe Cofine is ~) ; 


2 65 
FIG. 

214. 


and when # = o, the whole Time t~ \\f— . anc j 

l* or the Time of one entire Vibration —\/ na 
Seconds. ~ v yf » m 

Cor. i. Hence all the Vibrations great r „ 

, Permed inequal Times; for they am all expreffed 

I ^ ^ 2pf 9 ,n which b is not concerned. 

Cor. 2 . The Number of Vibrations performed in 

°he fecond is •JM.. 

v na 

t Hen “ ^Square of the Time of Vibra- 

Weight 

SCHOLIUM 

l ft retched it with 8- Pound W id A I g v ,J 

the No^Elf i° df^f ic ' t0 be Unifonwfth 

tj v r . ; p in f he ( tlie Note below the Cliff') ■ 
Vjb* Pr ° blen l ,t a PP ea «. that the String made 300 
Ce v"V n a ° f t? imc - This Experiment I 
^ef din y F C u Ura i® y " However > by Keaibn of the 
th e e ° f c , he A . ir > ancl 'he larger Vibrations that 
^ Stnng makes, it is probable that the Time is a 
in * P r °l°oged ; and that the Number of Vibrations 

lro°bkm may thinS ,CfS than is affi Sned by 


M ni 


P R OB. 
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FIG. 

215. 


p R O B. III. 

To find the Velocity of a ProjeMe at A moving i» any 
given Curve QJO about the Center of tone S. 

Let the Pittance SA=D, SB the Perpendicular. on 
the Tangent at A=P, Radius of Curvature CA—R* 
c — Velocity of the Body at A, e = Vyloaty of 
Body in a Circle ar the fame Pittance SA, and a£le 
on vJith the fame Force; take the infinitely fmall A 
An and draw am , an, parallel to Sd, LA. 

Then by fimilar Triangles, P-.Df.au-. am ■■ 
centripetal Force tending to C : to centripetal Fog 
tendirg to S : : verfed Sine of the Arch Aa : ver 
sTne of the*Arch (deferibed in the fame Time) who* 

Radius is SA ~l~- Therefore PR : J>» 

: : cc : ee. 


Or thus, by Prob. V. Sett. II. R = p » ther ^ 


: DD ; that is cc : ee 


__ DD 
cc : ee : *• P x p 

: D P- f e 

Cor. 1. In the Ellipfis and Hyperbola, theSq^ 
of the Velocity of a Projeftile moving round the 
cus : is to the Square of the Velocity of a » „ { 
moving in a Circle at the fame Pittance • • 
Proje&iles Diftance from the other Focus : is 
Semi-tranfverfe. , ^ . th^ 

For let 2 r = Tranfverfe, 2 b = Conjugate; , 

/by Ex. 3d and 5th, Prob. XIX. Sett. IF) 

* 7 
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bD brDD 

^7====", and P — — . ’r . Therefore 

VirD 4- DD 2rD+DD\* 

bDD brD z D ^ 

c C : ee:: _____ : n :: 2 r+D 

V zrD + DD qTd + DD^ 


Cor. 2. The Velocity of a Body revolving in an 
Ellipfis round the Center, is to the Velocity of a Body 
in a Circle at the fame Diftance •, as the Conjugate to 
that Line of Diftance, to the Diftance itfclf. 

For (by Ex. 4. Prob. XIX. Sea. II.) p — 

hr . • brDD 

■— — er . and P = —~ -—, 

jrr+bb—DD rr+ bb — DD± 

brD brD'D 

whence " : " :: : ::} 

rr 4- bb — DD : DD. And c : e : : Conjugate of D 
: to D. 


Cor. 3. The Velocity of a Body moving in a 
Parabola about the Focus, is to the Velocity in a 
Circle at the fame Diftance : : as y/2 to 1. 

For let r = Latus Reflum, then by the Nature of 

the Parabola P = ■ > and P = ~~ V~£j~ * 


itti , Dy/rD DD / r 

Whence cc : ee : : (—-— : — — . V~jy :: ) 


FIG. 
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P R O B. IV. 

FIG. To find the Velocity of a defcending Body in any Place P, 
21 6. ^ /#// from the given Point D towards the Earth » 

being a tied upon by a Force which is as any Powef 
of it's Difiance CP from the Center. 


Let the Earth’s Radius CA~r, CD=a, CP—X* 
DP = a — whofe Fluxion is — x, t = Time o» 
defcending through DP, v = Velocity acquired by 
that Defcent. F the Force at P, which let be as x n . 
By Mechanics, when the Body is given, it is uni' 

verfally v Of Ft', and t'd -—- , for any Velocities* 


Times and Spaces; therefore v C(-a ■ 


v 

~x v + l 

n-\-i 


and vv a — x”x , and the Fluent v z a 
But in D, v=o, x=a 9 therefore the Fluent corre&e^ 
a ”+*—„ x ”+' 

is v z a-—-. But if n = — i, then w 


aLog.-^. 

Now we muft find the Value of v at A the Earth’ 3 
Surface for fome determinate Values of a and x, ,rl 
order to turn the general Proportion into an Equation 
Thus, it is known by Experiments that a heayf 
Body defcending through a Space s or i6 t V Feet wh 
acquire a Velocity of 2 s or 32-i-Feet in a Second 0 
Time. Therefore writing 2s for v 9 rforx , 


a , we fhall get this Analogy, 


»+* 


4 !1 
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4 " : : ■ 


n -\-1 


: 4 55 X 


a*+'- 


X ^ 1 


r-J-/'*' 1 — r”~ 


== (becaufe r-\-s — r ’~^ 1 — n -{-1 x r n s nearlyO 4^ x 

-^4-1 »-f i 

—_-_; and V = 2 jy — x -, the 

n~j~i xF*s n~\-ixr n s 

Feet deferibed in a Second. 


Cor. i. If 0 = — 2, then v = 2r\f E* a ~ x t h e re- 

ax 

fore the Velocity of a Body falling from an infinite 
Diftance to the Surface of the Earth will be 2 frs. 

Cor. 2. If n=zo, then v = 2 \fs x a — x. 


Cor. 3. If»=i, theny— xaa — xx. Therefore 

J -a r 

a Body falling from the Surface of the Earth to the 
Center acquires the Velocity *J2rs. 


P R O B. V. 

To find the Time wherein a falling Body will defeend 
through any Space towards the Earthy being noted 
upon by a Force which is as any Power of it's Difiance 
from the Earth's Center . 

The fame Things fuppofed as in the laft Problem, 

fliall have, the Moment of Time a ° m ‘ ^P ac , e 

Velocity * 

^iverfally. Since a defeending Body at the Earth’s 
Surface acquires the Velocity 2 s in the Time p or 
1 Second, therefore by the Laws of uniform Motion, 
f pk . 

J : p : : x : = Moment of Time, wherein ^ 

is 


216. 
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is defcribed with Velocity 25 . Hence from the uni 

px 


verfal Proportion, 


; there- 

2J V 


fore t' 
f -x 


-px 

V 


— — * - (becaufe p = i). And t 
—x 


v 


= (by the laft Problem) 


r 


- X 


whence t = Fluent of ■ 


2 A/A= 

I X r n s 

— x 




in Seconds. 


^ J a*" 1- '— *" +1 
«+ 1 x jr ” 


, ex 


:p re fled 


r i . fa x x x^ 
Cor. i. If»=-*. t = Fluent of-.—VjX-^ 


I / $_# . / ^ 

= (by Form io and ii ) — '\ -j-xax-xx s 

x ,017453 X Degrees in the Arch whofe Sine > s 
V- , and Radius i. And when duly corrected, 

Time , = V^i+ x d c ' 


the 


4m 


grees in the Arch whofe Cofine is\/~ ’ and Rad '’ 
And the Time of defending to the Center' s 


US 

3.1416a / g_ m 
4 r v f 


Cor. 2. If »=o, then / = 


\Z 4 i x 


and 


v—. 

J *1 

/ r —x aP cJ 

Cor. 3- If »='. then * = v— * 

(by Form to) / = - 7 — x,o. 7 453 Degrees ofd'‘ 
v 2J A rcn 
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x 

Arch whofe Sine is and Radius i. And being jtjq 
duly correfted, t = ,017453 \/^ x Number of De¬ 
grees in the Arch whofe Cofine is ——, and Radius 1. 

Hence the Time of defcending to the Center will be 
And therefore all the Times of 
Defcent from any Altitudes whatfoever will be equal. 
SCHOLIUM. 


If t be given to find x *, Find the Fluent of t = 


■V^> 


by 


1 a x % x 

- -1-y *V/ ^ — _ ^ _ 

* s V a — x 9 v s V aa—xx 

infinite Series and revert the Series. And it either t 
or v be given the other may be found by firft finding 
x. And hence a Body being projected upwards with 
any Velocity, it’s Height may be found, and the 
Time of it’s Afcent. 


P R O B. VI. 

The Velocity and Direction of a projectile , and the Law 
of centripetal Force being given \ to find the Velocities 
Tunes and Angles of Revolution. 

Let C be the Center of Force, and let the Body be 2 i7« 
proje&ed from V in Dire&ion VA with Velocity b ‘ 
defcribing the Space h in the Time g ; and let p be the 
Velociry and q the Space which the Force at V will 
generate in the fame Time^. To the Center C de- 
fcribe the Circle VXH , draw the Radii CX, CT in¬ 
finitely 




272 Doctrine 

FIG. finitely near, cutting the Trajectory in / and K, and 
217. defcribe the Arch Kr. Call CV, a\ Cl, x-, VI, u *, 
VX, 2; /r, **, fr, -y; 2 X, i/T, u\ And let 
t = Time of defcribing VI, and /' of defcribing IK, 
s z=z Sine, c = Cofine of the Angle CVA , and let 
the Force in any Place / be as x n , and v = Velocity 
in I. Then 


1. By the Refolution of Forces, the Force to acce¬ 
lerate the Body in Direction of the Curve is x” x 
Ir -x 

-jg' = x n x —j— t but by the Laws of uniform Mo- 

, u , u , 

tion t and v C( Force x / a Force x — , and 

V v 


vv Cf Force x u, univerfally. 


Whence vv CC 


-x n x 

u 


xu Of -x*x. Hence therefore the Moment of Velocity 
depends not at all on the Angle KIC, but upon x the 
Moment of perpendicular Defcent, and is therefore 
the fame at ail Inclinations as if the Body defeended 
perpendicularly. Now to find the Moment of Velo¬ 
city in V \ by the Laws of uniformly accelerated 
Motion, the Velocity generated is as the Time, or as 
the Space uniformly deferibed with a given Velocity : 
And fince in the Time of defcribing 2y, the Velocity 

I is generated, therefore 2 q : p : : x : = Mo¬ 

ment of Velocity generated at V whilft x is deferibed 
with Velocity p. Here therefore the Value of vv is 

■ppx 

-• > and Force x Moment of Space is a r x . There¬ 


fore from the univerfal Proportion : : vv 

: -x^x:: vv : -x v x, whence vv = -- — 


2 qpr 


and the 


Fiuent ^ = . But in V, x=o, and v=h 

n-\-i xqa n 


therefore 
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therefore by Correftion vv — bb 4- - 

n\\.q n+i.qa n 

But here if n £=— i, then vv = ££ _p ^xLogA. 

2. Again, fince the Velocity is every where reci¬ 
procally as the Perpendicular let fall on the Tangent ; 
and thefe Perpendiculars , in V and / are s a, and 

"9“ ; therefore b : v :: - 5 ^- : then is v = -fili— 

1a * J , Vx 

'~n^T~V^+y\ an< ^ By Reduction y = — as ^ 

x yw-aw 

But by fimilar Triangles # : y :: a : z z= and 

« =r J2L, therefore z = -- aas ^ . 

x xy/v % x z — a x s % b % 

3 - Laftly, fince t a J^L, the Moment of the 

Area, or the Time a Area ; and in V, the Area = 

; therefore as g \ ash : \ t' : xy : : t : xy r 

then will / = ^L, or / = — — 

ash hjv z x z — a l s z b z ' 

Confequently fubftituting for vv it’s equal, in the 
Values of z and /, the Fluents will give z and /. 

Cor* i. Hence the Apfides of the Trajectory are 

e afily found *, for then it will be u = t u or 

j vx * 

Qsb^zvx ; therefore w = ~ ^ bb i - W a 

ppx n + l * 

Whence * wiM ** found: And if 

tw ° Roots of this Equation be found; then the cor¬ 
espondent Fluents z will give the Pofition of the 
Apfides, 

3^ n 


2 73 


Cor. 2 . 
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y 

Cor. 2. Since the Sine of the Angle CIK = - 4 * 

= ^ J . therefore if that Angle be given the Di- 

vx 

{lance x may be found ; or if x be given the Angle 
may be found. 

Cor. 3. If the Body be projected at right Angles 
to CV , then s— 1, and, by Cor. 1, we {hall have 

— a l bb *, in which 


ppax 4 ppx”+* 

bbxx 4- —=-- - —n 

n+ixq k+ixf 

one Root is a ; and finding x another Root in the 
Equation, the Fluent z may thence be had 5 and con- 
fequently the Motion of the Apfides. 


P R O B. VII. 


T0 find the Time of a Body's defending through any 
Arch of a Cycloid. 

2 l 8. Let AC be the Axis, BV, DF, ef Ordinates. Let 
AC—a, VC — b, VF—x, Ff—x , BD — z , 
z, i6 t ‘ t Feet. / = Time of defcribing BD- 
And let the Body fall from B. 

The Times of defcribing any Spaces uniformly are 
as the Spaces direftly, and the Velocities reciprocally » 
but the Velocities are as the Square Roots of the 
Heights fallen from *, and is is the Space uniformly 
defcribed in 1 Second by the Velocity acquired by 
2 s 

falling through s: Therefore — 7— : 1 Second : : 

~ z * $ 

—- : f = — y—- 5 or t = —; but (by Ex. 8* 
fx ifSX 2Jsx K J 

Prob. 


Sea. III. (/FLUXIONS. 

Prob. VIII. Sea. II.) * = * y/‘ . vvhence ; = 

* 

i CL X 2 X 

iV T x ~^T=r- Whence the Fluent (by Form 

the ioth) ht=zV~x Arch whole Sine is v£, and 

Radius i. And when xz=b, then * _ 3 1 4*6 /a 

Whence if a Pendulum be made to vibrate in the 
Arch of the Cycloid, 2/ or the Time of one entire 

Vibration will be 3.1416^/—, in Seconds. 

R C°V; Hence a| l the Times are equal in which 
Bodies defending from any Points Z, B D (hall ar 

Vibrio the |!°h We(l P ° intC; And all the Times of 
loration will be equal among themfelves. 

Cor. 2. It appears by Ex. 3 . Prob. VII Seft If 
hat it ZPm be two Cycloids, whole Cufpids' are 

Pr l an c d r Ve "T at D Z and thm if a Pendulum 
AC be fufpended at P fo thac in ofcillating it may 
fcJd ^out the Curves zp pp. then the ^ £ 

^ II defcnbe the Cycloid ZC$j And therefore the 
t me oftt’s Vibration will be 3.14,6 x Time of a 
«°dy’j falling through AC . 


2 7S 

fig. 
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plG. ‘To find the Force wherewith a Corpufcle P is ailraftw 
2 J g. to the Plane of a Circle EgD, according to any LaW 
of centripetal Force. 

Let A be the Center, and AP perpendicular to the 
Plane of the Circle, and let the Force of each Particle 
be as the rP Power of the Diftance. 

Put AP=.a, AE=zx, c =2 3.1416. And let th 
Body m attraft the Corpufcle P, at the Diftance 0* 
with the Force f \ then the Force which any Particl 


and the Fluxion of the Force 


aa-\-xx\ j 
n-\-i 

But in A , #=o ; therefore by Correction, the Force 

2 cfa 

erted on Pby the Plane ofthe Circle ED is= —yn 


whofe Fluent is 
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Cor. i. Hence if »=i, the Force of the Circle FIQ. 
exerted on the Particle P will be > the fame 

as if the faid Circle were wholly colle&ed into the 
Center A. 


Cor. 2. Therefore if n —1, a Sphere will attract 22q. 
any Particle P with the fame Force as if the whole 
Sphere was contra&ed into the Center C. For taking 
the Circles ED , ed parallel, and equidiftant from the 
Center; the Sum of the Forces will be as the Sum of 
the two Circles each multiplied into it’s Diftance, or 
as either Circle into half the Sum of the Diftances, 
that is into 2PC ; or both Circles multiplied into pc\ 
and it is the fame of all equidiftant Circles that com¬ 
pote the Globe. 

Cor. 3. If » = - 2,the Force — — ^ x 1- ■ ■ 2I9 * 

J m i/aa+xx 

_ 2 cfdd PA 

~ x PE ' 


Cor. 4. If n be lefs than -1, then the Force of the 
2 cfa n+z 

whole infinite Plane will be 

md n x -n-i 


P R O B. IX. 

To find the Force wherewith an infinite Solid, plain on 221. 
one Side LI, attrabls a Corpufcle placed at C: Sup - 
pofing the Law of Attrablion to he inverfely as fome 
Power of the Diftance greater than 1. 

Draw the infinite Line CGK, perpendicular to the 
plane LGh and through the Points /, K, infinitely 

near 
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F I G. near each other, draw two Planes parallel to Lit 
221. andletCG = tf, CI—x , JK=x , and the Force as 
x *; and by Cor. 4. Prob. VIII. the Force wherewith 
the Solid contained between the Planes at /, K, 


attracts the Corpufcle, will be 


2 cfx n +*x 
md n x ~n~ 1 


, and 


it’s Fluxion — - J x -_ — *L= - , whofe Fluent is — ^,r * 
md n x-n-i -md 

y "+3 

x-=—=rrr=r-. And when duly corrected the Force 

fl+IXH+3 

will be —=—==-5- x a n + 3 — #” +3 . 

»-f-i x,; +3 x m£3 

. Cor. i. If n be lefs than -3, and the Solid infinite 

2 cfa +i 

towards K ; the Force will be —==— J =^- -—- . 

n- |-i x»-|-3 x md 

Cor. 2. Hence therefore the Force at different 


Diftances from the infinite'Solid (when n is lefs than 
-3) will be as a + 3 or CG n ^ r3 . 

Cor. 3. Hence alfo (if n be lefs than -3), the 
Force of a very great Body upon a very fmall Parti¬ 
cle, at any extremely fmall Diftances, will be as the 
3 th Power of the Diftance, nearly. 

Cor. 4. And if the Corpufcle be placed within the 
Solid at H, fo as GH = GC % the Force will be the 
very fame as if it were placed at C, fo far without it. 
For, taking JH=GH the Solids HG and HI deftroy 
one another’s Effetfts. 


PROB. 
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P R O B. x. 

To find the Force wherewith a Sphere attraRs a Cor 
pufcle P yfiluated either without or within the Sphere'- 
fuppofing the Forces of all the Particles to be recipro- 
cally as the Squares of their Biftances. t 

Cafe 1. Let P be without the Sphere. Draw the 
Axis PAB , and the Ordinates Eft ed infinitely near 
and' let S be the Center, put PS—a, PB — x , Bd 
55 AS = r , EB=y, bb—aa — rr. Then PE 

= J xx+yy = \Jxx + rr — JZZf - j£_«a+o.ax 
== jiax—bb But by Cor. 3. Prob. VIII. the Force 
the infinitely thin Solid contained between the 

Planes of the Circles BE , de is = __ 2 f c ^x pB 

m x 1 - 

therefore the Fluxion of the Force is ~ 2 c f^ 


*-==-* whofe Fluent 

V2 ax— bb m 

v bb-\-ax - , 

——— y/iax—bb, but in A where the Force 

ls o, x = a — r; therefore by proper Correftion, 

( he Force of the Segment EAF is = x j ntQ # 

y . . bb + aa—ar - bb 4 -av 

a + r + 55 x a—r x PE : 

a ^when x = a+r, the Force of the whole Sphere 

is 2 cfdd 2 r* 

m * %aa * 


FIG, 


222. 


Cafe 2, 



280 

FIG. 

223. 


fhe Doctrine 

Cafe 2. Let P be with in the Sphere . L et PQ==-h 
pj)-. x then PE = <Jrr — aa+iax = *Jbb+2ax » 
therefore (by Cor. 3. Pr . VIII.) the Fluxion of the 

xx whoft 


. 2 cfdd 

Force at D is —— xx- 


Fluent is 


icfdd 


<Jbb+zax 
bb—ax 


y/bb+2ax : but 


m . 1 3 aa n x „ 

in P, * = os therefore the Force of the Zone of 

, bb-ax —-- & 

Seftion %EDFR = * + — /bb+iax — — • 

2 cfdd . 

In which writing a\r for#, there comes out * 

r i+a'-b[_ the Attra ^i on 0 f t h e Segment gBR- 

And^by a like Procefs the Attraction of the Segment 

O/ij? - . J_ -f- 1 — ; whofe Difference 

QAK — m 3 aa 

the abfolute Force of the Corpufcle 


p towards the Center •, which is the fame as the Force 
of a Sphere, whofe Radius is SP, aCting on the Cor^ 
pufcle P at it’s Surface. 

Cor. 1. Hence the Force of the Sphere upon tl* 
Particle P placed without the Sphere is the very fam c 
as if the whole Sphere was collected into the Center 
and exerted the Sum of all the Forces from that Cen¬ 
ter. p or . A[!L = Sphere divided by the Square of 
m < 4 r ' c . 4 cr'df ^ 
dd 3 aa * _ irnf 


3 ™ 

the Diftance \ and 


- * aa J z aa y" u A a 

very fame Force of the Sphere before found. A n 
hence it is alfo evident, that the Forces of Spheres 
accurately in the reciprocal Ratio of the Squares 
the Diftances from their Centers. W 

Cor. 2. The Force wherewith any Corpufcle 
within a Sphere, is attracted to the Center, is acc 
rately as it’s Diftance from the Center. _ <> 

1 , PR 0 * 
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P R O B. XI. 


To find the Force wherewith a Spheroid att rafts a Cor- 
pufcle Py lying upon it y s Surface in the Axis PB. 

Let PB-=2ry Diameter GH=iay AP= Xy then 


AE — -yjirx-xx y and PE = yxx + — x 2 rx—xx 


= —V 2 ra*x + rrxx—aaxx = —y/iraax+bbxx, 
putting bb-=.rr —■ aa. By Cor. 3. Prob. VIII. the 
2 cfdcx TA 

in X 1 "PE 


.:Lct* = 2^2|2!x 
\b 


fluxion of the Force at A is: 


2 cfdd 

2 s —--x : x — 


rx*x 

\firaf\-bbx 


Cog : 


b*Jx -* r •Jiraa+bbx 
Airaa 


, if r be greater than a : 


° r <p = ——“ x Degrees in the Arch, whofe 

Sine is — \/—, if r is lefs than a ; and the Fluent 
a v 2r 

' 2 cfdd rraa r - 

ls = * = * + ~gg~ <p— Jf</2ra‘x+b'x>: 

Force wherewith the Segment PEF attra&s the 
Particle at P, 

Cor. i. Hence the Force wherewith the whole 
spheroid attracts the Particle P is = x into 

m 

2 Pa 1 2 r * 2.202585 

ir +-W*--Tr-- where <p = x 

O o 2 Log: 
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FIG. 
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FIG. 


r 4. Jrr—aa 

2 Log : ■ --: or <p : 


x twice 


aa—rr 

the Number of Degrees in the Arch whofc Sine is 
<Jaa rr , Rac ji us __ Xj according as r is greater 


or lefler than a. 


Cor. 2. If* be'very fmall, the Force of the Seg- 

2 odd ' . k! * l. 

ment EPF — -/x into * — —7^- V — -r 


3 a v 2 r 

bbxx ^ j — x —. ver y near. And the Force of the 




. . icfdd 

whole Spheroid is ——— x into 2 r ■ 


j^rr 


3 a 


+ I 


r~£- bb ; as will appear by infinite Series, or For# 
the 16th, 


PR OB. XII, 

To find the Motion of a Ray of Light faffing into a 
refracting Medium . 

225. Let there be two Mediums feparated by the 
fracting Space RMT> terminated by the Parallel Plap e 
RA, jfyfi and let the Ray, moving in the Dire&i£ 
G H, pafs from H to /, and in it*s Paffage & 
aded upon, in Lines perpendicular to the Pbfl^J 
by any Force which is equal at equal Diftan# 
from either Plane, and at all Diftances as ^ 
Powers or Sums of Powers of the Diftance th& c ' 
from: And let *=: Velocity in H, Ve \ocw, 

in P, CP~x y Pl—z , PFz=.£, t' = Time 9 
deferibing PF. And let the Force be as A+Bx m -\-C^ 
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Dx r &c =t ^ then will the Force in Direction 

-PiTbe-^-^. And fince the Velocity a -- ^— Ce - , 
z 3 1 ime * 

a nd Moment of Velocity a Force x Time, therefore 
^ a or vv CC ; affume^) a given Quantity, 
and-j^H^F?^, and let ^ be the Fluent of 9 x, 
then v x —2pF, and by Correction vv —* bb — 2pF 
and vv = bb + 2pF. Hence the Ray will always 
^ a ve the fame Velocity in the fame Medium DIK 
Whatever be the Angle of Incidence, 

Let the Motion of the Ray GH be divided into two 
g-'A AH, one parallel the other perpendicular to the 
^lane RA Then fince the parallel Motion AH is 
n °t at all changed by the Actions of the Forces per¬ 
pendicular to thefe Planes: Therefore if ID be made 
and DR perpendicular to D 7 , then IK will 
e defcribed in the fame Time as GH. Therefore 
r awing IE parallel to GH, the Velocity in H to the 
^.elocity in 1 , is as GH or El to IK, that is as the 
g«ne of the Angle of Refraction to the Sine of the 
^pgle of Incidence. And therefore the Velocity of 
J^ght in Vacuo, to it’s Velocity in Air of a mean 
j^nfity at the Surface of the Earth *, is as ,999-f to 1. 
J°r by Experiment the Sines of Refraction and Inci* 
Qe nce are in that Ratio. 


p. Cor. 1. The Sine of the Angle of Incidence at one 
^ a ne, is to the Sine of the Angle of Emergence 
the other Plane, in a given Ratio. For the 
e locity v at the fecond Plane will always be equal 
j° fbe given Quantity *Jbb-\-2pF, and. the Sine of 
JJ c idence to the Sine of Emergence, as this given 
Xi^antity to b . 

^ Cor. 2 . If the Ray was to fall on I in Direction 
o A . with the Velocity it has at I, it would return in 
j., e Lme Curve I PH, and fo go to G, and obtain 
s nrft Velocity. For the fame Forces that did before 
O o 2 accelerate 
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FI G. accelerate it’s Pafiage, will now equally retard it in 
returning. Therefore, 

226. Cor. 3. If the Ray have a greater Velocity in the 
firft Medium, than in the fecond, and the Angle of 
Incidence GHA be continually diminilhed, the Ray 
will at laft be reflected *, and the Angle of Reffefcion 
gha will be equal to the Angle of Incidence GHA. 

For let the Angle GHA be fuch, that the Ratio 01 
it’s Cofine to the Radius may be equal or greater than 
the Ratio of the Sine of Incidence of the firft Medium* 
to the Sine of Emergence in the fecond *, and the Ray 
at R will be moving in a Diredtion parallel to the 
Planes; but being afterwards adted on by the fame 
Forces as before, it will be turned back deferibing the 
Line Rbg fimilar and equal to RHG , and the Angle 
gha = GHA. 

Cor. 4. Hence if there be two fimilar Mediums 
whofe Dcnfities arej> and q ; and the Velocities afte r 
Refradtion into each of them z and y. then win 
zz—bb : yy — bb : : p : q. 

For fince the Forces of Attradlion are made toward 
Bodies, thefe Forces will be proportional to the Caufc s 
that produce them, and therefore will be as the U&' 
fities of thefe Bodies, fuppofing the internal Form and 
Conftitution of the Bodies to be in other Refpedts th e 
fame. The Forces therefore exerted at any equaj 
Diftances by thefe two Mediums will be as 
qQj> whence will be had zz — bb~ 2 pF> and $ 
— bb — 2 qF ; whence zz — bb : zz —yy :: p ’ 4 ’ 
that is as the Denfities of the Bodies, nearly. 

Cor. 5. If Light pafs through feveral refradtin£ 
Mediums, the Sum of all the Refradlions will h 
equal to the fingle Refradtion it would have fuffer^ 
by palling immediately out of the firft Medium in t<? 
the laft. 


S(dt.III. of FLUXIONS. 

For fuppofing thefe feveral Mediums to be feparated 
by parallel Planes, the Refradtion, Velocity, or Mo¬ 
tion generating in approaching any one of thefe Me¬ 
diums, will be deftroyed again in it’s receding (on 
the other Side) from the lame Medium. And there¬ 
fore he Motion of the Ray can only be affe&ed with 
the Force of that Medium it at laft moves in. 

SCHOLIUM. 

Though it is not known to what precife Diftance 
the refractive Power of any Medium reaches; yet 
we are fure it is contained in an exceeding fmall 
Compafs. And therefore the Curve H P /, and con- 
fequently the Points H, 1 may be taken in Pradticc 
only as one Point. 

There are few or no Examples among all the 
Phenomena of Nature that afford fo clear a Proof 
of die prodigious Forces of the fmall Particles of 
Matter, as the Motion and Refradiion of Light 
does. For notwithftanding the amazing Velocity of 
the Rays, and the extremely fmall Space and Time 
that any refradting Surface has to a 61 in *, and yet 
to produce fuch a fenfible Refradtion as we it 
does, muft evince that the Forces exerted on thefe 
fmall Bodies muft be furprizingly great, and do really 
exceed all Comprehenfion. 
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PROB, XIII. 


The Velocity of a Globe , moving in a right Line , and 
it's Denfity, and the Denfity of the refifting Medium 
in which it moves being given j to find the Time , 
Velocity , and Space defcribed. 

Here we fuppofe the Medium to be uniform, and 
that the Projectile is aCted on by no Force but the 
Refiftance of the Medium, and that to be as the Square 
of the Velocity. . 

Let fV —Weight of the Globe, d = the Diameter, 
q = it’s Denfity, p sx Denfity of the Medium, s = 
a Space of 1Feet, b-=z Space the Globe at firft 
can defcribe in i Second, or the firft Velocity; x = 
any Space defcribed, t — Time of defcribing it, and 
v = Velocity at the End of that Time. Here I mea- 
fure the Velocity by the Space defcribed in a Second, 
and the Time is Seconds. 

i. It is proved by Experiments that the Refiftance 
of the Globe is to the Force by which it’s Motion may 
be generated in the Time of defcribing 4 it’s Diame¬ 
ter, as the Denfity of the Fluid to the Denfity of the 
Globe nearly. The Velocity generated in a given 
Body is as the Force and Time conjunCtly, therefore 
the Force is as the Velocity divided by the Times or 
by Spaces uniformly defcribed in thefe Times, there- 
_ 2 J b ibbw ^ . ... 

fore : w :: tj : ~ 6d f = Force that will ge¬ 
nerate the Globe’s Motion in the Time it deferibes 


Sett. Ill 

{d,-, therefore 


FLUXIONS 

%bbp 


•W — Refinance of the Globe 


With Velocity b, and likewife Refinance 

with the Velocity v. Now i Second : is (Velocity of 
a falling Body) : : f : ^Velocity generated in 
the Time t by Gravity, Now fmce the Moment of 
Velocity is, in all Cafes, as the Force and Moment of 

Times therefore ist' : wl':: — 1} ; 

therefore or W = whence 


the Fluent v~ l = 


3 P* 


But when / = o, 


therefore the Fluent corrected is *-- 

, . , v t> ~~ Sdq 9 

which reduced is Sdqv -(- $pbtv — SdqB 


2. i Second : 2 s (Space uniformly defcribed 
with Velocity 2 s) : : /' : 2 st' =: Moment of 
Space defcribed with Velocity 2 s. And fmce 

Moment of Velocity a —^gy ■ * Moment 

of Space s and the Moment of Velocity in falling 
Bodies was found before = 1st'. Therefore 1st' : 
Wx ist' , 3pvvW & 

2 s ■ — 63Jf * — ; whence-si = 

3 pvx . -•z) opx 

l&f'’ and-^- = - g ^-. Therefore the Fluent 

* S ~ fdq ~ = Vt And by Correction = 

2*302585 Log: ~: 


Cor. 1. Hence 2.30258$ Log: • 

l ^is appears by expunging v. 
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SCHOLIUM. 

It is here laid down as a Principle that the Refiftance 
of a Globe moving in a refilling Medium, is to the 
Force by which it’s Motion may be generated in the 
Time of defcribing f it’s Diameter •, as the Denfity 
of the Medium to the Denfity of the Globe: Yet I have 
found by fome Experiments that in fwift Motions, 
the Refiftance has been greater fometimes by a third 
or fourth Part. Thefe Experiments I tried in a River, 
with a Globe of equal Denfity with the Water, by 
faftning a Thread to the Globe and. to an Index in- 
clofed in a Tube with a fpiral Spring : For by the 
Divifions of the Index, as it was drawn out more or 
lefs, I could meafure the Refiftance. 


P R O B. XIV. 

If a Body in a uniform Medium , being uniformly 
on by the Force of Gravity , afcendTor defends in a 
right Line \ T7 find the fmes, Velocities , and Spaed 
deferibed. 
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s = 16-fW Feet the Space through which a heavy 
Body defcends by Gravity in a Second. 

x = ?? ace ^ e ^ cr ^ed from the beginning of the 
Motion. 

t = Time of defcribing 

v = Velocity at the End of the Time / 

b = Velocity the Body isprojefled upwa'rds with, 

h 1C *, fcen q S- Here f I m , eafure the Velocity 
by the Space uniformly defcribed in a 
Second. 


The comparative Weight of the Globe in the Me¬ 
dium will be -—If'. And we (hall find, as in the 

laft Problem JV- Refiftance of the Globe 

moving with Velocity v ; and conlequently - - Wlr 
3 pvv . _ ® 

i6dsq ^ s ^ le ^ orce a dfing On the Globe according 
as it afcends or defcends; call this Forcey Now 
2sl’= Moment of Velocity generated by Gravity in 
the Time And the Moment of Velocity bein<r as 
the Force and Moment of Time univerfally ; there¬ 
fore 2 f i' : W( :: +v : yf : : +B : yt , whence i = 
fVv -f Sdqv 

2S y q-p x i6dsj-%p<vv 
, Again, let a falling Body defcribe any fmall Space 
x at the End of 1 Second * then it will be, 2 j (Space 
Uniformly defcribed with Velocity 2 s) : 1 Second : • 

* : — =Time of defcribing z with Velocity 2 s. And 

fince the Moment of Space oc Velocity x Moment 

of Time univerfally : therefore z : 2s x — • • k • vt' 

2 s’ 

Whence x — mi - _ 

■ q—fx i6ds+qpw' 

T P Cafe i. 
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Cafe 1. When the Body afcends,r= ^ Kl 0 dsJfZpw>' 

. -S^x, 017453^ 

aad (by Form 5) ^ Fluents ^ 

- * / 

x Degrees in the Arch whofe Tangent is y 

But when / = o, « = and the Fluent correded is 

j __ 2^ x ,017453^ x j) e g rees ' m the Difference of 

Vi —i> x %dsp __ 

the Arches whofe Tangents are V ^z^^xi 6 ds 

-l / 'Zpw -. therefore when v — o? the whole 

V i — P x l ^ s 

Time of Afcent t=z^==~- xDegrees in the 

V%—p X $dsp 

Arch whofe Tangent is -j- V -Jf di ' 

Ukewife x - -8 dgov - and (by Form 

Lilcewile x q_ pxi 6ds + 3 pw ’ 

-2.202c X 8 da —- * 

the 4 th ) the Fluent * =- - Log* irf * 

, 4^x2.30258 

1 6ds+3pvv: And whenduly corrededx=-^ 

q—p x 1 6ds-^~ %pbb 
X ^ 0t> ' q—p x 1 6ds-\- Xpw 

Sdqv 

Cafe 2. When theGlobe defeends/= ^ Kl6d f^v 
and (by Form the 6 th) / = A * 2 - 3 ° 25 - 5 - x Lo g : 

V 2—/> x 

Vq —P x 16ds + i/z pw 
~VfZp~x i6ds — fjpvv 


A$° 



whence the 


a nd w hen corrected x 
q—p x 2 6ds 


q—p x 1 6 ds —$pw 

Cor. x. The greateft Velocity the G lobe 

acquire by an infinite Defcent Is x 3 

3P 

For when x or t Is Infinite the Denominator 
1 6 ds — £pvv — o. 

Cor. 2.. Let G — c[\f -_ 


N = Number of the Log. 


^Hich reduced gives v ~ 
^obe descends. 

Cor. 3. x = 2.30258$ x 


2 - 3 02 5 % * 

^Iobe defends. 


be found from the Time when the Globe aliad*. 

SCHOLIUM. 

r ^he Denfity q muR always exceed^ Gthec*ife the 
lob c will not gravitate ; contrary to iheSuppofckm. 

P p 2 


PRO& 


$he Doctrine 
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P R O B. XV. 


FIG. 

218. 


‘To find the Velocity and Refifiance of a Globe ofcillating 
in a Cycloid , in a refifting Medium . 

Let Ba be the Arch defcribed in one entire Ofcil- 
lation, C the lowed Point, and CZ half the whole 
Cycloidal Arch equal to the Length of the Pendulum • 
Let the Globe defcend from B , and put C Z = a, 
CB = b, BD =*, the reft as in the laft Problem. 

Then we fhall find W ~ comparative 

3pvo TA/ 

Weight of the Globe in the Medium, and i6 ^ - rr 

__ Refiftance of the Globe moving with the Velocity 
v in the Point D, as in the former Problems. Now 
it’ is known that CZ is to CD, as the Weight of the 

Globe IS t0 ll ’ s accelerating Gravity at D* 

which therefore is JVx • Therefore 

the whole Force by which the Pendulum is urged if 1 


D 

aq 


I—P 


tVx — - 


3 P* 


w-y- 


-W> and X Z=: (yt=z) P ut / 


2 sy 


q—p 

and then i = 


T7—7-, and x = 

bf—fx—gw 

And the Fluents will give / and *. 


•— aq aq 1 6d$q . 

And therefore we fhall find (the fame as in Prob. XlV.j 


2sy 

3P . 1 -- JL-fTi 

Sdq ’ and aq 4 M 

V , . vv 


bf—fx—gW 

j, Sin<* 


Sea. III. 
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c/FLUXIONS. 

0 . vv 

1. Since a; — ~Jf—f x _g VV , finding the Fluent 
(by the Help of Form the 4th and Rule 8. Prop. X.) 

we have * = ~^ s ■ Log: bf-f x -gw + ; 

but when x — o» v = o; therefore the Fluent corrected 


2.302585 r 
1S *= -^-x Log: - 


*/+■ 


f ~ 

b f+— —fx—gvv 


Let »=Number belonging to the Logarithm—^L_ 

1 , + 1 

and then »=---—-, which 


reduced 


gives vv = : 


2^ + i—2gx 
n -1 
n 


qpw 

2. Let z = Refiftance in £>, then 

i 6 dsq . 8 dsqz 

VV ~~ 3P^ Z * and VV ~~ ~Zp1V ~ ; ex P un o e v an <I 
V out of the Value of x, and we fhall have x = 

T bJLtp ' and the Fluent * = ■ t ^ L Lo S : M - 

j & 

bx — 2 gz-\~— : and when duly corrected # = 


J-vv 
, , «-I / 


♦302585 
2 <§- 


*+- 


x Log: 


2 £ 


> + - 


2 g 


»= Number of the Logarithm 


h 

2 gx 


Let 


■ j then 


will n = 


*+«■— x -f z 


n-i . , 

r& — —— $ >-|r 


2£» 


- x : x into 


2.30258 
which reduced gives 
h 


2 S 


Cor. 



*94 


J'be Doctr ini 

Cor. i. In the loweft Point C, n =. Number be*' 
longing to the Logarit hm - And 

there the Velocity = \!: * 4 ^ - -b : xinto 

and the Refiftance — : - 7 } x 1 . ^ , -hx into 

3P na l 

Cor. 2. But the Velocity and Refinance are the 
greateft, when % or FF^Tx^2gz x x = o, and 

thence z = -^-b = *-* x — 

Cor. 3. And therefore the Velocity and Refinance 
_ . 2.30258x4^ _ 3pb _ „ 

are the greateft when x= - ' -- xLo S : ^ + *' 

-- £ 77-1 ' I 

For then z = b—x x — =-j- x S+—-*: * 

— ; which reduced gives »= 2% + i» and Log*» 

_ 

or the Number Log: of ibg\ 1; 

SCHOLIUM 

If the ofcilhting Body is not a Globe, then the 
Proportion of it’s Refiftance to that of an equal Globe 
whofe Diameter is d , muft cither be calculated froctf 
Prob.XXII. Seft. II. or found by Experiments$ let 

that be as 1 to m : And then we muft take ~ inftead 

ofgy or inftead of -Jp in the foregoing Ca 4 

tulatiom. 


PROS 


Sea. III. (/FLUXION S. 


29 $ 


PROB. XVI. 


To find the Denfity of the Atmofphere at any Heirhl ■ 
fuppofing the Force of Gravity to he as any Power 0 } 
the Difiance from the Earth's Center, and the Dennis 
of the Air as the Comprejfion. ^ ^ 


Let r = Radius of the Earth. 

x = Any Diftance from the Center. 
d = Denfity of the Atmofphere at the Earth’s 
Surface. 

2 = Atmofphere’s Denfity at the Diftance .y„ 
n — Exponent of the Law of Gravity. 

Since the Denfity is as the Prefture therefore the Mo¬ 
ment of the Denfity QC Moment of Prefture that 
is OC Moment of Matter x Force of Gravity’ But 
Moment of Matter Oc Denfity x Moment of Space 
Therefore the Moment of Denfity OC Denfity and 
Moment of Space and Force of Gravity • thar h 
z OC univerfally. 

Now it is colJeded from Experiments that the 
Weight of 1 Foot high of Air at the Earth’s Surface 
*s to the Weight or Prefture of the Atmofphere as 1 
to 29725 at a mean Denfity ; therefore, let 

be any fmall Height, and it is p : d : : x : —- — 
Moment of Denfity at the Earth’s Surface. Whence 

J / 

from the foregoing general Proportion, ; 

: : -Z : zx n x : therefore z — an d _ 

pr n » dna z ~ 

•-x v x 

^pr-: And (by Form the ift and 2d) the Fluent 

is 
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is 2.30258 Log: 2 : = 


___. And duly cor- 

»+1 xpr n 
z r ”+i _ x nJ r l 

refled, 2.302585 x Log: -j : = 7^- s 

r nJ t l 

therefore 2= dx Number of the Log:--.7 

0 2.302 5 xn+ixpr H 


r »+* 


v"+ I 


z=.d x Number belonging to the Log. - - _ - 

68444x77+1 xr* 

Cor. 1. If e be any fmall Height above the Earth’s 

Surface, then z=dx Number of the Log. ^ ^ ■. 

Cor. 2. If »=i, then z = dx Number of the 
, rr—xx 

Lo S ar,thm 68444X 2? ■ 

Cor. 3. If n = o, z = d x Number of the 

L °s arithm ^"- 

Cor. 4. If #=-2, z=d x Number belonging to the 

Logarithm ' In a11 which ^ r and * 

are fuppofed to be taken in Feet. 


P R O R. XVII. 

To find the Benfity of the Atmofphere at any Height ; 
fuppofing the Force of Gravity to he as any Power °J 
the Diftance , and the Compreffion as any Power °J 
the Benfity. 

Let r = Radius of the Earth. 

d = Denfity at the Earth’s Surface. 
x = any Diftance. 

z & 


2 


Sea. III. {/'FLUXIONS. 

z = Denfity at the Diftance * from theCenter. 
P = a Length of 29725 Feet. 
n = Index of the Force. 
m = Index of the Denfity 
v = comprefltng Force at'the Diftance*. 

Now bythe Hypothefis v oc and Force oc *”• 

And roz" 'z OC Moment of Preflure, that is as the 
Momentof Space and Denfity and Force of Gravity: 
thatisz" 'z OC *”25 f, or z"~ z z (X. x”x, univerfally 
To find the Moment of Denfity at the Earth’s Sur¬ 
face, we have v OC ; therefore (by Prop. If.) 

v :v::z m : mz"~'z : : z : mz, therefore z— ~~ ; 

but at the Earth’s Surface z=d-, and taking anyTerv 
lmaJl Space s’) it will be, p ; v : : / : <5 . . y . ^ 

and “ = “J-* whence z = -A _ Fluxion of 
Denfity at the Earth’s Surface : Therefore from the 


univerfal Proportion •, d m ~ 2 x ■ 


: —x n x : : z m 2 z : — x n x : Whence - 

—d m ~~'x 7! x 

~7^P - and the Fluent (by Form the 2 d) is 

z”-' —d"~' *"+■ 

m—1 - ”, x ~ n : And the Fluent correfted 
. z’-' — d"-' dr~' --— 

IS-— 

m—i n -\-1 x mpr* 

And by Redudion z w_1 — d m ~ l ^ 

_ »+i xmp 


And by Redudion z m 1 — d m ~ 

T)i —i x x”^ rI _ _ 

----:_ 1 


»+ i X mpr* 


PROS. 
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P R O B. XVIII. 


find the Diameters of the Earth. 


FIG. 

227. 


Suppofe the Earth to be in the Form of the Sphe¬ 
roid, APBQj AB the Equinoctial, PQ the Axis; 
and let it’s mean Radius CP= 1, AC—\-\-v—a. And 
PC—i—v—e, let CS be the Conjugate to PC, and 
R T perpendicular to C S , then by Conics CS = 

- , „ ae 

^aa+ee —1 = i-f vv=c, and PT = —7- = 1 - 2W 


= p. Here I rejedt the Powers of v above vv as being 
very inconfiderable. 

In the mean Place R a heavy body falls about 
16 ,0917 Feet in 1 Second ; and the verled Sine of 
the Arch defcribed by R in 1 Second by the Earth’s 
Revolution is ,04, (if PC= 21000000 Feet) •, alfo 
as 1 : Vi : : >04 • ^0283 = to the centrifugal Force 
in P, as 16 ,0917 reprefents the Force of Gravity » 
therefore 16 ,12 —d, will be the gravitating Force at 
P if the Earth Hands Hill : And this is nearly the 
fame with that of a Spheroid whole Axis is 2 RT 
and Radius of the (Bafeor) greateft Circle »Jac j which 

(by Corel. 2. Prob. XI.) is ip -- 

; 7 _ r 3V ac s ac ^ aC 

x ac — pp = 3- + j r v — omitting the given 

Quantities in that Corollary. Alfo the Force of the 
. Earth at A is nearly the fame as a Spheroid whofc 
Axis is AB and Radius of the Bafe y/ae, that is (by 
^ 2 aa x aa — ae , 


the fame Cor.) 2 a _ 

Wae 


Likewiie the Force of the Earth at f 


is 2<? — —;- 


\ee 


2 eex aa—ee 


5# 


■ = t + + 4 W- 


for 


Sea. III. of fluxions. 

For the centrifugal Force at the Equinoaial, it 
J? : I+*::,Q 4 : ,0565; x 1 +v=b + bv\by 

Subftitution) = centrifugal Force at A : Alfo 

— *Vm> : d * 4 - * v jl . ;—7—7-— 

T TTTs ^ 5 • 1 - iV+lO^O^VV 

xd for the gravitating Force at A, , if the Farrh ftnnH 
ftiJl : from this take b+b v the centrifugal Force ^nd 
we get 1 -4®+10,03W xd—b—bv for the Force 
of Gravity at ^ when the Earth is in Motion. 

Let f CD r^ y CE rl' i S, - nce the Gravir y and aifo the 

centrifugal Force (which is as the Decreafe of Gravity) 
in A and D, are as a or i+ v to *, therefore the gra 
vitating Force of the Earth in Z), when the Earth is 

in Motion will be 1—-^ 4 -i Ij2 pf- x dx bx 

Laflly, 4 + T y y— " t V ot : : ; * + > v . 

l+jV+'S-Vwx d the Force of Gravity at P. And 
fince the Forces in P and E are as * or i—v to v 
therefore the Force at A is 7 q>+i 6,47m- x dy. 

Now fuppofe the Weights of the Columns * and y 
to be equal ; therefore their Moments or Fluxions 
multiplied into the gravitating Forces at B and F 
Will be equal •, that is i~—."11+11.23.^, x dxx — bx'x 
~ i+]v+i6,4. 7 vvxdyy, and taking the Fluents, 
and dividing by id, and putting i+„ an d f nr 

*and_y, there comes out 1—.‘u-f- \ ^ 


= i+4^+i 6.47 wx 1- 


thatis 1 —- 


4 ib b 

y - -j- x v + 9.83— -j- x «* = 1 - _ I5 .o 7 o», 
Or w 4- ,063911= ,000141, whence v ~ , on ,., 
g , C ^7 C p = 6: And therefore if the mean 
Radius of the Earth be 21000000, then CA CP 
^ 89460 Feet or 17 Englifh Miles nearly : Therefore 
— 21044730, and PC — 20955270 Feet. 


SCHGLI. 



SCHOLIUM. 

This Computation fuppofes the Earth every where 
af equal Denfity: But fince that is not certain / 
known, nor with what Force a Spheroid accurate!/ 
attracts a Body when fituated out of the Axis; nor 
whether the Earth itfelf is exactly a Spheroid : Thej 2 
Things may render this Solution a little incorreCt. *■ 
the Earth be more rare towards the Equinoctial 
towards the Poles ; it’s Height at the EquinoCtial 
be encreafed in that Proportion. 

And now I might proceed to the Calculation ^ 
other more difficult Problems, fuch as finding 
Curves defcribed by Bodies afted upon by any La r ^ s J 
Gravity , and moving in Mediums which refiji as a 4 
Powers of the Velocity ; the Motion of the Nodes a)1 < 
Apfides of the Moon ; the Preceffion of the Equitt 
and fuch.like. But fince thefe cannot be difpatched * 
a few Words, but often run into long and tec ^!° j} 
Calculations, and require a great deal of Room, I 
not trouble the Reader with them, efpecially fince/ \ 
Method of purfuing and managing thefe is the ve ' 
fame as in thofcProblems here delivered. And th^ r 
fore I fuppofe, if the Reader underftands what hash 2 
before laid down, he will be able of himfelf to apPj 
this Doftrine to the Solution of any other Problem j 1 
happens to fall in his way, though more comp* e ’ 
without any further Affiftance. 



X.M,- «w. 
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PROB. XXL The Nature of a concave Vault or 
Cupola being given, to find the height of the 
IVall in any Point 2 52 
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PROB. XIII. To find the Motion of a Globe in a 
refijting Medium 28 6 

PROB. XIV. To find the Motion of a Globe a- 
fcending or defending in a refifting Medium 288 
PROB. XV. To find the Motion of a Globe 0fil¬ 
iating in a Cycloid in a refifting Medium 292 

PROB. XVI. To find the Denfity of the Atmo- 
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the Comprejfion 295 
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ERRATA. 

Note, when b is fet to the Page, you mull reckon from the 
Bottom. 

Line Read 
6, 17 f°r 4480 read 40320. 

, 2 b. for 1116 read 1368. 

1 b. x m x 
10 ax— o=vy—o. 

2 b. RatiooftheSpaceandTime 
6 break it at 
15 then \tz=. 

21 Let AB=r, * 

2 Quantity b ; 

2 b. dele (whence o = —); 

10 and BD — BD~ 

2 b. 9 au*=:y\ 



Pag. Line Read 

187 4 — C -^p—VV 
195 22 is NN—N, 

210 6 fd —3‘u, for the 

212 7 2.30258^ Log: 

213 5 ( when j= o,y=fl) 
13 <Jay—yy 

219 .10 therefore on— 
279 7 ED, ed 
284] yb yy—bb ::p:q , 
From Page 108 to Page 
287, for C( read qc . 























